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Preface

The workshop “Quandles and Symmetric Spaces” has been held annually since 2018
in order to encourage the cross-pollination among topology (knot theory), differential
geometry (symmetric spaces), and other areas through quandles. The series of workshops
was organized by experts of knot theory (Kamada and Oshiro) and symmetric spaces
(Kubo, Okuda, Tamaru, Tanaka and Tasaki). There have been many presenters and
participants from various fields, not only topology and differential geometry but also
algebraic geometry and combinatorics, etc.

On the conference “Quandles and Symmetric Spaces 2022”, the talks consisted of
presentations by young researchers. Some of their topics are as below:

• a category equivalence between a certain category of faithful quandles and that of
groups with certain generators,

• groupoid racks defining colorings for spatial surface diagrams and the universality,

• homogeneous quandles with commutative inner automorphism groups and the num-
ber of isomorphism classes for small orders,

• generalized s-manifolds, which is a generalization of Riemann symmetric spaces,
and a construction of examples using compact symmetric triads.

All of the talks are very interesting, and after the talks, the participants exchanged their
ideas and information, and discussed possible perspectives actively.

In this volume the abstracts and the slides of the talks in the conference are collected.
For the talks in 2019–2021, one can refer to the previous volumes (OCAMI Reports Vol. 4
and Vol. 9). The organizers are convinced that the workshops and the volumes would
disseminate quandles, and be effective for further developments of the theory of quandles.

February 2023

On behalf of the organizers:
Akira Kubo

Takayuki Okuda
Hiroshi Tamaru

ii OCAMI Reports Vol. 9 (2022)
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On categories of faithful quandles with quandle
homomorphisms

Yasuki Tada

1 Quandles and inner automorphism groups of quandles

The concept of quandles was introduced by Joyce ([3]). A quandle is a set with
a binary operator, whose axioms are corresponding to Reidemeister moves of classical
knots. Quandles have been studied actively from various viewpoints ([1]). From the view
point of differential geometry, quandles can be regarded as a generalization of symmetric
spaces. There have already been several studies of quandles that transfer notations and
ideas in the theory of symmetric spaces to that of quandles ([2], [5]).

In this paper, we employ a formulation of quandles in terms of symmetries as [3].

Definition 1.1. Let Q be a set. We consider a map s : Q → Map(Q,Q) : x 7→ sx. Then
the pair (Q, s) is a quandle if
(Q1) ∀x ∈ Q, sx(x) = x,
(Q2) ∀x ∈ Q, sx is bijective,
(Q3) ∀x, y ∈ Q, sx ◦ sy = ssx(y) ◦ sx.
For each x ∈ Q, the map sx is called a symmetry at x on Q.

We denote by Aut(Q) the group of quandle automorphisms of Q.

Definition 1.2. Let (Q, s) be a quandle and Q′ a subquandle of Q. We use the symbol
Inn(Q,Q′) for the group of Aut(Q) generated by the set s(Q′) = {sx : Q → Q | x ∈ Q′}.
The group InnQ := Inn(Q,Q) is called the inner automorphism group of (Q, s).

The inner automorphism groups play important roles in the structure theory of quan-
dles.

2 A question

Definition 2.1. Let us denote several categories as below:
• Grp : the category of groups and group homomorphisms.
• Grpgen : the category of groups with generators, whose morphisms are group ho-
momorphisms inducing maps between fixed generators.

• Q : the category of quandles and quandle homomorphisms.
• Qsurj : the category of quandles and surjective quandle homomorphisms.
• Qf : the category consists of faithful quandles and quandle homomorphisms.
• Qf

surj : the subcategory of Qf with surjective quandle homomorphisms.

• Qf
inj : the subcategory of Qf with injective quandle homomorphisms.

Here, a quandle (Q, s) is said to be faithful if s : Q → Inn(Q) is injective.

By Definition 1.2, we have the correspondence:

Inn : Q 7→ Inn(Q).

We consider the following Question:

Question 2.2. Can “Inn” be expanded into a “good” functor Q → Grp or Qf → Grp?

Quandles and Symmetric Spaces 2022 1



3 For surjective quandle homomorphisms

First, we focus on Qsurj and Qf
surj. In this case, “Inn” is naturally expanded into a

functor as in [1]. Actually, the following holds.

Theorem 3.1 (cf. [1]). The correspondence Inn : Q 7→ Inn(Q) is expanded to a functor
Qsurj → Grp. Furthermore, the functor is faithful on Qf

surj.

We shall remark that the functor in Theorem 3.1 is not a category equivalence. In
this paper, we focus on the correspondence Q 7→ (Inn(Q), s(Q)) that conisder not only
the inner automorphism group Inn(Q) but also its generator s(Q) for each quandle Q.

We define a group theoretic category Grpg.c.f
surj as follows.

Definition 3.2 (Grpg.c.f
surj ). An object (G,Ω) of Grpg.c.f

surj is a pair of a group G and its
conjugation-stable faithful generator Ω. Here, a generator Ω of a group G is said to be
conjugation-stable if gΩg−1 ⊂ Ω for any g in G, and is said to be faithful if the following
action G ↷ Ω is faithful:

g.ω = gωg−1 (g ∈ G,ω ∈ Ω).

A morphism φ : (G1,Ω1) → (G2,Ω2) of Grpg.c.f
surj is a group homomorphism φ : G1 → G2

such that φ(Ω1) ⊂ Ω2 and the restriction φ|Ω1 : Ω1 → Ω2 is surjective.

We have the following theorem as one of our main results.

Theorem 3.3 (see [4, Theorem 3.9]). There exists an equivalence Fsurj : Q
f
surj → Grpg.c.f

surj

such that Fsurj(Q, s) = (InnQ, s(Q)) for each faithful quandle (Q, s).

4 For injective quandle homomorphisms

Next, we focus onQf
inj. We should remark that the correspondence Q 7→ (Inn(Q), s(Q))

can not be expanded into any faithful functor Qf
inj → Grpgen. Then we consider a ques-

tion below.

Question 4.1. Find a category D such that objects of D are pairs of groups and their
generators, and Qf

inj
∼= D.

Because of the following proposition, we define a group theoretic category Grpg.c.f
⋆ as

in Definition 4.3.

Proposition 4.2. For a morphism f : Q1 → Q2 of Q
f
inj, the following π(f) is well-defined

surjective group homomorphism :

π(f) : Inn(Q2, f(Q1)) → Inn(Q1) : sf(x1) 7→ sx1 ,

where s(f(Q1)) := {sf(x1) : Q2 → Q2 | x1 ∈ Q1} and Inn(Q2, f(Q1)) := 〈s(f(Q1))〉 <
Inn(Q2).

Q1 Q2 Inn(Q1) Inn(Q2)

Inn(Q2, f(Q1))

⊂

f

π(f)

2 OCAMI Reports Vol. 9 (2022)



Definition 4.3 (Grpg.c.f
⋆ ). We define a categoryGrpg.c.f

⋆ as follows. Let us put Obj(Grpg.c.f
⋆ )

:= Obj(Grpg.c.f
surj ). For objects (G1,Ω1), (G2,Ω2) ∈ Obj(Grpg.c.f

⋆ ), we define the set of mor-

phisms HomGrpg.c.f
⋆

((G1,Ω1), (G2,Ω2)) from (G1,Ω1) to (G2,Ω2) in Grpg.c.f
⋆ as follows.

HomGrpg.c.f
⋆

((G1,Ω1), (G2,Ω2))

:=

((H,Γ), π)

∣∣∣∣∣∣∣∣∣
H : a subgroup of G2,

Γ : a subset of Ω2,

Γ : a conjugation-stable generator of H,

π(Γ) ⊂ Ω1 and π|Γ : Γ → Ω1 is bijective

 .

We remark that each morphism is an opposite directional partial map, and a diagram
of a morphism can be written as Figure 1. We define composition of morphisms in Grpg.c.f

⋆

(G1,Ω1) (G2,Ω2)

(H,Γ)

⊂

Φ

π

Figure 1: Φ = ((H,Γ), π) ∈ HomGrpg.c.f
⋆

((G1,Ω1), (G2,Ω2)).

by using “pullback”.

We also have the following theorem.

Theorem 4.4 (see [4, Theorem 4.17]). There exists an equivalence Finj : Q
f
inj → Grpg.c.f

⋆

such that Finj(Q, s) = (InnQ, s(Q)) for each faithful quandle (Q, s).

By Theorem 3.3 and 4.4, for each pair of faithful quandles (Q1, Q2), we have bijections:

HomQf
surj

(Q1, Q2)
1:1↔ HomGrpg.c.f

surj
((Inn(Q1), s(Q1)), (Inn(Q2), s(Q2))),

HomQf
inj
(Q1, Q2)

1:1↔ HomGrpg.c.f
⋆

((Inn(Q1), s(Q1)), (Inn(Q2), s(Q2))).

As an easy application of Theorem 4.4, we also study the set of all injective quandle
homomorphisms from the dihedral quandle R3 of order 3 to the dihedral quandle R9 of
order 9 by group theoretic approach.
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Outline

(1)Background

Q 7→ Inn(Q) is not a faithful functor : Qf → Grp.

(2)Our idea

Focus on Qf
inj : the category of faithful quandles and injective hom.

Construct Grpg.c.f .
⋆ : Obj = {(G,Ω) | G : group,Ω : generator,+α}.

(3)Result (Main Thm)

∃F : Qf
inj → Grpg.c.f .

⋆ : Q
obj7→ (InnQ, s(Q)) : category equivalence i.e.

HomQf
inj
(Q1, Q2)

1:1↔ Hom
Grpg.c.f .

⋆
(FQ1,FQ2).

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 2 / 23
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(1)-1. Definition of quandle

Q : set. s : Q → Map(Q,Q) : x 7→ sx.

Definition

(Q, s) : quandle

:⇔ (Q1) ∀x ∈ Q, sx(x) = x.

(Q2) ∀x ∈ Q, sx : bijective.

(Q3) ∀x, y ∈ Q, sx ◦ sy = ssx(y) ◦ sx.
s : quandle structure, sx : point symmetry at x.

Example (Trivial quandle)

Any set T is a quandle : st = idT (∀t ∈ T ).

Tn : trivial quandle of order n.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 3 / 23

(1)-2. Faithful quandle

Q : quandle.

Definition (faithful)

Q is faithful if, for any x, y ∈ Q :

sx = sy ⇔ x = y.

Q : faithful ⇔ s : Q → Map(Q,Q) : injective.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 4 / 23
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(1)-3. Dihedral quandle

Example

(Rn, s) : the dihedral quandle, where Rn := Z/nZ, sx(y) := 2x− y.
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Proposition

Rn : faithful ⇔ n : odd.
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(1)-4. Conjugate quandle

G : a group, Ω ⊂ G : a union of some conjugacy classes.

Example (Conj(Ω))

ConjG(Ω) (or Conj(Ω)) : the conjugate quandle, where Conj(Ω) = Ω,

sω(ω
′) = ωω′ω−1 (ω, ω′ ∈ Ω).

Proposition

The centralizer of Ω in G is trivial ⇒ Conj(Ω) is faithful.

Example

Sn : the n-symmetric group,
Ωn = {(ij) | 1 ≤ i < j ≤ n} : all transpositions.
ConjSn

(Ωn) : faithful.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 6 / 23
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(1)-5. Inner automorphism group

Q : a quandle.
Aut(Q) := {g ∈ Bij(Q) | g ◦ sx = sg(x) ◦ g (∀x ∈ Q)} : the
automorphism group of Q.

Definition (Inn(Q))

s(Q) := {sx | x ∈ Q} ⊂ Aut(Q).
Inn(Q) := 〈s(Q)〉 < Aut(Q) : the inner automorphism group of Q.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 7 / 23

(1)-6. Example of inner automorphism groups

Example

For the dihedral quandle Rn,

Inn(Rn) ∼=

{
D2n (n : odd)

Dn (n : even)

where D2k is the dihedral group with |D2k| = 2k.

Example

n ≥ 3, Ωn = {(ij) | 1 ≤ i < j ≤ n} ⊂ Sn.
For the quandle ConjSn

(Ωn),

Inn(ConjSn
(Ωn)) ∼= InnGrp(Sn) ∼= Sn.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 8 / 23
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(1)-7. In order to consider Inn as a functor
Qf : the category of faithful quandles and quandle homomorphisms.
Grp : the category of groups and group homomorphisms.
We have a correspondence :

Inn : Obj(Qf ) → Obj(Grp) : Q 7→ Inn(Q).

Question

Does “Inn” become a faithful functor Qf → Grp?

For surjective quandle hom., the answer is YES.

Theorem (Bunch, Lofgren, Rapp and Yetter (2010) +α)

Qf
surj : the category of faithful quandles and surjective homomorphisms.

Then Inn : Qf
surj → Grp becomes a faithful functor.

Q1 Q2

Inn(Q1) Inn(Q2)

f

s s

Inn(f)

TADA Yasuki Quandles and symmetric spaces 2022
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(1)-8. For NOT surjective hom.

Question

Does “Inn” become a faithful functor Qf → Grp?

For Qf (or Qf
inj), the answer is NO.

Remark

T1 : the trivial quandle of order 1, R3 : the dihedral quandle of order 3.
|HomQ(T1, R3)| = 3.
|HomGrp(Inn(T1), Inn(R3))| = 1. (Inn(T1) ∼= 1, Inn(R3) ∼= D6)

Qf
inj : the category of faithful quandles and injective homomorphisms.

TADA Yasuki Quandles and symmetric spaces 2022
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Outline

(1)Background

Q 7→ Inn(Q) is not a faithful functor : Qf → Grp.

(2)Our idea

Focus on Qf
inj : the category of faithful quandles and injective hom.

Construct Grpg.c.f .
⋆ : Obj = {(G,Ω) | G : group,Ω : generator,+α}.

(3)Result (Main Thm)

∃F : Qf
inj → Grpg.c.f .

⋆ : Q
obj7→ (InnQ, s(Q)) : category equivalence i.e.

HomQf
inj
(Q1, Q2)

1:1↔ Hom
Grpg.c.f .

⋆
(FQ1,FQ2).
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(2)-1. Focus on Qf
inj

Qf
inj : the category of faithful quandles and injective quandle

homomorphisms.
Consider a correspondence Q 7→ (Inn(Q), s(Q)).

(Inn(Q), s(Q)) is a pair of a group and its generator.

Problem

Find a category D s.t.
Obj = {(G,Ω) | G : a group,Ω ⊂ G : a generator of G,+α} and
Qf

inj
∼= D.

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-2. Propositions on Qf
inj

Proposition (A)

For a morphism f : Q1 → Q2 of Qf
inj, the following π(f) is well-defined

surjective group hom. :

π(f) : Inn(Q2, f(Q1)) → Inn(Q1) : sf(x1) 7→ sx1 ,

where s(f(Q1)) := {sf(x1) : Q2 → Q2 | x1 ∈ Q1} and
Inn(Q2, f(Q1)) := 〈s(f(Q1))〉 < Inn(Q2).

Q1 Q2 Inn(Q1) Inn(Q2)

Inn(Q2, f(Q1))

⊂

f

π(f)

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-3. Propositions on Qf
inj

Proposition (B)

For Q ∈ Obj(Qf
inj), (Inn(Q), s(Q)) satisfies following (g), (c) and (f) :

(g) s(Q) generates Inn(Q).

(c) s(Q) is a union of conjugacy classes of Inn(Q).
i.e. s(Q) is Inn(Q)-stable w.r.t. the following left action
Inn(Q) ↷ s(Q) :

g.sx = gsxg
−1 (g ∈ Inn(Q), x ∈ Q).

(f) The above left action Inn(Q) ↷ s(Q) is faithful.
i.e. the centralizer of s(Q) is free.

Based on Proposition(A) and (B), we construct Grpg.c.f .
⋆ as below.

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-4. Definition of Grpg.c.f .
⋆

Let G : group, Ω ⊂ G. We define conditions (g), (c) and (f) of (G,Ω) :

(g) Ω generates G.
(c) Ω is a union of conjugacy classes of G.

i.e. Ω is G-stable w.r.t. the following left action G ↷ Ω :
g.ω = gωg−1 (g ∈ G,ω ∈ Ω).

(f) The above left action G ↷ Ω is faithful.
i.e. the centralizer of Ω is free.

Definition

Grpg.c.f .
⋆ : Obj = {(G,Ω) | (g), (c) and (f) hold }.

Hom
Grpg.c.f .

⋆
((G1,Ω1), (G2,Ω2))

:=

Φ = ((H,Γ), π)

∣∣∣∣∣∣∣∣∣
H < G2,Γ ⊂ Ω2,

(H,Γ) satisfies (g) and (c),

π : H → G1 : a group hom.,

π(Γ) ⊂ Ω1 and π|Γ : Γ → Ω1 : bijective

 .

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-5. Morphisms of Grpg.c.f .
⋆

Hom
Grpg.c.f .

⋆
((G1,Ω1), (G2,Ω2))

:=

Φ = ((H,Γ), π)

∣∣∣∣∣∣∣∣∣
H < G2,Γ ⊂ Ω2,

(H,Γ) satisfies (g) and (c),

π : H → G1 : a group hom.,

π(Γ) ⊂ Ω1 and π|Γ : Γ → Ω1 : bijective

 .

(G1,Ω1) (G2,Ω2)

(H,Γ)

⊂

π

Φ

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-6. Example of morphisms of Grpg.c.f .
⋆

Ωn = {(ij) | 1 ≤ i < j ≤ n} ⊂ Sn.

Example

The following Φ = ((H,Γ), π) is a morphism (S3,Ω3) → (S6,S6) in

Grpg.c.f .
⋆ :

H = S3 × {id, (456), (465)},Γ = Ω3 × {(456)},

π : S3 × {id, (456), (465)} → S3 : (g, a) 7→ g.

Furthermore, π : H → S3 is NOT injective.

(S3,Ω3) (S6,S6)

(H,Γ)
⊂

Φ

π

TADA Yasuki Quandles and symmetric spaces 2022
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(2)-7. Composition of morphisms on Grpg.c.f .
⋆

Proposition

Φ1 = ((H2,Γ2), π2) : (G1,Ω1) → (G2,Ω2),

Φ2 = ((H3,Γ3), π3) : (G2,Ω2) → (G3,Ω3) : morphisms of Grpg.c.f .
⋆ .

Then the following is a morphism (G1,Ω1) → (G3,Ω3) of Grpg.c.f .
⋆ :

Φ2 ◦ Φ1 := ((〈π3|−1
Γ3

(Γ2)〉, π3|−1
Γ3

(Γ2)), π2 ◦ π3|⟨π3|−1
Γ3

(Γ2)⟩).

PB

(G1,Ω1) (G2,Ω2)

(H2,Γ2)

⊂

(G3,Ω3)

(H3,Γ3)

⊂

(〈π3|−1
Γ3

(Γ2)〉, π3|−1
Γ3

(Γ2))

⊂

Φ1

π2

Φ2

π3

π3|⟨π3|−1
Γ3

(Γ2)⟩

This composition is associative, since there is pullback on Grpgen.
TADA Yasuki Quandles and symmetric spaces 2022
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Outline

(1)Background

Q 7→ Inn(Q) is not a faithful functor : Qf → Grp.

(2)Our idea

Focus on Qf
inj : the category of faithful quandles and injective hom.

Construct Grpg.c.f .
⋆ : Obj = {(G,Ω) | G : group,Ω : generator,+α}.

(3)Result (Main Thm)

∃F : Qf
inj → Grpg.c.f .

⋆ : Q
obj7→ (InnQ, s(Q)) : category equivalence i.e.

HomQf
inj
(Q1, Q2)

1:1↔ Hom
Grpg.c.f .

⋆
(FQ1,FQ2).

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 19 / 23

(3)-1. Definition of category equivalence

C,D : categories.

Definition

F : C → D : a functor.
F is a category equivalence if the followings hold:

∀d ∈ Obj(D), ∃c ∈ Obj(C) s.t. Fc ∼=D d. (essentially surjective)

F : HomC(c1, c2) → HomD(Fc1,Fc2) : bijective. (faithful full)

TADA Yasuki Quandles and symmetric spaces 2022
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(3)-2. Main Theorem

Theorem (Main Thm)

The following F : Qf
inj → Grpg.c.f .

⋆ is a category equivalence :

For Q ∈ Obj(Qf
inj), FQ := (Inn(Q), s(Q)).

For f : Q1 → Q2 ∈ Qf
inj, Ff := ((H,Γ), π(f)), where

Γ := s(f(Q1)) = {sf(x1) : Q2 → Q2 | x1 ∈ Q1} ⊂ InnQ2,

H := Inn(Q2, f(Q1)) = 〈s(f(Q1))〉 < InnQ2,

π(f) : (Inn(Q2, f(Q1)), s(f(Q1))) → (InnQ1, s(Q1)) : sf(x1) 7→ sx1 .

Q1 Q2 (Inn(Q1), s(Q1)) (Inn(Q2), s(Q2))

(Inn(Q2, f(Q1)), s(f(Q1)))

⊂

f Ff

π(f)

TADA Yasuki Quandles and symmetric spaces 2022
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(3)-3. Application of Main Theorem

|HomQf
inj
(R3, R9)| = |Hom

Grpg.c.f .
⋆

(FR3,FR9)| = 18.

R3 R9 FR3

=

(Inn(R3), s(R3))

=

(D6, )

FR9

=

(Inn(R9), s(R9))

=

(D18, )

(H1,Γ1)

(H2,Γ2)

(H3,Γ3)

⊂

π

TADA Yasuki Quandles and symmetric spaces 2022
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Thank you for your attention.
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Minimum numbers of Dehn colors of knots

Gaishi Yamagishi

1 Introduction

This presentation is based on the author’s collaboration with Kanako Oshiro and Eri
Matsudo.

In knot theory, minimum numbers of colors for arc colorings have been studied in
many papers. Fox p-coloring is the dihedral quandle coloring. We denote the number
by mincolFoxp (K) for a Fox p-colorable knot K. For mincolFoxp (K), the following result is
known.

• For each odd prime number p with p ≤ 19,

K : Fox p-colorable knot =⇒ mincolFoxp (K) = ⌊log2 p⌋+ 2

(see [1, 2, 3, 4, 5, 6, 7]).

Dehn colorings are one of region colorings which are known to be corresponding to Fox
colorings.

2 Preliminary

2.1 Dehn coloring

In this paper, for a prime number p, we denote by Zp the cyclic group Z/pZ.
Let p be an odd prime number. Let D be a diagram of a knot K and R(D) the set of

regions of D. A Dehn p-coloring of D is a map C : R(D) → Zp satisfying the following
condition:

• for each crossing c with regions x1, x2, x3, and x4 as depicted in Figure 1,

C(x1) + C(x3) = C(x2) + C(x4)

holds, where the region x2 is adjacent to x1 by an under-arc and x3 is adjacent to
x1 by the over-arc.

We call C(x) the color of a region x by C. We mean by (D,C) a diagram D given a
Dehn p-coloring C, and call it a Dehn p-colored diagram. We denote by C(D,C) the set of
colors assigned to a region of D by C, that is C(D,C) = ImC. The set of Dehn p-colorings
of D is denoted by Colp(D). We remark that the number ♯Colp(D) is an invariant of the
knot K.

Let χ be a crossing of D with regions x1, x2, x3, and x4 as depicted in Figure 1. We
say that χ of (D,C) is trivially colored if

C(x1) = C(x4), and C(x3) = C(x2)
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x1

x2

x3

x4 a1

a2

a3

a1-a2+a3
χ χ

Figure 1: A crossing on D with regions x1, x2, x3, and x4

hold, and nontrivially colored otherwise. A Dehn p-coloring C of D is trivial if each
crossing of (D,C) is trivially colored (and ♯C(D,C) ≤ 2), and nontrivial otherwise. We
denote by ColNT

p (D,C) the set of nontrivial Dehn p-colorings of D. A knot K is Dehn
p-colorable if K has a Dehn p-colored diagram (D,C) such that C is nontrivial.

Lemma 2.1. 1. Let C,C ′ ∈ Colp(D). Then we have

C ∼ C ′ =⇒ C(D,C) ∼ C(D,C ′).

Hence we have

C ∼ C ′ =⇒ ♯C(D,C) = ♯C(D,C ′).

2. Let S, S ′ ⊂ Zp, and we assume that S ∼ S ′. Then there exists C ∈ Colp(D) such
that C(D,C) = S if and only if there exists C ′ ∈ Colp(D) such that C(D,C ′) = S ′.

Here C ∼ C ′(or S ∼ S ′) means that there exists s ∈ Z×
p and t ∈ Zp such that

C = sC ′ + t(or S ′ = sS + t).

Definition 2.2. The minimum number of colors of a knot K for Dehn p-colorings is the
minimum number of distinct elements of Zp which produce a nontrivially Dehn p-colored
diagram of K, that is,

min{♯C(D,C) | (D,C) ∈
{
nontrivially Dehn p-colored
diagrams of K

}
}.

We denote it by mincolDehn
p (K).

2.2 R-palette graph

Let p be an odd prime number, and let S ⊂ Zp with S ̸= ∅. Set µ(S) = {{a1, a2} | a1, a2 ∈
S}, where {a1, a2} is regarded as the multiset {a1, a1} when a1 = a2.

For {a1, a2}, {a3, a4} ∈ µ(S), we set an equivalence relation ∼ on µ(S) by

{a1, a2} ∼ {a3, a4} if a1 + a2 = a3 + a4 in Zp.

We denote by a1 + a2 the equivalence class of {a1, a2} ∈ µ(S).

Definition 2.3. The R-palette graph of S is the simple graph GS = (VS, ES) composed of
the vertex set VS = µ(S)/ ∼= {a1 + a2 | {a1, a2} ∈ µ(S)} and the edge set ES satisfying
that

e = b1 b2 ∈ ES ⇐⇒ there exist {a1, a2} ∈ b1 and {a3, a4} ∈ b2 such
that a1 + a3 = a2 + a4 or a1 + a4 = a2 + a3 in Zp,

where e = b1 b2 means that e is an edge connecting the vertices b1 and b2. We attach the
label 2−1(b1 + b2) ∈ Zp to the edge e between b1 and b2 (see Figure 2 for example).
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{0,0}
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{0,1}
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{2,3}
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{3,3}
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4
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3
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1
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2
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{1,1}{

4
{0,4}{
{2,2}{

0

{0,0}

3

{1,2}

6

{2,4}

5

{1,4}

1

1

1

6

6
3

2

4

5

3 3

3

2

2

2

4
4

4

p=7, S={0,1,2,3} p=7, S={0,1,2,4}

G{0,1,2,3}
G{0,1,2,4}

Figure 2: R-palette graphs

Let GS be the R-palette graph of S. A graph G = (V,E) is an R-subgraph of GS if G
is a subgraph of GS, and

e ∈ E =⇒ be ∈ V (i.e., e = b1 b2 ∈ E =⇒ 2−1(b1 + b2) ∈ V )

holds, where be is the label of e (see Figure 3 for example).

1

{0,1}

5

{2,3}

2
{1,1}{
{0,2}{

4
{1,3}{
{2,2}{

3
{0,3}{
{1,2}{3 3

2

4

1

{0,1}

5

{2,3}

3
{0,3}{
{1,2}{3

2

4

p=7, S={0,1,2,3}

An -subgraph of G{0,1,2,3} Not an -subgraph of G{0,1,2,3}

Figure 3: R-subgraph

Let (D,C) be a nontrivially Dehn p-colored diagram of a knot. The R-palette graph
of (D,C) is an R-subgraph G(D,C) = (V(D,C), E(D,C)) of GC(D,C) composed of the vertex
set

V(D,C) = {b | there exists an arc on (D,C) with
a1 a2

b=a1+a2

}

and the edge set E(D,C) satisfying that

e = b1 b2 ∈ ES ⇐⇒ there exists a crossing on (D,C) with
a1

a2

a3

a4

b1=a1+a2

b2=a3+a4

b1 b2

As in the case of GS, we attach the label 2−1(b1 + b2) ∈ Zp to the edge e between b1 and
b2 (see Figure 4 for example).
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Proposition 2.4. Let S ⊂ Zp. If S = C(D,C) for some nontrivially Dehn p-colored
diagram (D,C) of a knot, the R-palette graph GS includes a connected R-subgraph with
at least three vertices.

2 4 6

1

1 0

0

p=7

(D,C) G(D,C)

2

2

0

0

6

6

1

1
3

3

Figure 4: R-palette graph

3 Main results

Theorem 3.1. Let p be an odd prime number. For any Dehn p-colorable knot K, we
have

mincolDehn
p (K) ≥ ⌊log2 p⌋+ 2.

Theorem 3.2. Let p be an odd prime number with p < 25. If there exists a nontrivially
Dehn p-colored diagram (D,C) of a knot such that ♯C(D,C) = ⌊log2 p⌋+ 2, then

(i) C(D,C) ∼ {0, 1, 2} when p = 3,

(ii) C(D,C) ∼ {0, 1, 2, 3} when p = 5,

(iii) C(D,C) ∼ {0, 1, 2, 4} when p = 7,

(iv) C(D,C) ∼ {0, 1, 2, 3, 6} or {0, 1, 2, 4, 7} when p = 11,

(v) C(D,C) ∼ 0, 1, 2, 4, 7 when p = 13,

(vi) C(D,C) ∼ {0, 1, 2, 3, 5, 9}, {0, 1, 2, 3, 5, 10}, {0, 1, 2, 3, 5, 12}, {0, 1, 2, 3, 6, 9}, {0, 1, 2, 3, 6, 10}, {0, 1, 2, 3, 6, 11},
{0, 1, 2, 3, 6, 13}, {0, 1, 2, 3, 7, 11}, {0, 1, 2, 4, 5, 9}, {0, 1, 2, 4, 5, 10}, {0, 1, 2, 4, 5, 12},
or {0, 1, 2, 4, 10, 13} when p = 17,

(vii) C(D,C) ∼ {0, 1, 2, 3, 5, 10}, {0, 1, 2, 3, 6, 10}, {0, 1, 2, 3, 6, 11}, {0, 1, 2, 3, 6, 12}, {0, 1, 2, 3, 6, 13}, {0, 1, 2, 3, 6, 14},
{0, 1, 2, 3, 7, 12}, {0, 1, 2, 4, 5, 10}, {0, 1, 2, 4, 5, 14}, {0, 1, 2, 4, 7, 12}, or {0, 1, 2, 4, 7, 15}
when p = 19,
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(viii) C(D,C) ∼ {0, 1, 2, 3, 6, 12}, {0, 1, 2, 4, 7, 12}, {0, 1, 2, 4, 7, 13},
{0, 1, 2, 4, 7, 14}, {0, 1, 2, 4, 9, 14}, or {0, 1, 2, 4, 10, 19} when p = 23,

(ix) C(D,C) ∼ {0, 1, 2, 4, 8, 15} when p = 29, and

(x) C(D,C) ∼ {0, 1, 2, 4, 8, 16} when p = 31.

Proposition 3.3. For each odd prime p with p < 25 and p /∈ {13, 29}, there exists a
Dehn p-colorable knot K with mincolDehn

p (K) = ⌊log2 p⌋+ 2.
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Minimum numbers of Dehn colors of knots

山岸 凱司 (上智大学)

松土恵理氏（日本大学）, 大城佳奈子氏(上智大学)との共同研究

研究集会「カンドルと対称空間」　於 大阪公立大学
2022年12月8日

§ 1 Fox p-彩色と色の数

K: 結び目, D: Kの図式. p: 奇素数.

• DのFox p-彩色 · · · C : {Dの辺} → Zp s.t.

x
x

x

C(x)=C(x)+C(x)

※ Fox p-彩色は二面体カンドル(Zp, a ∗ b = 2b − a)-彩色

• Kのminimum number of Fox p-colors:

mincolFoxp (K) = min{#ImC | (D,C) ∈


非自明にFox

p-彩色された
Kの図式

}

1
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p = 5

0 1
2

3

4

0 1

2

3

2

3

5色 4色

mincolFox5 (K) ≤ 4

2

mincolFoxp (K)について, 次の結果が知られている:

• K: Fox 3-彩色可能 =⇒ mincolFox3 (K) = 3

• K: Fox 5-彩色可能 =⇒ mincolFox5 (K) = 4 (S. Satoh)

• K: Fox 7-彩色可能 =⇒ mincolFox7 (K) = 4 (K. Oshiro)

• K: Fox 11-彩色可能 =⇒ mincolFox11 (K) = 5 (N-N-S)

• K: Fox 13-彩色可能 =⇒ mincolFox13 (K) = 5 (B-L)

• K: Fox 17-彩色可能 =⇒ mincolFox17 (K) = 6 (A-E-L)

• K: Fox 19-彩色可能 =⇒ mincolFox19 (K) = 6 (H-Z)

• mincolFoxp (K) ≥ ⌊log2 p⌋+2 (Nakamura-Nakanishi-Satoh)

※ ∀p: 奇素数, ∀K: Fox p-彩色可能な結び目,

mincolFoxp (K) = ⌊log2 p⌋ + 2

となるかは分かっていない.
3
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§ 2 Dehn p-彩色

K : Fox p-彩色可能 ⇐⇒ K : Dehn p-彩色可能

a b
a+b

K: Dehn p-彩色可能な結び目.

• Kのminimum number of Dehn p-colors:

mincolDehn
p (K)

= min{#ImC | (D,C) ∈
{
非自明にDehn p-彩色
されたKの図式

}
}

Q. mincolDehn
p (K)をどのように評価できるか？

Q. mincolDehn
p (K)もmincolFoxp (K)のときのようにKに依らな

い値を取るか？
4

D: 結び目図式, R(D) = {Dの領域}. p: 奇素数

• DのDehn p-彩色 · · · C : R(D) → Zp s.t.

C(x1) + C(x3) = C(x2) + C(x4)

x

x

x

x a

a

a

a

a+a=a+a

領域xに対し, C(x)をxの色という.

5
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• (D,C)の交点cが自明に彩色されている :
def⇔

a

a

a

a
a=ac

a=a

• DのDehn p-彩色Cが自明 :
def⇔ (D,C)の全ての交点が自明に

彩色されている.

a
a

a

a
a

a a

a
b b

自明 (1 色 ) 自明 (2 色 )

• 結び目KがDehn p-彩色可能 :
def⇔ ∃(D,C): 非自明にDehn

p-彩色されたKの図式.
6

§ 3 minimum number of Dehn p-colors と結果

K: Dehn p-彩色可能な結び目.

• Kのminimum number of Dehn p-colors:

mincolDehn
p (K)

= min{#ImC | (D,C) ∈
{
非自明にDehnp-彩色
されたKの図式

}
}

• mincolDehn
3 (K) = 3.

• mincolDehn
5 (K) = 4. (S. Satoh)

定理1 ∀K: Dehn p-彩色可能な結び目,

mincolDehn
p (K) ≥ ⌊log2 p⌋ + 2.

7
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定理2 p: 奇素数 s.t. p < 25.

∃ (D,C): 非自明にDehn p-彩色された図式 s.t.

#ImC = ⌊log2 p⌋ + 2 =⇒

(i) ImC ∼ {0, 1, 2} (p = 3),

(ii) ImC ∼ {0, 1, 2, 3} (p = 5),

(iii) ImC ∼ {0, 1, 2, 4} (p = 7),

(iv) ImC ∼ {0, 1, 2, 3, 6} または {0, 1, 2, 4, 7} (p = 11),

(v) · · ·

S ∼ S′:
def⇔ S′ = sS + t (s ∈ Z×p , t ∈ Zp)

8

命題3 ∀p ∈ {3, 5, 7, 11, 13, 17, 19, 23, 29, 31},
∃K: Dehn p-彩色可能な結び目 s.t.

mincolDehn
p (K) = ⌊log2 p⌋ + 2.

定理4 p ∈ {13, 29}. ∀K: Dehn p-彩色可能な結び目,

mincolDehn
p (K) ≥ ⌊log2 p⌋ + 3.

定理5 ∀p ∈ {7, 11, 13, 17, 19, 23, 29, 31},
∃K: Dehn p-彩色可能な結び目 s.t.

mincolDehn
p (K) ≥ ⌊log2 p⌋ + 3.

• ⌊log2 p⌋ + 2はpによってはbest possibleでない.

• mincolDehn
p (K) ̸= mincolDehn

p (K′)となる場合がある.

• mincolDehn
p (K)はFoxのときとは全く違う振る舞いをする.

9
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§ 4 定理 1(mincolDehn
p (K) ≥ ⌊log2 p⌋ + 2)について

D: Kの図式.

c1, . . . , cn: Dの交点, x1, . . . , xn+2: Dの領域.

xi

xi

xi

xici

xi1 − xi2 + xi3 − xi4 = 0

(⋆1) Mcol
D

 x1
...

xn+2

 = 0.

{Zp上の(⋆1)の解}

↔ {Dehn p-彩色}

※ 自明彩色に対応する解がある:

1

自明 (1 色 )

1
1

1

1 ↔ a1T =

1
...
1

;

自明 (2 色 )

x

0
0

0
1 1 ↔ a2T =


0
∗
...
∗


• rankZM

col
D = n

• {(⋆1)のZ上での整数解}=
〈
a1T, a2T

〉
Z

10

AD(−1) =

(
Mcol

D
1 0 · · · 0

)

(⋆2) AD(−1)

 x1
...

xn+2

 = 0

• AD(t)はKの結び目群のDehn表示から得られたアレクサンダー
行列.

• rankZAD(−1) = n + 1

• {(⋆2)のZ上での整数解}=
〈
a2T =


0
∗
...
∗


〉
Z

11
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定理 1(mincolDehn
p (K) ≥ ⌊log2 p⌋ + 2)の証明の概要

(D,C): 非自明にDehn p-彩色された図式 s.t.

#ImC = mincolDehn
p (K), C(x1) = 0.

(ケース１) ∀xi, xj ∈ R(D),

C(xi) = C(xj) ⇒ C2T(xi) = C2T(xj).

M1 := AD(−1),

rankZM1 = #{M1の列} − 1 & rankpM1 ≤ #{M1の列} − 2

• {(⋆2)のZ上での整数解}=
〈
a2T

〉
Z

• {(⋆2)のZp上での解}=
〈
a2T, a (↔ C), · · ·

〉
Zp

12

i < j s.t. C(xi) = C(xj) において次の操作を行う.

(m1, . . . ,mn+2)︸ ︷︷ ︸
M1

 x1
...

xn+2

 = 0;

 C(x1)
...

C(xn+2)


︸ ︷︷ ︸

a

;

 C2T(x1)
...

C2T(xn+2)


︸ ︷︷ ︸

a2T

;

⇝ (. . . ,mi+mj, . . . , m̂j, . . .)


...
xi
...
x̂j
...

 = 0;


...

C(xi)
...

Ĉ(xj)
...

 ;


...

C2T(xi)
...

̂C2T(xj)
...


この操作を繰り返すことにより,

M2

y1
...
yℓ

 = 0; (ℓ = #ImC)

とそのZ上での解 ã2T, Zp上での解 ã, ã2Tを得る.

rankZM2 = #{M2の列} − 1 & rankpM2 ≤ #{M2の列} − 2
13
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よって, ∃M3: M2の(ℓ − 1) × (ℓ − 1)-部分行列 s.t.

detM3 ̸= 0 ∈ Z & detM3 = 0 ∈ Zp.

故に,

p ≤ |detM3|.

また, M3の性質から次を示すことも可能:

|detM3| ≤ 2ℓ−1(= 2
mincolDehn

p (K)−1
).

以上より,

mincolDehn
p (K) ≥ log2 p + 1,

∴ mincolDehn
p (K) ≥ ⌊log2 p⌋ + 2.

□

14

§ 5 R-パレットグラフと定理 2

p: 奇素数, S ⊂ Zp.

{0,1}
{4,4}

1

{1,1}
{0,2}

2

{0,0}
0

{1,2}
3

{0,4}
{2,2}

4

{1,4}
5

{2,4}
6

4

2

1

4

2
p=7, S={0,1,2,4}

G{0,1,2,4} 

5

3

16

(5+4)/2

=

• GS = (VS, ES) がSのR-パレットグラフ :
def⇔

VS = {a1 + a2 | {a1, a2} ∈ S2/(x, y) ∼ (y, x)}

e = b1 b2 ∈ ES ⇐⇒ ∃{a1, a2} ∈ b1, ∃{a3, a4} ∈ b2 s.t.
a1 + a3 = a2 + a4 ∈ Zp

15
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• G = (V,E)がGSのR-部分グラフ
:
def⇔ GはGSの部分グラフ,

e ∈ E =⇒ be ∈ V (beはeのラベル)

p=7, S={0,1,2,3}

{1,1}
{0,2} {0,1}

{0,3}
{1,2}

{1,3}
{2,2} {2,3}

12

3

4 5
3

2

4

3

{0,0}
{1,1}
{0,2} {0,1}

{0,3}
{1,2}

{1,3}
{2,2} {2,3}{3,3}

12

0

3

4 5
6

G{0,1,2,3} 

1

2

3
3

2

4

4

5

3

部分グラフ

16

(D,C): 非自明にDehn p-彩色された図式.

p=7

G(D,C) 

0

1

2

1

4
6

0

1

6

2

0

3

1

2

3

0

6

(D,C) 

• G(D,C) = (V(D,C), E(D,C)) が(D,C)のR-パレットグラフ
:
def⇔

V(D,C) = {a1 + a2 | ∃ aa }

e = b1 b2 ∈ ES ⇐⇒ a

a a

a

b=a+a

b=a+a

17
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S = ImC.

• G(D,C) はGSの連結なR-部分グラフ.

• G(D,C) は少なくとも3つの頂点を含む.

定理6 S ⊂ Zp.

∃(D,C): 非自明にDehn p-彩色された図式 s.t. S = ImC

=⇒ GS は連結なR-部分グラフで#VS ≥ 3となるものを含む.

定理6は図式に非自明彩色を与えるための色の候補を与える.

p=7, S={0,1,2,3}

{0,0}
{1,1}
{0,2} {0,1}

{0,3}
{1,2}

{1,3}
{2,2} {2,3}{3,3}

12

0

3

4 5
6

G{0,1,2,3} 

1

2

3
3

2

4

4

5

3 部分グラフ
連結で頂点数３以上の

を持たない

{0,1,2,3}は非自明
な彩色を与える色
の候補にはならない

18

定理2 p: 奇素数 s.t. p < 25.

∃ (D,C): 非自明にDehn p-彩色された図式 s.t.

#ImC = ⌊log2 p⌋ + 2 =⇒

(i) ImC ∼ {0, 1, 2} (p = 3),

(ii) ImC ∼ {0, 1, 2, 3} (p = 5),

(iii) ImC ∼ {0, 1, 2, 4} (p = 7),

(iv) ImC ∼ {0, 1, 2, 3, 6} または {0, 1, 2, 4, 7} (p = 11),

(v) · · ·

S ∼ S′:
def⇔ S′ = sS + t (s ∈ Z×p , t ∈ Zp)

19
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§ 6 命題 3について

命題3 ∀p ∈ {3, 5, 7, 11, 13, 17, 19, 23, 29, 31},
∃K: Dehn p-彩色可能な結び目 s.t.

mincolDehn
p (K) = ⌊log2 p⌋ + 2.

p = 11. (D,C)の色の数=#{0, 1, 2, 4, 8} = 5 = ⌊log2 11⌋+2.

∴ 定理2より, mincolDehn
11 (K) = 5 = ⌊log2 11⌋ + 2.

(D,C)

20

ご清聴ありがとうございました。

21
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The universality of groupoid racks on the colorings
for spatial surface diagrams

Katsunori Arai

Abstract. A spatial surface is a compact oriented surface embedded in the
3-sphere S3 = R3⊔{∞} such that each connected component has a non-empty
boundary. Spatial surfaces are represented by spatial trivalent graph diagrams
([1]). In this paper, we introduce a notion of a groupoid rack which defines the
colorings for spatial surface diagrams. Furthermore, we show that a groupoid
rack has the universality on the colorings.

1 Groupoid racks

Let C be a groupoid and X = Hom(C) be the set of all morphisms of C. A pair of X
and a binary operation ∗ : X ×X → X is a groupoid rack if ∗ : X ×X → X satisfies the
following conditions:

• For any x, f, g ∈ X satisfying cod(f) = dom(g), x∗(fg) = (x∗f)∗g and x∗idλ = x,
where idλ is the identity morphism of the object λ.

• For any x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

• For any For any x, f, g ∈ X satisfying cod(f) = dom(g), cod(f ∗ x) = dom(g ∗ x)
and (fg) ∗ x = (f ∗ x)(g ∗ x).

Let X be a groupoid rack, D be a Y-oriented spatial surface diagram and A(D) be the
set of all arcs of D. A map C : A(D) → X is an X-coloring if C satisfies the following
conditions (Fig. 1).

▶

x y

x ∗ y

▶ ▶

▶

f g

fg

▶ ▶

▶ fg

f g

Figure 1: Groupoid rack coloring conditions (x, y, f, g ∈ X, cod(f) = dom(g))

We denote by ColX(D) the set of all X-colorings of D.

Theorem 1.1. Let X be a groupoid rack. If two Y-oriented diagrams D1 and D2 present
equivalent spatial surfaces, then there is a bijection between ColX(D1) and ColX(D2). In
particular, |ColX(D1)| is a spatial surface invariant.
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2 The universality of groupoid racks

Theorem 2.1 says that a groupoid rack is a universal structure that defines the coloring
for spatial surfaces, i.e. the algebraic structures defining the coloring for spatial surfaces
must have a structure of a groupoid rack.

Theorem 2.1. Let R = (R, ∗, ρ) be a symmetric rack. We assume that a subset P ⊂ R×R
and a map µ : P → R satisfy the following conditions, where we denote µ(a, b) by ab.

• For any a, b, c ∈ R, the following are equivalent.

[(a, b) ∈ P ∧ (ab, c) ∈ P ] , [(b, c) ∈ P ∧ (a, bc) ∈ P ] .

• For any (a, b), (ab, c) ∈ P , we have

(ab)c = a(bc).

• For any a, b, x ∈ R, the following are equivalent.

(a, b) ∈ P, (ρ(b), ρ(a)) ∈ P, (a ∗ x, b ∗ x) ∈ P.

• For any (a, b) ∈ P , we have

(b, ρ(ab)) ∈ P and (ρ(ab), a) ∈ P.

• For any (a, b) ∈ P and x ∈ R, we have

ρ(b)ρ(a) = ρ(ab), (ab)ρ(b) = a, (ab) ∗ x = (a ∗ x)(b ∗ x) and x ∗ (ab) = (x ∗ a) ∗ b.

Put R′ =
∪

(a,b)∈P {a, b}. Then

(i) R′ is a subrack of (R, ∗) with the good involution ρ.

(ii) (R′, ∗) is a groupoid rack.
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The universality of groupoid racks on the colorings for spatial surface
diagrams

カンドルと対称空間

新井 克典

大阪大学 M2

2022 年 12 月 8 日
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2 Groupoid rack

3 Universality
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Spatial surface

1 Spatial surface

2 Groupoid rack

3 Universality

新井 克典 (大阪大学) 2022 年 12 月 8 日 3 / 35

Spatial surface

Definition

A spatial surface F is a compact surface embedded in S3.

Remark

In this talk, we assume the following.

• F is an oriented surface.

• Each component of F has a non-empty boundary.

• F does not have disk components.

Two spatial surfaces are equivalent if they are ambient isotopic.

新井 克典 (大阪大学) 2022 年 12 月 8 日 4 / 35
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Spatial surface

A spatial trivalent graph is a finite trivalent graph embedded in S3.

Remark

A spatial trivalent graph may have S1-components.

Any spatial surface F is equivalent to the spatial surface obtained from some spatial trivalent
graph diagram D by the following way.

⟲ ⟲ ⟲⟲

We call D a diagram of F .

新井 克典 (大阪大学) 2022 年 12 月 8 日 5 / 35

Spatial surface

新井 克典 (大阪大学) 2022 年 12 月 8 日 6 / 35
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Spatial surface

Theorem (Matsuzaki ’21)

F1, F2: spatial surfaces, D1, D2: diagrams of F1, F2.
Then the following conditions are equivalent.

• F1 and F2 are equivalent.

• D1 and D2 are related by a finite sequence of Reidemeister moves and isotopies of S2.

R2 R3

R5 R5

R6

Figure: Reidemeister moves for spatial surface diagrams

新井 克典 (大阪大学) 2022 年 12 月 8 日 7 / 35

Spatial surface

A Y-oriented spatial trivalent graph is an oriented spatial trivalent graph without sinks and
sources.

▶ ▶

▶

Y-orientation ◦

▶ ▶

▶

Y-orientation ◦

▶ ▶

▶

sink ×

▶ ▶

▶

source ×

D: a Y-oriented spatial trivalent graph diagram.
D represents a spatial surface F by forgetting the Y-orientation.
We call D a Y-oriented diagram of F .

Remark

In general, spatial trivalent graphs have some Y-oriented diagrams.

Proposition (Ishii ’15)

D: a spatial trivalent graph diagram.
Two Y-orientations of D are related by a finite sequence of reversing the orientation of one
edge while preserving being Y-oriented.

新井 克典 (大阪大学) 2022 年 12 月 8 日 8 / 35
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Spatial surface

▼
▲ ▲

▶
▲ ▲

▼
▲ ▼

▶
▲ ▲

▼
▲ ▼

▶
▲ ▼

▲
▲ ▼

▶
▲ ▼

新井 克典 (大阪大学) 2022 年 12 月 8 日 9 / 35

Spatial surface

In this talk, we call the operation of reversing the orientation of one S1-component inverse
move.

Theorem (Matsuzaki)

F1, F2: spatial surfaces. D1, D2: Y-oriented diagrams of F1, F2.
Then the following conditions are equivalent.

• F1 and F2 are equivalent.

• D1 and D2 are related by a finite sequence of Y-oriented Reidemeister moves, inverse
moves and isotopies of S2.

R6

▶ ◀
▼

▶ ▶

▶

▶

◀▶▶
R6

▶ ▶
▼

◀ ▶

▶

◀

▶▶▶

R6 R6

▶

◀

◀▶◀
▶ ◀
▼

◀ ▶

▶

◀

◀▶▶
R6 R6

▶

◀

▶◀◀
▶ ▶
▼

◀ ◀

▶

◀

▶◀▶

新井 克典 (大阪大学) 2022 年 12 月 8 日 10 / 35
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Groupoid rack

1 Spatial surface

2 Groupoid rack

3 Universality
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Groupoid rack

Definition (Fenn-Rourke ’92)

X: a set, ∗ : X ×X → X: a binary operation.
X = (X, ∗): a rack
⇔ ∗ satisfies the following conditions.

• ∀y ∈ X, a map Sy : X ∋ x 7→ x ∗ y ∈ X is a bijection.

• ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

A quandle (Joyce, Matveev ’82) is a rack X = (X, ∗) satisfying
• ∀x ∈ X,x ∗ x = x.

∀x, y ∈ X, ∀n ∈ Z, we denote Sn
y (x) by x ∗n y.

Aut(X): the automorphism group of X.

新井 克典 (大阪大学) 2022 年 12 月 8 日 12 / 35
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Groupoid rack

Definition (Kamada ’07, Kamada-Oshiro ’10)

X = (X, ∗): a rack.
A map ρ : X → X is a good involution
⇔ ρ saitisfies the following conditions.

• ρ ◦ ρ = idX ,

• ∀x, y ∈ X, ρ(x ∗ y) = ρ(x) ∗ y,
• ∀x, y ∈ X,x ∗ ρ(y) = x ∗−1 y.

X = (X, ρ): a symmetric rack.

In particular, if X is a quandle, (X, ρ) is called a symmetric quandle.

Example

G: a group.
Conj(G) = (G, x ∗ y = y−1xy): the conjugation quandle.
ρ : Conj(G) ∋ g 7→ g−1 ∈ Conj(G): a good involution of Conj(G).

新井 克典 (大阪大学) 2022 年 12 月 8 日 13 / 35

Groupoid rack

A groupoid is a category in which all morphisms are invertible.

Definition

C: a groupoid, X = Hom(C) : the set of all morphisms of C,
∗ : X ×X → X: a binary operation on X.
X = (X, ∗): a groupoid rack
⇔ ∗ satisfies the following conditions.

1 ∀x ∈ X, ∀f ∈ Hom(λ, µ), ∀g ∈ Hom(µ, ν),
x ∗ (fg) = (x ∗ f) ∗ g and x ∗ idξ = x. (idξ: the identity morphism for ξ ∈ Ob(C))

2 ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
3 ∀x ∈ X, ∀f ∈ Hom(λ, µ), ∀g ∈ Hom(µ, ν),

cod(f ∗ x) = dom(g ∗ x) and (fg) ∗ x = (f ∗ x)(g ∗ x).

Remark

A groupoid rack X is a symmetric rack with a good involution ρ : X ∋ x 7→ x−1 ∈ X.
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Groupoid rack

X: a groupoid rack,
D: a Y-oriented diagram of a spatial surface.
Arc(D): the set of all arcs of D.
An X-coloring of D is a map Arc(D) → X satisfying the following conditions.

▶

x y

x ∗ y

▶ ▶
▶

f g

fg

▶ ▶

▶ fg

f g

Figure: groupoid rack coloring conditions (x, y, f, g ∈ X, cod(f) = dom(g))

ColX(D): the set of all X-colorings of D.
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Groupoid rack

◀

◀
▼

◀

f

g

(x ∗ f) ∗ g

fg
x ∗ f

x

R5

◀

◀
▼

◀

f

g

x ∗ (fg)

fg

x

Figure: x, f, g ∈ X, cod(f) = dom(g).

x ∗ (fg) = (x ∗ f) ∗ g.
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Groupoid rack

◀

◀

▼

(x ∗ idξ) ∗ f

◀

idξ

f

x ∗ idξ

f
x ∗ idξ

x

R2 and R5

◀

◀

▼

◀

idξ

f

x

f

x

Figure: x, f ∈ X, ξ = dom(f).

x ∗ (idξ) = x.
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▶

▶

▼

▶

g

f

x

g ∗ x

f ∗ x
(f ∗ x)(g ∗ x) R5

▶

▶

▼

▶

g

f

fg

x

(fg) ∗ x

Figure: x, f, g ∈ X, cod(f) = dom(g).

cod(f ∗ x) = dom(g ∗ x), (f ∗ x)(g ∗ x) = (fg) ∗ x.
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Groupoid rack

X: a groupoid rack.

▼
▲ ▲

▶
▲ ▲

x1
x3 x2

x4

x5

x6

x7

x9

x8

x10

Figure: xi ∈ X (i = 1, 2, . . . , 10).

x3 ∗ x6 = x4, x6 ∗ x3 = x7, x6 ∗ x8 = x5, x10 ∗ x5 = x8,

x1 = x2x3, x5 = x2x4, x7 = x8x9, x1 = x10x9.
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Groupoid rack

Theorem 1

X: a groupoid rack,
D1, D2: Y-oriented diagrams which represent equivalent spatial surfaces.
Then there is a bijection between ColX(D1) and ColX(D2).
In particular |ColX(D1)| is a spatial surface invariant.

The proof of this Theorem is similar to (Ishii-Matsuzaki-Murao ’20).

Remark

Our invariants of spatial surfaces using groupoid racks include both of the invariants using
MGR (Ishii-Matsuzaki-Murao ’20) and the invariants using heap racks (Saito-Zappala).
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Groupoid rack

Example 1 (Ishii-Matsuzaki-Murao ’20)

{Gλ}λ∈Λ: a family of groups, X =
⊔

λ∈ΛGλ, ∗ : X ×X → X: a binary operation on X.
X = (X, ∗): a multiple group rack (MGR)
⇔ ∗ satisfies the following conditions.

1 ∀x ∈ X, ∀y1, y2 ∈ Gλ, x ∗ (y1y2) = (x ∗ y1) ∗ y2 and x ∗ eλ = x. (eλ: the identity of Gλ)

2 ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
3 ∀x1, x2 ∈ X, ∀y ∈ Gλ, ∃µ ∈ Λ s.t. x1 ∗ y, x2 ∗ y ∈ Gµ and (x1x2) ∗ y = (x1 ∗ y)(x2 ∗ y).

An MGR X =
⊔

λ∈ΛGλ is called a multiple conjugation quandle (MCQ) (Ishii ’15)
⇔ ∗ satisfies the following condition.

• ∀λ ∈ Λ,∀x, y ∈ Gλ, x ∗ y = y−1xy.
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Groupoid rack

Example 2 (Saito-Zappala)

G: a group,
∗ : G2 ×G2 → G2; (x, y) ∗ (z, w) = (xz−1w, yz−1w): a binary operation on G2.
∗ is a rack operation.
In this talk, we call G2 = (G2, ∗) heap rack.
(x, y)(y, z) = (x, z): a partial product on G2 (x, y, z ∈ G).

Example 3

R = (R, ∗): a rack,
▷ : R2 ×R2 → R2; (x, y) ▷ (z, w) = ((x ∗−1 z) ∗ w, (y ∗−1 z) ∗ w): a binary operation on R2.
▷ is a rack operation.
(x, y)(y, z) = (x, z): a partial product on R2 (x, y, z ∈ R).
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Groupoid rack

We can construct groupoid racks from augmented racks.

Definition (Fenn-Rourke ’92)

G: a group, R = (R, ∗): a rack with R ↶ G, ∂ : R → G.
(R,G, ∂): an augmented rack
⇔ ∂ satisfies the following conditions.

• ∀x, y ∈ R, x ∗ y = x · ∂(y).
• ∀x ∈ R, ∀g ∈ G, ∂(x · g) = g−1∂(x)g.

If R is a quandle, (R,G, ∂) is an augmented quandle (Joyce ’82).
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Groupoid rack

(R,G, ∂): an augmented rack.
Consider the groupoid C which consists of

• Ob(C) = R,

• Hom(x, y) = {(x, y, g) ∈ R×R×G | y = x · g},
• composition: Hom(x, y)× Hom(y, z) ∋ ((x, y, g), (y, z, h)) 7→ (x, z, gh) ∈ Hom(x, z),

• (x, x, eG): the identity morphism for x ∈ G,

• (y, x, g−1) ∈ Hom(y, x) is the inverse morphism of (x, y, g) ∈ Hom(x, y).

Example 4

X = Hom(C), n ∈ Z, δ ∈ {0, 1},
▷ : X ×X → X; (x, y, g) ▷ (z, w, h) = (x ·∂(z)nhδ∂(w)−n, y ·∂(z)nhδ∂(w)−n, g∂(z)

nhδ∂(w)−n

),
where ab = b−1ab (a, b ∈ G).
Then X is a groupoid rack.
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Groupoid rack

R3 = (Z3, x ∗ y = 2y − x): the dihedral quandle.
Aut(R3) =

{
f : R3 ∋ x 7→ ax+ b ∈ R3 | a ∈ Z×

3 , b ∈ Z3

}
.

Example

(R3,Aut(R3), ∂ : R3 ∋ x 7→ Sx ∈ Aut(R3)) is an augmented rack. The groupoid rack X,
constituted from (R3,Aut(R3), ∂) by the method in Example 4, is not an MGR.

Remark

Example 3 and 4 show that it is possible to construct groupoid racks from racks. Furthermore,
the way in Example 4 can also construct groupoid racks that are not MGRs.
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Universality

1 Spatial surface

2 Groupoid rack

3 Universality
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Theorem 2

R = (R, ∗, ρ): a symmetric rack. P ⊂ R×R and µ : P → R satisfy the following conditions,
where we denote µ(a, b) by ab.

• ∀a, b, c ∈ R, [(a, b) ∈ P ∧ (ab, c) ∈ P ] ⇔ [(b, c) ∈ P ∧ (a, bc) ∈ P ] .

• ∀(a, b), (ab, c) ∈ P , (ab)c = a(bc).

• ∀a, b, x ∈ R, (a, b) ∈ P ⇔ (ρ(b), ρ(a)) ∈ P ⇔ (a ∗ x, b ∗ x) ∈ P.

• ∀(a, b) ∈ P , (b, ρ(ab)) ∈ P, (ρ(ab), a) ∈ P .

• ∀(a, b) ∈ P, ∀x ∈ R,
ρ(b)ρ(a) = ρ(ab), (ab)ρ(b) = a, (ab) ∗ x = (a ∗ x)(b ∗ x), x ∗ (ab) = (x ∗ a) ∗ b.

Put R′ :=
∪

(a,b)∈P {a, b}. Then
(i) R′ is a subrack of (R, ∗) with the good involution ρ.

(ii) (R′, ∗) is a groupoid rack.

Before proving the theorem, we see how the conditions are obtained.
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▶ ▶

▶

a b

ab

▶ ▶

▶ ab

a b

Figure: coloring conditions at trivalent vertices ((a, b) ∈ P )

Well-definedness of the coloring at a vertex:

• ∀a, b, x ∈ R, (a, b) ∈ P ⇔ (ρ(b), ρ(a)) ∈ P.

• ∀(a, b) ∈ P , (b, ρ(ab)) ∈ P, (ρ(ab), a) ∈ P .

• ∀(a, b) ∈ P, ∀x ∈ R, ρ(b)ρ(a) = ρ(ab), (ab)ρ(b) = a.
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▶ ▶

▶

a b

ab

▶ ▶

▶

ρ(a) ρ(b)

ρ(ab)

Figure: coloring at a vertex

(a, b) ∈ P ⇔ (ρ(b), ρ(a)) ∈ P,

ρ(b)ρ(a) = ρ(ab).
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R5-moves:

• ∀a, b, x ∈ R, (a, b) ∈ P ⇔ (a ∗ x, b ∗ x) ∈ P.

• ∀(a, b) ∈ P, ∀x ∈ R, (ab) ∗ x = (a ∗ x)(b ∗ x), x ∗ (ab) = (x ∗ a) ∗ b.
R6-moves

• ∀a, b, c ∈ R, [(a, b) ∈ P ∧ (ab, c) ∈ P ] ⇔ [(b, c) ∈ P ∧ (a, bc) ∈ P ] .

• ∀(a, b), (ab, c) ∈ P , (ab)c = a(bc).
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◀

◀
▼

◀

a

b

(x ∗ a) ∗ b

ab
x ∗ a

x

R5

◀

◀
▼

◀

a

b

x ∗ (ab)

ab

x

(a, b) ∈ P ⇒ x ∗ (ab) = (x ∗ a) ∗ b.
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▶

▶

▼

▶

b

a

x

b ∗ x

a ∗ x
(a ∗ x)(b ∗ x) R5

▶

▶

▼

▶

b

a

ab

x

(ab) ∗ x

(a, b) ∈ P ⇔ (a ∗ x, b ∗ x) ∈ P,

(a ∗ x)(b ∗ x) = (ab) ∗ x.
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▶ ▶

▼

◀ ▶

(ab)c c

a

ab

b

R6

▶

◀
▶

▶

▶

a(bc) c

a
bc

b

[(a.b) ∈ P ∧ (ab, c) ∈ P ] ⇔ [(b, c) ∈ P ∧ (a, bc) ∈ P ] ,

(a.b) ∈ P ∧ (ab, c) ∈ P ⇒ (ab)c = a(bc).
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Sketch of proof:

1 ∀a ∈ R′, (ρ(a), a) ∈ P, (a, ρ(a)) ∈ P.

2 ∀x ∈ R,Sx(R
′) = R′.

3 ρ(R′) = R′.

X =
∪

(a,b)∈P {sa, sb, ta, tb},
∼: an equivalence relation generated by {(ta, sb) | (a, b) ∈ P} ⊂ X ×X.
Consider the groupoid C which consists of

• Ob(C) = X/ ∼.

• ∀x, y ∈ Ob(C),Hom(x, y) = {a ∈ R | sa ∈ x, ta ∈ y}.
• identity morphism for x ∈ Ob(C):idx = aρ(a), where a : x → y (well-defined).

• ∀a ∈ Hom(C), ρ(a) is the inverse of a.

Then R′ = Hom(C) and µ is equal to the composition of morphisms as a map. ∗ and µ satisfy
the conditions of groupoid rack. Therefore R′ is a groupoid rack.
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Thank you for your attention!!
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Good involutions of generalized Alexander quandles

Yuta Taniguchi

Abstract. Quandles with good involutions that satisfy certain conditions,
which are called good involutions, can be used to construct invariants of unori-
ented link. In this note, we discuss good involutions of generalized Alexander
quandles.

1 Introduction

A quandle [1, 4] is a set X with a binary operation ∗ : X2 → X satisfying the following
conditions:

(Q1) For any x ∈ X, we have x ∗ x = x.

(Q2) There exists a binary operation ∗̄ : X2 → X such that (x ∗ y)∗̄y = (x∗̄y) ∗ y = x for
any x, y ∈ X.

(Q3) For any x, y, x ∈ X, we have (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

By (Q2), the map Sy : X → X; x 7→ x ∗ y is bijective for any y. A quandle X is connected
if for any x, y ∈ X, there exist z1, z2, . . . , zn ∈ X and ε1, ε2, . . . , εn ∈ {±1} such that
Sεn
zn ◦ · · ·S

ε2
z2
◦ Sε1

z1
(x) = y.

Let X be a quandle. A map ρ : X → X is a good involution [2] if ρ is an involution
such that ρ(x ∗ y) = ρ(x) ∗ y and x ∗ ρ(y) = x∗̄y for any x, y ∈ X. Then, the pair (X, ρ)
is called the symmetric quandle [3].

Example 1.1. A quandle X is a kei if the operation ∗ coincides with ∗̄. Then, the identity
map on X is a good involution.

Example 1.2. Let G be a group. Let us define the operation ∗ on G by g ∗ h := h−1gh.
Then, Conj(G) = (G, ∗) is a quandle, which is called the conjugation quandle of G. The
inversion inv(G) : G→ G; g 7→ g−1 is a good involution of Conj(G).

The following problems naturally arise.

Problem 1.3. Determine the necessary and sufficient condition for good involutions of a
quandle X to exist.

Problem 1.4. Determine the set of all good involutions of a quandle X.

In this note, we consider this problem if a quandle is a generalized Alexander quandle.

The author was supported by JSPS KAKENHI Grant Number 21J21482.
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2 Main results

Let G be a group and φ : G → G be a group automorphism of G. Let us define the
operation ∗ on G by g ∗ h := φ(gh−1)h. Then, GAlex(G,φ) = (G, ∗) is a quandle, which
is called the generalized Alexander quandle of (G,φ). If G is an abelian group, we call
GAlex(G,φ) the Alexander quandle.

At first, we give an answer of Problem 1.3 if a quandle X is the generalized Alexander
quandle of (G,φ) for some G and φ.

Theorem 2.1. Let G be a group and φ : G → G a group automorphism of G. There
exists a good involution of GAlex(G,φ) if and only if the quandle GAlex(G,φ) is a kei.

Next, let us consider Problem 1.4 when the generalized Alexander quandle GAlex(G,φ)
is connected. Let G be a group and φ : G→ G be a group automorphism. Suppose that
the generalized Alexander quandle GAlex(G,φ) is a kei and a connected quandle. By
Theorem 2.1, there exists a good involution ρ : GAlex(G,φ) → GAlex(G,φ). We put
r := ρ(e), where e is the identity element of G. Then, r satisfies the following conditions:

• We have φ(r) = r.

• For any x, y ∈ G, we have r(x ∗ y) = (rx) ∗ y.

Since GAlex(G,φ) is connected, we see that ρ(x) = rx for any x ∈ GAlex(G,φ). This
implies that r2 = e.

Conversely, if there exists an element r ∈ G such that r2 = e and φ(r) = r, we see the
map ρr : GAlex(G,φ) → GAlex(G,φ); x 7→ rx is a good involution. Thus, we have the
following proposition:

Proposition 2.2. Let G be a group and φ : G→ G a group automorphism. If the quandle
GAlex(G,φ) is a kei and a conncted quandle, there is a bijection

{ρ : good involutions of GAlex(G,φ)} 1:1←→ {r ∈ G | φ(r) = r, r2 = e}.

Remark 2.3. If a generalized Alexander quandle is not connected, Proposition 2.2 does
not hold. Let us consider the quandle R4 = GAlex(Z/4Z, inv(Z/4Z)), which is called the
dihedral quandle of order 4. By [3], R4 has four good involutions. However, we see that
{r ∈ Z/4Z | inv(Z/4Z)(r) = r, 2r = 0} consists of two elements 0, 2 ∈ Z/4Z.
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Good involutions of generalized Alexander quandles

谷口 雄大
大阪大学大学院理学研究科

カンドルと対称空間
December 8, 2022

定義 (Joyce ’82, Matveev ’82)

X: (空でない) 集合, ∗ : X2 → X: 2 項演算.
X = (X, ∗): カンドル (quandle) ⇔ ∗ は以下を満たす:

1 ∀x ∈ X, x ∗ x = x.

2 ∀y ∈ X,Sy : X → X; x 7→ x ∗ y は全単射.

3 ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

(2)⇔「∃∗̄ : X2 → X: 2 項演算 s.t.
∀x, y ∈ X, (x ∗ y)∗̄y = (x∗̄y) ∗ y = x.」
∗̄ を ∗ の双対演算と呼ぶ.
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注意.
(X, ∗): カンドル ⇒ (X, ∗̄): カンドル.
一般に (X, ∗) と (X, ∗̄) はカンドルとして同型でない.

定義 (Kamada ’07, Kamada-Oshiro ’10)

X = (X, ∗): カンドル.
ρ : X → X: 良い対合 (good involution) ⇔ ρ は以下を満たす:

1 ρ: 対合写像 i.e. ρ2 = idX .

2 ∀x, y ∈ X, ρ(x ∗ y) = ρ(x) ∗ y.
3 ∀x, y ∈ X, x ∗ ρ(y) = x∗̄y.

ρ が良い対合のとき,
組 (X, ρ) を対称カンドル (symmetric quandle) と呼ぶ.

(X, ρ), (X ′, ρ′): 対称カンドル.
(X, ρ) と (X ′, ρ′) が (対称カンドルとして)同型
⇔ あるカンドル同型 f : X → X ′ が存在して f ◦ ρ = ρ′ ◦ f .
Aut(X, ρ) := {f : X → X | f :カンドル同型, f ◦ ρ = ρ ◦ f}.
例.
X: 自明なカンドル i.e. ∀x, y ∈ X, x ∗ y = x.
このとき任意の対合写像は良い対合.
例.
X: 圭 i.e. X: カンドル s.t. ∗ = ∗̄.
このとき恒等写像 IdX は良い対合.
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例.
G: 群. Conj(G) = (G, x ∗ y := y−1xy): G の共役カンドル.
Inv(G) : G→ G; g 7→ g−1: Conj(G) の良い対合.
例.
S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}.
x ∗ y := (x を yと原点を通る軸でθ 回転させた点) (θ ∈ [0, 2π))
⇝ (S2, ∗): カンドル.
ρ : S2 → S2; x 7→ −x: (S2, ∗) の良い対合.

問題
カンドル X が性質 (⋆) を持つとする. ((⋆) には連結, アレキサ
ンダー等が入る)

X が良い対合を持つ必要 (十分)条件を求めよ.

X の良い対合をリストアップし, 対称カンドルとしての同
型類を決定せよ.
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事実.
カンドル (X, ∗) が良い対合を持つ ⇒ (X, ∗) と (X, ∗̄) は同型.
(∵) ρ(x∗̄y) = ρ(x ∗ ρ(y)) = ρ(x) ∗ ρ(y).
逆は一般に不成立 (4 面体カンドルなど).

注意.
2 面体カンドル Rn については [Kamada-Oshiro ’10]でリスト
アップが完了している:

n が奇数 ⇒ 良い対合は 1 つ.

n = 2m かつ m が奇数 ⇒ 良い対合は 2 つ.

n = 2m かつ m が偶数 ⇒ 良い対合は 4 つ.

モチベーション

結び目理論の観点から
カンドル ⇝ 向きのついた結び目の不変量.
対称カンドル ⇝ 向きのついていない結び目 (特に向きつけ不
可能な曲面結び目) の不変量.

対称カンドルの具体例を大量に構成して結び目の不変量を
増やしたい!

対称カンドルの構造を理解して結び目の不変量の性質を理
解したい!
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カンドルと対称空間の観点から
定義 (Kubo-Nagashiki-Okuda-Tamaru ’22)

X: カンドル, A ⊂ X: 対蹠的 ⇔ ∀x, y ∈ A, x ∗ y = x.

任意の x ∈ X に対して集合 {ρ(x) | ρ :良い対合 } ⊂ X は対
蹠的
⇒ 良い対合が豊富にあると (極大)対蹠的な部分集合は大きく
なる.

問題
カンドル X が性質 (⋆) を持つとする.

X が良い対合を持つ必要 (十分)条件を求めよ.

X の良い対合をリストアップし, 対称カンドルとしての同
型類を決定せよ.

今日は (⋆) =一般化されたアレキサンダーカンドル を考える.

定義
G: 群, φ : G→ G: 群同型, x ∗ y := φ(xy−1)y (x, y ∈ G).
⇒ GAlex(G,φ): 一般化されたアレキサンダーカンドル.
特に G が可換群のときにはアレキサンダーカンドルと呼ぶ.
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主結果

定理
∃ρ : GAlex(G,φ)→ GAlex(G,φ): 良い対合 ⇔ GAlex(G,φ): 圭.

(証明)
(⇒) を示せばよい. ∀x ∈ GAlex(G,φ) に対して
ρ(x) = ρ(x ∗ x) = ρ(x) ∗ x = φ(ρ(x)x−1)x = φ(ρ(x))φ(x−1)x.
よって ∀x ∈ GAlex(G,φ) に対して φ(ρ(x)−1)ρ(x) = φ(x−1)x.
したがって
x∗̄y = x ∗ ρ(y) = φ(xρ(y)−1)ρ(y) = φ(xy−1)y = x ∗ y なので,
GAlex(G,φ) は圭.

カンドル X が連結
⇔ 〈{Sy | y ∈ X}〉 が X に推移的に作用する.

定理
G: 有限可換群, φ : G→ G: 群同型.
GAlex(G,φ): 連結かつ圭
⇒ GAlex(G,φ) の良い対合は恒等写像しか存在しない.

注意
命題の仮定から有限や連結を無くすと, 非自明な良い対合を持
つようになる.
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一般化されたアレキサンダーカンドルの良い対合

ここから G: 群, φ : G→ G: 群同型は固定し,
X := GAlex(G,φ) は連結な圭であると仮定する.
X の良い対合 ρ に対し, r := ρ(e) と置くと次が成り立つ:

φ(r) = φ(re−1)e = r ∗ e = ρ(e) ∗ e = ρ(e ∗ e) = ρ(e) = r.
∀x, y ∈ X, (rx) ∗ y = φ(rxy−1)y = rφ(xy−1)y = r(x ∗ y).

よって X は連結なので ρ(x) = rx が成り立つことがわかる.
また ρ は対合なので r2 = e であることもわかる.

一般化されたアレキサンダーカンドルの良い対合

逆に φ(r) = r かつ r2 = e を満たす元に対して
ρr : X → X; x 7→ rx と定めると ρr は良い対合になる.
以上をまとめると次を得る:

命題
{GAlex(G,φ) の良い対合 } 1:1←→ {r ∈ G | φ(r) = r, r2 = e}.
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一般化されたアレキサンダーカンドルの良い対合の分類

X = GAlex(G,φ) は連結なので,
∀f : X → X: カンドル同型, ∃f# : G→ G:群同型, ∃b ∈ G s.t.
f(x) = f#(x)b (cf. [Higashitani-Kurihara]).

よって X の良い対合
{
ρ1 : X → X; x 7→ r1x

ρ2 : X → X; x 7→ r2x
に対して

f ◦ ρ1 = ρ2 ◦ f ならば f#(r1) = r2 が成り立つ.
また群同型 f : G→ G が f ◦ φ = φ ◦ f かつ f(r1) = r2 を満た
すならば f は (X, ρ1) と (X, ρ2) の間の同型になる.

命題
{GAlex(G,φ) の良い対合 }/同型
1:1←→ {r ∈ G | r2 = e, φ(r) = r}/{f∈Autgrp(G)|f◦φ=φ◦f}.

例.
G := S1 = R/Zに演算 x ∗ y = 2y−xでカンドル構造を入れる.

このとき, 右辺の集合は
{
0,

1

2

}
となる.

よってこのカンドルの良い対合は IdS1 と ρ(x) = x+
1

2
の 2 つ.

また, 命題より (X, IdS1) と (X, ρ) は対称カンドルとして同型
でない.
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連結の仮定を外すと今までのことは成り立たない.
例.
R4n = (Z/4nZ, x ∗ y = 2y − x): 位数 4n の 2 面体カンドル
(n ∈ Z>0).
このとき, 良い対合は以下の 4 つ [Kamada-Oshiro ’10]:

ρ1(x) = x.(1) ρ2(x) = x+ 2n.(2)

ρ3(x) = (2n+ 1)x.(3) ρ4(x) = (2n+ 1)x+ 2n.(4)

(R4n, ρ3) と (R4n, ρ4) は対称カンドルとしては同型になる.
⇒ R4n の対称カンドルとしての同型類は 3 種類.

カンドル X が等質 ⇔ Aut(X) が X に推移的に作用する.
対称カンドル (X, ρ) が等質
⇔ Aut(X, ρ) が X に推移的に作用する.
事実. 一般化されたアレキサンダーカンドルは等質.

カンドル X が等質でも (X, ρ) が等質だとは限らない.
実際, (R4n, ρ1), (R4n, ρ2) は等質だが (R4n, ρ3) は等質でない.(
Aut(R4n, ρ3) =

{
f(x) = ax+ b

a ∈ (Z/4nZ)×
b ∈ {2, 4, . . . , 2(2n− 1)}

})
.
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一般化されたアレキサンダーカンドルは等質なカンドルの
「親玉」である.

定理 (Joyce ’82)

等質なカンドルは一般化されたアレキサンダーカンドルの商
として実現出来る.

最初の定理より, この定理の「対称カンドル版」は成り立た
ない.
(商をとる前のカンドルが圭ならば商をとったカンドルも圭)

問題
等質な対称カンドルの「親玉」と呼べるような対称カンドル
は何か?

カンドル X のホモロジー群 HQ
n (X) と同様に対称カンドル

(X, ρ) のホモロジー群 HQ,ρ
n (X) も定義される.しかし

HQ,ρ
n (X) は HQ

n (X) とふるまいが異なる.
Ex.
X: 有限かつ連結
⇒ HQ

3 (X) のベッチ数は 0 ([Litherland-Nelson ’03]).

一方 X が有限かつ連結でも HQ,ρ
3 (X) = Z となる対称カンド

ル (X, ρ) が存在する. ([Carter-Oshiro-Saito ’10])

問題
対称カンドルの (コ)ホモロジー群の性質を調べよ.
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ご清聴ありがとうございました.
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Homogeneous quandles with a commutative inner
automorphism group

Takuya Saito and Sakumi Sugawara
(Presenter: Takuya Saito)

Abstract. There is a subclass of the flat quandles, which consists of quan-
dles having a commutative inner automorphism group. In this work, we de-
termined the structure of homogeneous quandles with commutative inner au-
tomorphism groups. We also give the number of isomorphism classes for small
orders.

1 Preliminary

The quandles are usually defined as magmas that satisfy several conditions, but we
define them as sets with symmetric transformations. We write Map(X,X) as the set of
maps on X. Let Q be a set and let s : Q → Map(Q,Q);x → sx be a map. The pair (Q, s)
is a quandle if following three conditions:

• for any x ∈ Q, sx(x) = x;

• for any x ∈ Q, the map sx is a bijection;

• for any x, y ∈ Q, sxsy = ssx(y)sx.

For example, if sx is an identity map at any x ∈ X, then (X, s) satisfies the above
axioms and is a quandle. This is called a trivial quandle.

A map on a quandle f : (Q, s) → (Q, s) is an automorphism if f satisfies f◦sx = sf(x)◦f
for any x ∈ Q. We write Aut(Q, s) as the group of all automorphisms on (Q, s). The
quandle (Q, s) is homogeneous if Aut(Q, s) acts Q transitive. Also, We write Inn(Q, s)
the subgroup of Aut(Q, s) generated by the set {sx ∈ Aut(Q, s) ∈| x ∈ Q} and call it the
inner automorphism group of (Q, s).

2 Main results

Let X be a set and let A be an abelian group. Take a map d : X × X → A with
d(x, x) = 0 for any x ∈ X. We define the quandle Q(X,A, d) on X × A by s(x,a)(y, b) :=
(y, b+ d(x, y)). Sometimes this is called abelian extension of a trivial quandle X by A.

Proposition 1. Let Aut(X, d) := {f ∈ Map(X,X) | d(x, y) = d(f(x), f(y))(∀x, y ∈
X), f is bijective}. If Aut(X, d) acts transitively on X, then Q(X,A, d) is a homogeneous
quandle with a commutative inner automorphism group.

This work was partly supported by JSPS KAKENHI22J20470.
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Example 2. Let X = {a, b, c} be a set acted by Z/3Z transitively. Then the orbits
are O0 = {(a, a), (b, b), (c, c)}, O1 = {(a, b), (b, c), (c, a)} and O2 = {(a, c), (b, a), (c, b)}.
Take A = ZO1 + ZO2 = Z2 the free module generated by orbits O1 and O2. And take
d(x, y) = Oi((x, y) ∈ Oi)) where we define O0 := 0. Then Q(X,A, d) is a homogeneous
quandle with a commutative inner automorphism group.

If the “isometry group” Aut(X, d) of the pair (X, d) is transitive, then Q(X,A, d)
satisfies the desired condition. Conversely, when a homogeneous quandle (Q, s) has a
commutative inner automorphism group, there exists a quandle Q(X,A, d) which is iso-
morphic to (Q, s) First, given the commutativity of the inner automorphism group, the
following lemma can be found.

Lemma 3. Let (Q, s) be a quandle. If Inn(Q, s) is commutative, then the map s :
Q → Map(X,X) is a constant on each Inn(Q, s)-orbit, that is, sx ≡ sy if there exists
f ∈ Inn(Q, s) such that y = f(x).

A quandle with only one Inn(Q, s)-orbit is called a connected quandle, we immediately
get that connected quandle with commutative inner automorphism group is the trivial
quandle of order 1.

The following theorem is obtained by adding the assumption that (Q, s) is homoge-
neous to the above lemma.

Theorem 4. Let (Q, s) be a homogeneous quandle with a commutative inner automor-
phism group. Then there is a there is a set X, an abel group A and a map d : X×X → A
satisfying d(x, x) = 0 for any x ∈ X such that Q(X,A, d) is isomorphic to (Q, s). In
particular, we can take X as Q/Inn(Q) and A as some quotient group of Inn(Q, s).

Corollary 5. Let (Q, s) be a homogeneous quandle with a commutative inner automor-
phism group of prime order. Then the quandle (Q, s) is trivial.

Finally, we give the number of isomorphism classes of such quandle for small orders.

order 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 · · ·
#{isomorphism classes} 1 1 1 2 1 4 1 7 4 7 1 36 1 15 19 · · ·
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定義
集合Q，写像 s : Q → Map(Q,Q)(= Q上の写像全体);x → sxの組 (Q, s)
は，以下の公理を満たすときカンドルという．

Q1. 任意の x ∈ Qに対して sx(x) = x,

Q2. 任意の x ∈ Qに対して sxは全単射，

Q3. 任意の x, y ∈ Qに対して sxsy = ssx(y)sx.

また，sxを xでの対称変換という．

Example (自明カンドル)

任意の x ∈ Qで sx := idQとするとカンドルの公理を満たす．これを自
明カンドルという．
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自己同型群

定義

• カンドルの間の全単射 f : (Q, s) → (Q′, s′)がカンドル同型

:
def⇐⇒任意の x ∈ Qで f ◦ sx = s′f(x) ◦ f．

• 自己同型群 Aut(Q, s) :=
{
カンドル (Q, s)の自己同型

}
．

• 内部自己同型群 Inn(Q, s) := ⟨sx ∈ Aut(Q, s) | x ∈ Q⟩．

群G0(Q, s) := ⟨sx ◦ sy | x, y ∈ Q⟩ (⊂ Inn(Q, s))が可換なカンドルは平坦
と呼ばれる．平坦なリーマン対称空間のカンドル版（らしい）．
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Q(X,A, d)

定義
集合X，アーベル群A，任意の x ∈ Xで d(x, x) = 0なる写像
d : X ×X → Aに対してカンドルQ(X,A, d) = (X ×A, s)を以下で定義
する．

s(x,a)(y, b) := (y, b+ d(x, y)).

※ 1 A = {0}とするとQ(X,A, d)は自明カンドルになる．

※ 2 自明カンドルXの 2-cocycleによるアーベル拡大．

内部自己同型群が
可換な等質カンド
ルについて

北大-理-数
齋藤琢弥

準備

Q(X,A, d)

定義

Inn(Q(X,A, d))

例

等質性
等長変換

等質な集合からの構成

主結果
主結果

系

位数が小さい場合

参考文献

Q(X,A, d)

定義
Q(X,A, d) := (X ×A, s)，集合X，アーベル群A，[∀x ∈ X, d(x, x) = 0]
なる写像 d : X ×X → A，s(x,a)(y, b) := (y, b+ d(x, y)).

Q1. s(x,a)(x, a) = (x, a+ 0),

Q2. s−1
(x,a)(y, b) = (y, b− d(x, y)),

Q3.

(z, c) (z, c+ d(x, z))

(z, c+ d(y, z))

(z, c+ d(x, z) + d(y, z))

(z, c+ d(y, z) + d(x, z))

s(x,a)

ss(x,a)(y,b) = s(y,b+d(x,y))
s(y,b)

s(x,a)

=
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Inn(Q(X,A, d))

定義
Q(X,A, d) := (X ×A, s)，集合X，アーベル群A，[∀x ∈ X, d(x, x) = 0]
なる写像 d : X ×X → A，s(x,a)(y, b) := (y, b+ d(x, y)).

命題
Inn(Q(X,A, d))はアーベル群である．

Proof.

(z, c) (z, c+ d(x, z))

(z, c+ d(y, z))

(z, c+ d(x, z) + d(y, z))

(z, c+ d(y, z) + d(x, z))

s(x,a)

s(y,b)
s(y,b)

s(x,a)

=
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定義
Q(X,A, d) := (X ×A, s)，集合X，アーベル群A，[∀x ∈ X, d(x, x) = 0]
なる写像 d : X ×X → A，s(x,a)(y, b) := (y, b+ d(x, y)).

Example (古木-田丸)

• 有向実グラスマン多様体Gk(Rn)∼ = {Rnの k次元有向部分空間 }は
x ∈ Gk(Rn)∼に関する折り返しでカンドルになる．

• Rnの標準的な基底 e1, . . . , enに対してそれらの張る有向部分空間の
なす集合A(k, n) := {± ⟨ei1 , . . . , eik⟩ | 1 ≤ i1 < . . . < ik ≤ n} はその
部分カンドルになる．

• このときA(k, n)は次で定まるQ(X,Z/2Z, d)と同型．

X = {x ∈ 2{1,...,n} | |x| = k}, d(x, y) =
{
1 |y \ x| is odd
0 others

.

※対蹠集合の一般化になっている．
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定義
Q(X,A, d) := (X ×A, s)，集合X，アーベル群A，[∀x ∈ X, d(x, x) = 0]
なる写像 d : X ×X → A，s(x,a)(y, b) := (y, b+ d(x, y)).

Example

1 G = (V,E)単純グラフ，X = V，d : E → Z/2Z,
d(x, y) = 1 iff xy ∈ E．

2 距離空間 (X, d)，A = R．
3 X =群，体の乗法群A = K×，指標 χ : X → K×，
d(x, y) = χ(xy−1)．

4 Lie 代数X，A = (X,+)，d(x, y) = [x, y]．
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1 準備

2 Q(X,A, d)
定義
Inn(Q(X,A, d))
例

3 等質性
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等長変換と自己同型

定義

• 三つ組 (X,A, d)に対して，全単射 f : X → Xが dに関する等長変換

:
def⇐⇒d(x, y) = d(f(x), f(y))を満たす．

• Aut(X, d) :=
{
dに関するX上の等長変換

}
={

f ∈ Map(X,X) | d(x, y) = d(f(x), f(y)), f は全単射
}

命題
f が dに関する等長変換であるとき，
f ′ : X × A → X × A; (x, a) 7→ (f(x), a)はQ(X,A, d)の自己同型．
特に，Aut(X, d) ⊂ Aut(Q(X,A, d))．
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等長変換と等質性

定義
カンドル (Q, s)が

• 等質 :
def⇐⇒ Aut(Q, s)が (Q, s)に推移的に作用する．

• 連結 :
def⇐⇒ Inn(Q, s)が (Q, s)に推移的に作用する．

※内部自己同型群が可換かつ連結⇒位数 1の自明カンドル（後述）.
→ 内部自己同型群が可換な等質カンドルはどうなっているか．

定理
Aut(X, d)がXに対して推移的である⇒ Q(X,A, d)は等質．

→簡単に内部自己同型群が可換な等質カンドルを構成できる．
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等質な集合Xからの構成

Example

a b

c (1, 0)

(0, 1)

d(x, y)
x\y a b c

a (0, 0) (1, 0) (0, 1)
b (0, 1) (0, 0) (1, 0)
c (1, 0) (0, 1) (0, 0)

• X = {a, b, c}．
• Z/3Zの推移的な作用 ρの軌道は

• O0 = {(a, a), (b, b), (c, c)}
• O1 = {(a, b), (b, c), (c, a)}
• O2 = {(a, c), (b, a), (c, b)}

• A = ZO1 + ZO2 = Z2として，dを各
軌道上で値が一定になるように左のよ
うに取る．

• Aut(X, d)はXに対して推移的に作用．
• このときQ(X,A, d)は内部自己同型群
が可換で等質．
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主結果

定理
内部自己同型群が可換な等質カンドルQに対して，ある集合Xとアー
ベル群A，d : X ×X → Aが存在してQ(X,A, d)と同型になる．

特に
• X：Qの Inn(Q)による軌道分解Q =

⊔
x∈X Qxの添字集合

• A：Inn(Q)の適当な剰余群

で取れる．
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証明の概略

• Inn(Q)が可換
⇒ ∀p, q ∈ Q, spsq = sqsp = ssq(p)sq
⇔ ∀p, q ∈ Q, sp = ssq(p)
⇔ ∀p ∈ Q,∀f ∈ Inn(Q), sp = sf(p)
⇔ Qの Inn(Q)-軌道上で対称変換は一定

• Qの Inn(Q)による軌道分解を
⊔

x∈X Qxでとると，
等質性から任意の x, yで

Qx
∼= Qy

• したがって任意に xを固定してQ = X ×Qxのように書ける．
• Qxは自然な作用で等質な Inn(Q)-集合だからQxは Inn(Q)の剰余A
として取れる．
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系

各 Inn(Q)-軌道Qx ⊂ Qが自明な部分カンドルになることに注意すると
以下がすぐにわかる．

系
連結（つまり内部自己同型群による軌道が一つ）で内部自己同型群が可
換なカンドルは位数 1の自明カンドルである．

系
内部自己同型群が可換な素数位数の等質カンドルは自明カンドルである．
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位数が小さい場合

位数が小さい内部自己同型群が可換な等質カンドルの同型類の個数

位数 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 · · ·
個数 1 1 1 2 1 4 1 7 4 7 1 36 1 15 19 · · ·
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例：n = 4

Example

|X × A| = 4より，(|X| , |A|) = (4, 1), (2, 2)．

(4, 1) : 自明カンドル．

(2, 2) : Z/2Z ↷ X：推移的，A = Z/2Z，d ̸≡ 0．∴次の場合に限る．

a b

1

1 d(x, y)
x\y a b

a 0 1
b 1 0
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例：n = 6

Example

|X × A| = 6より，(|X| , |A|) = (6, 1), (2, 3), (3, 2)．

(6, 1) : 自明カンドル．

(2, 3) : Z/2Z ↷ X：推移的，
A = Z/3Z，d ̸≡ 0．
∴次の場合に限る．d(x, y)；

a b

1

1 x\y a b

a 0 1
b 1 0

(3, 2) : Z/3Z ↷ X：推移的，
A = Z/2Z，d ̸≡ 0．
∴右の二通り．d(x, y)；

a b

c x\y a b c

a 0 1 1
b 1 0 1
c 1 1 0

a b

c x\y a b c

a 0 1 0
b 0 0 1
c 1 0 0
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例：n = 10

Example

|X × A| = 10より，(|X| , |A|) = (10, 1), (2, 5), (5, 2)．

(10, 1) : 自明カンドル．

(2, 5) : A = Z/5Z

1

1

(5, 2) : Z/5Z ↷ X：推移的，A = Z/2Z
d(x, y) = 1 iff x y ；

, , ,

, ,
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Maximal antipodal sets of F4 and FI

Sasaki Yuuki

1 Introduction

Let M be a compact Riemannian symmetric space and denote the geodesic symmetry
at x ∈ M by sx. In this paper, we assume that M is connected. If sx(y) = y for two
points x, y ∈ M , we say that x, y are antipodal. A subset S of M is an antipodal set,
if any two points of S are antipodal. The 2-number #2M of M is the maximum of the
cardinalities of antipodal sets ofM . We call an antipodal set S inM great if #S = #2M .
An antipodal set S is called maximal if there are no antipodal sets including S properly.
These notions were introduced by Chen-Nagano [1]. In general, any antipodal set of any
Riemannian symmetric space of noncompact type is a one-point set, so we consider only
compact symmetric spaces in this paper. It is known that antipodal sets are finite sets
and 2-number is finite [1] [3]. In the present paper, we observe maximal antipodal sets
of the exceptional compact Lie group F4 and the compact symmetric space of FI type.
Remark that FII is a symmetric R-space, so maximal antipodal sets of FII is already
classfied by Tanaka- Tasaki [3].

2 Maximal antipodal sets of F4

Let O =
⊕7

i=0Rei be the octonions. The multiplicity of O is defined satisfying fol-
lowing: (1) e0 is the unit element of this multiplicity, (2) e2i = −e0 and eiej = −ejei
for any 1 ≤ i ̸= j ≤ 7, (3) the multiplicity satisfies the distributive law, (4) the mul-
tiplicity among e1, · · · , e7 is defined by Figure 1 (for example, e1e2 = e3, e2e3 = e1 and
e3e1 = e2). Remark that the associative law does not follow in the octonions. For each

Figure 1:

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

x =
∑7

i=0 xiei ∈ O (xi ∈ R), we set the conjugation x = x0e0 −
∑7

i=1 xiei of x. Let
y =

∑7
i=0 yiei ∈ O (yi ∈ R). Then, the standard inner product ( , )O of O is defined by
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(x, y)O =
∑7

i=0 xiyi. Let SO(O) be the set of all isometric linear automorphisms of O
whose determinant is 1. Then, the exceptional compact Lie group G2 is given by

G2 = {g ∈ SO(O) ; g(xy) = g(x)g(y) (x, y ∈ O)}.

The triality principle of SO(O) is well known.

Proposition 2.1 (The triality principle of SO(O)). For any g1 ∈ SO(O) there are g2, g3 ∈
SO(O) such that

(g1x)(g2y) = g3(xy), (g2x)(g3y) = g1(xy), (g3x)(g1y) = g2(xy).

Moreover, such (g2, g3) are (g2, g3) or (−g2,−g3).

Set D as follows:

D := {(g1, g2, g3) ∈ SO(O)3 ; g1, g2, g3 satisfy the triality principle of SO(O)}.

Then, D is isomorphic to Spin(8), so we denote D to Spin(8). There are four totally
geodesic embeddings f0, · · · , f3 from G2 to Spin(8):

f0 : G2 → Spin(8) ; g 7→ ( g, g, g), f1 : G2 → Spin(8) ; g 7→ ( g,−, g,−g),
f2 : G2 → Spin(8) ; g 7→ (−g, g,−g), f3 : G2 → Spin(8) ; g 7→ (−g−, g, g).

Let M(3,O) be the set of all 3 × 3 matrices whose components are octonions. Set J :=
{X ∈ M(3,O) ; tX = X} and we call J the exceptional Jordan algebra. The Jordan
product ◦ of J is defined by X ◦ Y = 1

2
(XY + Y X) (X, Y ∈ J). Then, the exceptional

compact Lie group F4 is defined by

F4 = {g ∈ Isom(J) ; g(X ◦ Y ) = g(X) ◦ g(Y )},

where Isom(J) is the set of all automorphisms of J. Then, the following ϕ is an one-to-one
homomorphism from Spin(8) to F4:

ϕ(g1, g2, g3)

(
ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

)
=

(
ξ1 g3x3 ¯g2x2

¯g3x3 ξ2 g1x1

g2x2 ¯g1x1 ξ3

)
(xi ∈ O, ξi ∈ R, i = 1, 2, 3).

Theorem 2.2. [2] Let ∆G2 be any maximal antipodal sets of G2 and ∆F4 := ϕ
(
f0(∆G2)∪

· · · ∪ f3(∆G2)
)
. Then, ∆F4 is a maximal antipodal set of F4 and any maximal antipodal

set of F4 is congruent to ∆F4. Moreover, #2F4 = 32 because #2G2 = 8.

3 Maximal antipodal sets of FI

A subspace V of O satisfying (vu)w = v(uw) (v, u, w ∈ V ) is called an associative
submanifold and we call the set of all associative subspaces the associative Grassmann
manifold. The associative Grassmann is denoted to GH(O). For example, the standard
quaternions H is an associative subspace of O. It is known that GH(O) is a compact
symmetric space of G type. Let G4(O) be the set of all 4-dimensional subspaces of
O. Then, GH(O) ⊂ G4(O) and this inclusion is totally geodesic. The following triality
principle of G4(O) is true.
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Lemma 3.1. [2] For any V1 ∈ G4(O), there are V2, V3 ∈ G4(O) such that

v1v2 ∈ V3, v2v3 ∈ V1, v3v1 ∈ V2 (vi ∈ Vi, i = 1, 2, 3).

Moreover, (V2, V3) is (V2, V3) or (V ⊥
2 , V

⊥
3 ).

Set GT
4 (O) as follows.

GT
4 (O) := {(V1, V2, V3) ∈ (G4(O))3 ; vivi+1 ∈ Vi+2 (vi ∈ Vi, i is mod3)}.

We easily check that Spin(8) acts on GT
4 (O) transitively and GT

4 (O) ∼= SO(8)/SO(4) ×
SO(4). There are four totally geodesic embeddings g0, · · · , g3 from GH(O) to GT

4 (O):

g0 : GH(O) → GT
4 (O) ; V 7→ ( V, V, V ), g1 : GH(O) → GT

4 (O) ; V 7→ ( V,−, V,−V ),

g2 : GH(O) → GT
4 (O) ; V 7→ (−V, V,−V ), g3 : GH(O) → GT

4 (O) ; V 7→ (−V−, V, V ).

Set JH = {X ∈ M(3,H) ; tX̄ = X}. Then, JH is a subalgebra of J with respect to ◦.
Denote the set of all subalgebras of J which are isomorphisc to JH to GH(J). We see that
F4 acts on GH(J) transitively and GH(J) is a compact symmetric space of FI type. Then,
the following ψ is a totally geodesic embedding from GT

4 (O) to GH(J).

ψ : GT
4 (O) → GH(J) ; (V1, V2, V3) 7→ E + V1 + V2 + V3,

where E is the subspace of all diagonal matrices of J.

Theorem 3.2. [2] Let ∆G be any maximal antipodal set of GH(O) and ∆FI := ψ
(
g0(∆G)∪

· · ·∪g3(∆G)
)
. Then, ∆FI is a maximal antipodal set of GH(J) and any maximal antipodal

set of GH(J) is isomorphic to ∆FI . Moreover, #2FI = 28 since #GH(O) = 7.
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ԋ಺༰ߨ೔ͷࠓ

ຊߨԋͰ͸ɼ

ʮྫ֎ܕίϯύΫτϦʔ܈ F4ʯ

ʮFI ίϯύΫτରশۭؒʯܕ

ͷۃେରᪧू߹ͷ෼ྨɾߏ੒Λ঺հ͢Δ
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! "
1.ίϯύΫτରশۭؒͷରᪧू߹# $
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରশۭؒ

ఆٛ 2.1

ϦʔϚϯଟ༷ମM ʹ͍ͭͯɼ֤఺ x ∈ M ʹରͯ࣍͠Λຬͨ͢౳௕ม׵ sx ͕ଘࡏ
͢Δͱ͖ɼM Λରশۭؒͱ͍͏ɽ

(1) x ͸ sx ͷݻཱݽఆ఺Ͱ͋Δɽ

(2) sx ͸ର߹తͰ͋Δ (s2x = idM)ɽ

sx Λ x ʹ͓͚Δ఺ରশͱݺͿɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

Χϯυϧʹ͍ͭͯ

ఆٛ 2.2

X Λू߹ͱ͠ɼ∗ : X × X → X ͱ͢Δɽ͜ͷͱ͖ɼ(X , ∗)͕ΧϯυϧͰ͋Δͱ͸ɼ
ҎԼΛຬͨ͢͜ͱɽ

(Q1) ೚ҙͷ x ∈ X ʹ͍ͭͯ x ∗ x = xɽ

(Q2) ೚ҙͷ x , y ∈ X ʹ͍ͭͯ z ∗ x = y Λຬͨ͢ z ∈ X ͕ͨͩҰͭଘ͢ࡏΔɽ

(Q3) ೚ҙͷ x , y , z ∈ X ʹ͍ͭͯ (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)ɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରশۭؒʹ͍ͭͯ

ิ୊ 2.3

M Λରশۭؒͱ͠ g ΛM ͷ౳௕ม׵ͱ͢Δɽ೚ҙͷ y , z ∈ M ʹ͍ͭͯ

sg(y)g = g sy ͱ͘ʹ ssz (y)sz = szsy

M ্ͷ 2߲ԋࢉ ∗Λ࣍ͰఆΊΔɽ

x ∗ y = sy (x)

(Q1) x ∗ x = x

x ∗ x = sx(x) = x ΑΓै͏ɽ

(Q2) (·) ∗ x ͕શ୯ࣹ
఺ରশ sx ͕౳௕ม׵Ͱ͋Δ͜ͱ͔Βै͏ɽ

(Q3) (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)
(x ∗ y) ∗ z = szsy (x) = ssz (y)sz(x) = (x ∗ z) ∗ sz(y) = (x ∗ z) ∗ (y ∗ z)ΑΓɽ

͕ͨͬͯ͠ɼରশۭؒʹ͓͚Δ఺ରশ͸ɼΧϯυϧͷߏ଄Λ༩͍͑ͯΔɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹

ఆٛ 2.4 (Chen-Nagano, 1988)

M Λ࿈݁ͳରশۭؒͱ͢Δɽ

p, q ∈ M ͕ରᪧత
def⇐⇒ sp(q) = q(⇐⇒ sq(p) = p)ɽ

M ͷ෦෼ू߹ S ͕ରᪧू߹
def⇐⇒ S ͷ೚ҙͷ 2఺͕ରᪧతɽ

ೱ౓͕࠷େͷରᪧू߹Λେରᪧू߹ͱݺͿɽ

େରᪧू߹ͷೱ౓ΛM ͷ 2-number ͱ͍͍ɼ#2M ͱ͔͘ɽ

ରᪧू߹ؒͷแؚؔۃͯؔ͠ʹ܎େͳ΋ͷΛɼۃେରᪧू߹ͱ͍͏ɽ

ҎԼɼରশۭؒ͸ίϯύΫτͰ͋ΔͱԾఆ͢Δɽ

ରᪧू߹͸ৗʹ༗ूݶ߹ʹͳΓɼ2-number͸༗ݶͰ͋Δɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ྫɿٿ໘ S2

 

 

 

 

 

 

 

 

 

 

 

 

O 

p 
L(p) 

p - 

p ∈ S2 ͱ͠ɼL(p)Λத৺ o ͱ p Λ௨Δ௚ઢͱ͢Δɽ

p ʹ͓͚Δ఺ରশ sp ͸ L(p)Λճస࣠ͱͨ͠ 180౓ճసͱͳΔɽ

{x ∈ S2 ; sp(x) = x} = {p,−p}Ͱ͋Γɼsp = s−p ͳͷͰ s−p(p) = pɽ
Αͬͯɼ{p,−p}͸ S2 ͷେରᪧू߹ͱͳΓɼ#2S2 = 2ɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ྫɿίϯύΫτϦʔ܈

G ΛίϯύΫτϦʔ܈ͱ͢Δɽ

ίϯύΫτϦʔ܈ G ͸ɼ྆ଆෆมྔܭʹΑΓίϯύΫτରশۭؒʹͳΔɽ

͜ͷͱ͖ɼg ∈ G ʹ͓͚Δ఺ରশ͸

sg : G → G ; h (→ gh−1g .

୯ҐݩΛؚΉۃେରᪧू߹͸ɼ֤ݩͷҐ਺͕ 2Ͱ͋ΔΞʔϕϧ܈Ͱۃେͳ΋ͷ
(maximal elementary abelian 2-subgroup)ʹͳΔɽ

ɼmaximalʹٯ elementary abelian 2-subgroup͸ۃେରᪧू߹ʹͳΔɽ

ྫ͑͹ɼϢχλϦ܈ U(n)ʹ͓͍ͯ͸

∆n =









±1

. . .
±1



 ∈ U(n)






͕େରᪧू߹ͱͳ͍ͬͯΔɽͱ͘ʹɼ#2U(n) = 2n ͱͳΔɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹ͷੑ࣭ 1

ఆཧ 2.5 (Chen-Nagano, 1988)

#2M ͸M ͷෆมྔͰ͋Δɽ

2-number͕ҟͳΔରশۭؒ͸ɼ͍ޓʹಉܕʹͳΒͳ͍ɽ

#2S1 = #2S2 = 2͕ͩɼS1 ͱ S2 ͸ಉܕʹͳΒͳ͍ɽ

ఆཧ 2.6 (Chen-Nagano, 1988)

M ΛίϯύΫτରশۭؒͱ͠ɼχ(M)ΛM ͷΦΠϥʔ਺ͱ͢Δɽ͜ͷͱ͖ɼ

χ(M) ≤ #2M
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹ͷੑ࣭ 2

ఆཧ 2.7 (Takeuchi, 1989)

M Λରশ R ۭؒͱ͢Δɽ͜ͷͱ͖ɼେରᪧू߹Λྟք఺ू߹ͱ͢Δ Z2-perfect
Morseؔ਺͕ଘ͠ࡏɼ

#2M = dimH∗(M ; Z2).

ఆཧ 2.8 (Amman, 2021)

೚ҙͷίϯύΫτରশۭؒʹ͍ͭͯ

#2M ≤ dimH∗(M ; Z2)

<ͱ =ͷҧ͍͸·ͩΑ͘Θ͔͍ͬͯͳ͍ʜ
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2.ରᪧू߹ͷ෼ྨ

! "
2.ରᪧू߹ͷ෼ྨ# $
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2.ରᪧू߹ͷ෼ྨ

େରᪧू߹ͷ෼ྨۃ

શͯͷίϯύΫτରশۭؒͰɼ

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
੒͍ͯ͠ΔΘ͚Ͱ͸ͳ͍ʂ׬੒͕ߏେରᪧू߹ͷ෼ྨɾۃ

ͱ͘ʹɼ౳௕ม܈׵ͷ୯Ґ࿈݁੒෼ͰҠΓ߹͏΋ͷΛಉ͡ͱΈͳͯ͠ (߹ಉ
ྨ)ɼۃେରᪧू߹Λ෼ྨ͢Δɽ

 

 

 

 

 

 

 

 

 

 

 

 

O 

p 
L(p) 

p - 
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2.ରᪧू߹ͷ෼ྨ

ͷΑ͏ʹ෼ྨ͞Ε͍ͯΔɽ࣍ରশۭؒ͸ܕ໿ίϯύΫτط

੒͕ͳ͞Ε͍ͯΔɽߏେରᪧू߹ͷ߹ಉྨͷ෼ྨ͓Αͼۃɼ͍ͯͭʹܕ֤

ରশ R ۭؒʹ͓͍ͯ͸ɼۃେରᪧू߹ͷ෼ྨɾߏ੒͸׬੒͍ͯ͠Δɽ
ʢ೚ҙͷۃେରᪧू߹͸͍ޓʹ߹ಉʹͳΔʣ

ܕయݹ

Iܕ ୯࿈݁ ॴ౳௕ྨہ II ܕ ୯࿈݁ ॴ౳௕ྨہ

AI ܕ SU(n)/SO(n) ͍͔ͭ͘ Aܕ SU(n) ͍͔ͭ͘

AII ܕ SU(2n)/Sp(n) ͍͔ͭ͘

AIII ܕ ෳૉάϥεϚϯଟ༷ମ 1 or 2

BDI ܕ ༗࣮޲άϥεϚϯଟ༷ମ 2 or 4 BDܕ Spin(n) 2 or 4

DIII ܕ SO(2n)/U(n) 1 or 2

CI ܕ Sp(n)/U(n) 2 Cܕ Sp(n) 2

CII ܕ ਺άϥεϚϯଟ༷ମݩ࢛ 1 or 2
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2.ରᪧू߹ͷ෼ྨ

ܕ֎ྫ

I ܕ ୯࿈݁ ॴ౳௕ྨہ II ܕ ୯࿈݁ ॴ౳௕ྨہ

G ܕ G2/SO(4) 1 G2ܕ G2 1

FI ܕ F4/(Sp(1) · Sp(3)) 1 F4ܕ F4 1

FII ܕ F4/Spin(9) 1

EI ܕ E6/(Sp(4)/Z2) 2 E6ܕ E6 2

EII ܕ E6/(U(1)× Spin(10))/Z4 1

EIII ܕ E6/(Sp(1) · SU(6)) 1

EIV ܕ E6/F4 2

EV ܕ E7/(SU(8)/Z2) 2 E7ܕ E7 2
EVI ܕ E7/(SU(2) · Spin(12)) 1

EVII ܕ E7/((U(1)× E6)/Z3) 2

EVIII ܕ E8/Ss(16) 1 E8ܕ E8 1
EIX ܕ E8/SU(2) · E7 1
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2.ରᪧू߹ͷ෼ྨ

੒ߏେରᪧू߹ͷۃ

ΔͷͰ͸ͳ͘ɼݟճ͸ɼͦΕͧΕͷίϯύΫτରশۭؒͰ෼ྨ݁ՌΛࠓ

શଌ஍త෦෼ଟ༷ମͷ؍఺͔Βۃେରᪧू߹Λ͑ߟΔɽ

ରশۭؒͷશଌ஍త෦෼ଟ༷ମ͸ɼ
!!!!!!!!!!!!!
ʮ෦෼ରশۭؒʯʹ ͳ͍ͬͯΔɽ! "

શଌ஍త෦෼ଟ༷ମͷରᪧू߹͸ɼݩͷରশۭؒͷରᪧू߹ʹͳΔɽ# $
શଌ஍త෦෼ଟ༷ମ ίϯύΫτରশۭؒ

f : N → M

N ͷۃେରᪧू߹∆ M ͷۃେରᪧू߹ f (∆)
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3. F4 ͷۃେରᪧू߹

! "
3. F4ͷۃେରᪧू߹# $
ɽ͍ͯ͑͘ߟͷแؚྻΛ࣍

G2 ⊂ Spin(8) ⊂ F4
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3. F4 ͷۃେରᪧू߹

܈ίϯύΫτϦʔܕ֎ྫ G2

ఆٛ 4.1

ҎԼͷΑ͏ʹͯ͠ੵΛఆΊͨ ϕΫτϧۭؒݩ࣍8
∑7

1=0 Rei Λീݩ਺ Oͱ͍͏ɽ

(1) e0 ͸ੵͷ୯Ґݩͱ͢Δɽ୯ʹ 1ͱॻ͘ɽ

(2) ֤ 1 ≤ i "= j ≤ 7ʹ͍ͭͯɼ

e2i = −1, ei ej = −ej ei

(3) ੵ͸෼഑๏ଇΛຬ͍ͨͯ͠Δɽ

(4) ӈͷਤʹΑΓੵΛఆΊΔɽ

ʢྫɿe1e2 = e3, e1e4 = e5ʣ

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

ImO =
∑7

i=1 Rei ͱ͓͘ɽ

x =
∑7

i=0 xiei ʹ͍ͭͯɼx ͷڞ໾ x̄ Λɼx̄ = x0 −
∑7

i=1 xiei ʹΑΓఆΊΔɽ

Oͷඪ४಺ੵ ( , )ΛҎԼͰఆΊΔɽ

(x , y) =
1

2
(xȳ + y x̄) =

7∑

i=0

xiyi , (x =
7∑

i=0

xiei , y =
7∑

i=0

yiei )
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3. F4 ͷۃେରᪧू߹

ఆٛ 4.2

Oͷઢܗม׵ f Ͱ f (xy) = f (x)f (y)Λຬͨ͢΋ͷΛɼOͷࣗݾಉܕͱ͍͏ɽ
OͷࣗݾಉܕશମʹΑΔ܈Λྫ֎ܕίϯύΫτϦʔ܈ G2 ͱ͍͏ɽ

֤ g ∈ G2 ʹ͍ͭͯɼ(g(x), g(y)) = (x , y) (x , y ∈ O)

֤ g ∈ G2 ʹ͍ͭͯɼg(e0) = e0ɽͱ͘ʹɼg(ImO) ⊂ ImOͱͳΓɼ

G2 ⊂ SO(ImO) = SO(7).

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 19 / 46

94 OCAMI Reports Vol. 9 (2022)



3. F4 ͷۃେରᪧू߹

g1, · · · , g7 ∈ G2 Λ࣍ͰఆΊΔɽ

g1 = IRe1+Re2+Re3 − IRe4+Re5+Re6+Re7
g2 = IRe1+Re4+Re5 − IRe2+Re3+Re6+Re7
g3 = IRe1+Re6+Re7 − IRe2+Re3+Re4+Re5
g4 = IRe2+Re4+Re6 − IRe1+Re3+Re5+Re7
g5 = IRe2+Re5+Re7 − IRe1+Re3+Re4+Re6
g6 = IRe3+Re4+Re7 − IRe1+Re2+Re5+Re6
g7 = IRe3+Re5+Re6 − IRe1+Re2+Re3+Re4

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

g0 Λ୯Ґݩͱ͠ɼ
∆G2 = {gi ; 0 ≤ i ≤ 7}.

ఆཧ 4.3 (Tanaka-Tasaki-Yasukura,2022)

∆G2 ͸ G2 ͷۃେରᪧू߹Ͱ͋Δɽ
·ͨɼG2 ͷ೚ҙͷۃେରᪧू߹͸∆G2 ͱ߹ಉͰɼ#2G2 = 8ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 20 / 46

3. F4 ͷۃେରᪧू߹

SO(8)-̏ରݪཧ

ҎԼɼSO(O)Λ SO(8)ͱ͢هɽ

ఆཧ 4.4 (SO(8)-ࡾରݪཧ)

೚ҙͷ g1 ∈ SO(8)ʹରͯ͠ɼg2, g3 ∈ SO(8)Ͱ࣍Λຬͨ͢΋ͷ͕ූ߸Λআ͍ͯҰ
ҙʹଘ͢ࡏΔɽ

gi (xy) = gi+1(x)gi+2(y) (x , y ∈ O, ఴ͑ࣈ͸ mod3)

D Λ࣍ͰఆΊΔɽ

D :=
{
(g1, g2, g3) ∈ SO(8)3 ; gi (x)gi+1(y) = gi+2(xy)

x, y ∈ O, ఴ͑ࣈ͸mod3

}
.

D ͸ίϯύΫτϦʔ܈ʹͳΓɼ࣍͸̎ॏඃ෴ɽ

π : D → SO(8) ; (g1, g2, g3) (→ g1

π−1(g1) = {(g1, g2, g3), (g1,−g2,−g3)}

ͱ͘ʹɼD ∼= Spin(8)ͱͳΔɽҎԼɼD Λ Spin(8)ͱ͢هɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 21 / 46
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3. F4 ͷۃେରᪧू߹

G2 ⊂ Spin(8)ʹ͍ͭͯ

G2 ͔Β Spin(8)΁ɼ4छྨͷશଌ஍తຒΊࠐΈ f0, f1, f2, f3 ͕ଘ͢ࡏΔɽ

f0 : G2 → Spin(8) ; g %→ ( g , g , g),

f1 : G2 → Spin(8) ; g %→ ( g ,−g ,−g),

f2 : G2 → Spin(8) ; g %→ (−g , g ,−g),

f3 : G2 → Spin(8) ; g %→ (−g ,−g , g).

⋃3
i=0 fi (G2)͸ Spin(8)ͷ෦෼܈ͰɼG2 × (Z2 × Z2)ͱಉܕɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 22 / 46

3. F4 ͷۃେରᪧू߹

Spin(8)ͷۃେରᪧू߹

∆Spin(8) =
⋃3

i=0 fi (∆G2)ͱఆΊΔɽ

ิ୊ 4.5 (Wood, 1989)

∆Spin(8) =
⋃3

i=0 f (∆G2)͸ Spin(8)ͷۃେରᪧू߹ɽ

Spin(8)ͷ೚ҙͷۃେରᪧू߹͸ ∆Spin(8) ͱ߹ಉɽͱ͘ʹɼ#2Spin(8) = 32ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 23 / 46
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3. F4 ͷۃେରᪧू߹

F4 ʹ͍ͭͯ

JΛ࣍ͰఆΊΔ

J = {X ∈ M(3,O) ; ∗X = X} =









ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 ; ξi ∈ R, xi ∈ O






X ,Y ∈ Jʹ͍ͭͯɼX ◦ Y = 1
2 (XY + YX )ʹΑΓδϣϧμϯੵΛఆΊΔɽ

(J, ◦)Λྫ֎δϣϧμϯ୅਺ͱ͍͏ɽ

ఆٛ 4.6

Jͷઢݾࣗܗಉ૾ࣸܕ f Ͱɼf (X ◦ Y ) = f (X ) ◦ f (Y )Λຬͨ͢΋ͷશମʹΑΔ܈
Λɼྫ֎ܕίϯύΫτϦʔ܈ F4 ͱͯ͠ఆΊΔɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 24 / 46

3. F4 ͷۃେରᪧू߹

F4 ͷۃେରᪧू߹

Spin(8)͸࣍ͷ φʹΑΓɼF4ͷ෦෼܈ͱΈͳͤΔɽ

φ : Spin(8) → F4 , φ(g1, g2, g3)




ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 =




ξ1 g3(x3) g2(x2)

g3(x3) ξ2 g1(x1)
g2(x2) g1(x1) ξ3



 .

ఆཧ 4.7 (S)

∆F4 = φ(∆Spin(8))ͱ͢Ε͹ɼ∆F4 ͸ F4 ͷۃେରᪧू߹ͱͳΔɽ

·ͨɼ೚ҙͷۃେରᪧू߹͸ ∆F4 ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2F4 = 32ɽ

F4 Ͱ͸ɼશଌ஍෦෼ଟ༷ମͷྻ

G2 × (Z2 × Z2) ⊂ Spin(8) ⊂ F4

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 25 / 46
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4. FI ߹େରᪧूۃͷܕ

! "
4. FI #߹େରᪧूۃͷܕ $
ɽ͍ͯ͑͘ߟͷแؚྻΛ࣍

GH(O) ⊂ G̃4(R8) ⊂ FI
(݁߹తάϥεϚϯଟ༷ମ) (༗࣮޲άϥεϚϯଟ༷ମ)

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 26 / 46

4. FI ߹େରᪧूۃͷܕ

݁߹తάϥεϚϯଟ༷ମ GH(O)

OͰ͸݁߹ଇ͕੒Γཱͨͳ͍ɽ
ɾ(e1e2)e4 = e3e4 = e7
ɾe1(e2e4) = e1(−e6) = −e7

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

͔͠͠ɼH = Re0 ⊕ Re1 ⊕ Re2 ⊕ Re3 ͳͲͰ͸݁߹ଇ͕੒Γཱͭɽ
ɾ(e1e2)e3 = e3e3 = −1

ɾe1(e2e3) = e1e1 = −1

Oͷ ෦෼ۭؒݩ࣍4 V Ͱɽ೚ҙͷ u, v ,w ∈ V ʹ͍ͭͯ

(uv)w = u(vw)

͕੒Γཱͭ΋ͷΛɼ݁߹త෦෼ۭؒͱ͍͏ɽ

ఆٛ 5.1

݁߹త෦෼ۭؒશମΛ GH(O)ͱ͠هɼ݁߹తάϥεϚϯଟ༷ମͱ͍͏ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 27 / 46
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4. FI ߹େରᪧूۃͷܕ

GH(O)ͷۃେରᪧू߹

ͱ͘ʹɼGH(O)͸ G ίϯύΫτରশۭؒɽܕ

H1, · · · ,H7 ∈ GH(O)Λ࣍ͰఆΊΔɽ

H1 = Re0 ⊕ Re1 ⊕ Re2 ⊕ Re3
H2 = Re0 ⊕ Re1 ⊕ Re4 ⊕ Re5
H3 = Re0 ⊕ Re1 ⊕ Re6 ⊕ Re7
H4 = Re0 ⊕ Re2 ⊕ Re4 ⊕ Re6
H5 = Re0 ⊕ Re2 ⊕ Re5 ⊕ Re7
H6 = Re0 ⊕ Re3 ⊕ Re4 ⊕ Re7
H7 = Re0 ⊕ Re3 ⊕ Re5 ⊕ Re6

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

ิ୊ 5.2 (Tanaka-Tasaki-Yasukura, 2022)

∆GH(O) = {H1, · · · ,H7}͸ɼGH(O)ͷۃେରᪧू߹ɽ

·ͨɼ೚ҙͷۃେରᪧू߹͸ ∆GH(O) ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2GH(O) = 7ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 28 / 46

4. FI ߹େରᪧूۃͷܕ

G4(O)ͷ̏ରݪཧ

Oͷ ෦෼ۭؒશମΛݩ࣍4 G4(O)ͱ͢هɽ

ܥ 5.3

೚ҙͷ V1 ∈ G4(O)ʹରͯ͠ɼV2,V3 ∈ G4(O)Ͱ࣍Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

vivi+1 ∈ Vi+2 (vi ∈ Vi , ఴ͑ࣈ͸ mod3).

͞ΒʹɼͦͷΑ͏ͳ (V2,V3)͸ (V2,V3), (V⊥
2 ,V⊥

3 Δɽݶʹ(

GT
4 (O)Λ࣍ͰఆΊΔɽ

GT
4 (O) :=

{
(V1,V2,V3) ∈

(
G4(O)

)3
;

vivi+1 ∈ Vi+2,
vi ∈ Vi , ఴ͑ࣈ͸ mod3

}

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 29 / 46
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4. FI ߹େରᪧूۃͷܕ

༗࣮޲άϥεϚϯଟ༷ମ GT
4 (O)

͸̎ॏඃ෴Ͱ͋Δɽ࣍

π : GT
4 (O) → G4(O) ; (V1,V2,V3) (→ V1

π−1(V1) = {(V1,V2,V3), (V1,V
⊥
2 ,V⊥

3 )}

GT
4 (O)͸ R8 ͷ͖޲෇͖ άϥεϚϯଟ༷ମ࣮޲෦෼ۭؒશମʹΑΔ༗ݩ࣍4
ͱΈͳͤΔɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 30 / 46

4. FI ߹େରᪧूۃͷܕ

GT
4 (O)ͷۃେରᪧू߹

GH(O)͔Β GT
4 (O)΁ɼ4छྨͷશଌ஍తຒΊࠐΈ g0, · · · , g3 ͕ଘ͢ࡏΔɽ

g0 : GH(O) → GT
4 (O) ; V (→ (V ,V ,V ),

g1 : GH(O) → GT
4 (O) ; V (→ (V ,V⊥,V⊥),

g2 : GH(O) → GT
4 (O) ; V (→ (V⊥,V ,V⊥),

g3 : GH(O) → GT
4 (O) ; V (→ (V⊥,V⊥,V ),

ิ୊ 5.4 (Tasaki,2014)

∆GT
4 (O) =

⋃3
i=0 gi (∆GH(O))͸ɼGT

4 (O)ͷۃେରᪧू߹ɽ

೚ҙͷۃେରᪧू߹͸ ∆GT
4 (O) ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2GT

4 (O) = 28ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 31 / 46
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4. FI ߹େରᪧूۃͷܕ

FI ίϯύΫτରশۭؒܕ GH(J)

Jͷδϣϧμϯੵ ◦ʹؔ͢Δ෦෼୅਺ JHΛ࣍ͰఆΊΔɽ

JH =









ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 ; ξi ∈ R, xi ∈ H






ఆٛ 5.5

Jͷ ◦-෦෼୅਺ V ͰɼJH ͱಉܕͰ͋Δ΋ͷશମΛ GH(J)ͱ͢هɽ

F4 ͸δϣϧμϯੵ ◦ʹؔ͢ΔಉܕͳͷͰɼGH(J)ʹ࡞༻͍ͯ͠Δɽ

ิ୊ 5.6 (S)

F4 ͕ GH(J)ʹਪҠతʹ࡞༻͠ɼGH(J)͸ FI ίϯύΫτରশۭؒɽܕ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 32 / 46

4. FI ߹େରᪧूۃͷܕ

GT
4 (O) ⊂ GH(J)ʹ͍ͭͯ

GT
4 (O)͔Β GH(J)΁ͷશଌ஍తຒΊࠐΈ ψ ͕ଘ͢ࡏΔɽ

ψ : GT
4 (O) → GH(J) ; (V1,V2,V3)

(→









x1 v3 v̄2
v̄3 x2 v1
v2 v̄1 x1



 ;
xi ∈ R
vi ∈ Vi (i = 1, 2, 3)






∆FI = ψ(∆GT
4 (O))ͱ͓͘ɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 33 / 46
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4. FI ߹େରᪧूۃͷܕ

GH(J)ͷۃେରᪧू߹

ఆཧ 5.7 (S)

∆FI ͸ɼGH(J)ͷۃେରᪧू߹ɽ

·ͨɼ೚ҙͷۃେରᪧू߹͸ ∆FI ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2FI = 28ɽ

FI Ͱ͸ɼશଌ஍త෦෼ଟ༷ମͷྻܕ

GH(O) . · · · . GH(O) ⊂ GT
4 (O) ⊂ GH(J)

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ

͜ͷแؚྻ͸ɼݩ࢛਺έʔϥʔଟ༷ମͷแؚྻʹ΋ͳ͍ͬͯΔɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 34 / 46

5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

! "
5. F4ʹ͓͚Δۃ஍ͱରᪧू߹# $
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5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

͍ͯͭʹ஍ۃ

ఆٛ 6.1

ରশۭؒM ͓Αͼ x ∈ M ʹରͯ͠ɼF (sx ,M) = {y ∈ M ; sx(y) = y}ͱఆΊΔɽ
F (sx ,M)ͷ֤࿈݁੒෼Λɼx ͷۃ஍ͱ͍͏ɽ

̍఺ू߹ʹͳΔۃ஍ΛɼۃͱݺͿɽ

{x}΋ɼx ͷۃ஍ʹͳ͍ͬͯΔɽ

{x}Λ x ͷࣗ໌ͳۃͳͲͱ͍͏

஍͸શଌ஍త෦෼ଟ༷ମʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔɽۃ

x ͷ (x Ҏ֎ͷ)ۃ஍ΛM+
1 , · · · ,M

+
k ͱ͢Ε͹

F (sx ,M) = {x} .M+
1 . · · · .M+

k .

x ΛؚΉରᪧू߹ͷ֤఺͸ɼx ͷۃ஍ͨͪʹৼΓ෼͚ΒΕΔɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 36 / 46

5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

G2 ͷۃ஍ͨͪ

G2 ͓Αͼ G2 ͷۃ஍ͨͪͷۃ஍͸࣍ͷΑ͏ɽ

G2 : ࣗ໌ͳۃɼG ܕ

G ܕ : ࣗ໌ͳۃɼS2 · S2

S2 · S2 : ࣗ໌ͳۃɼ͕ۃ 1ͭ, S1 · S1

S1 · S1 : ࣗ໌ͳۃɼ͕ۃ 3ͭ

G2 ͷۃେରᪧू߹ ∆G2 ͷ֤఺͕ɼͲͷۃ஍ʹؚ·Ε͍ͯ͘ͷ͔Λ͢࡯؍Δɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 37 / 46
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5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

Oʹ͓͚ΔɼRe0 ⊕ Rei ⊕ Rej ⊕ Rek ʹ
ؔ͢ΔڸөΛ rijk ͱ͢هɽ

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

G2 ͷۃ஍ : ࣗ໌ͳۃɼG ܕ

e r123 r145 r167 r246 r257 r346 r356

G ஍ۃͷܕ : ࣗ໌ͳۃɼS2 · S2

r123 r145 r167 r246 r257 r346 r356
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G型

が

5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

S2 · S2 ͷۃ஍ : ࣗ໌ͳۃɼ͕ͭ̍ۃɼ S1 · S1

r123 r145 r167 r246 r257 r346 r356

̍఺Λࢦఆ͢Δͱɼ͜ΕʹΑΓఆ·Δෳૉߏ଄ (ei ͨͪͷ͍ͣΕ͔)ʹରԠͨ͠఺
ͳΔʹۃ͕

S1 · S1 ͷۃ஍ : ࣗ໌ͳۃɼ͕ۃ 3ͭ

r246 r257 r346 r356
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5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

F4 ͷۃ஍ͨͪ

F4 ͓Αͼ F4 ͷۃ஍ͨͪͷۃ஍͸࣍ͷΑ͏ɽ

F4 : ࣗ໌ͳۃ,FII , FI

FI : ࣗ໌ͳۃ, HP2, S2 · CI (3)

S2 · CI (3) : ࣗ໌ͳۃ, ͕ۃ 1ͭ, CP2 ͕̎ͭ, S1 · UI (3)

S1 · UI (3) : ࣗ໌ͳۃ, ͕ۃ 3ͭ, RP2 ͕ 3ͭ

ҎԼɼF4 ͷۃେରᪧू߹∆F4 ͷ֤఺͕ɼͲͷۃ஍ʹؚ·Ε͍ͯ͘ͷ͔Λ͢࡯؍Δɽ

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 40 / 46

5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

F4 ͷۃ஍ : ࣗ໌ͳۃ, FII , FI

f0(e) f2(e) f0(r123) f2(r123) f0(r145) f2(r145) f0(r167) f2(r167)

f1(e) f3(e) f1(r123) f3(r123) f1(r145) f3(r145) f1(r167) f3(r167)

f0(r246) f2(r246) f0(r257) f2(r257) f0(r347) f2(r347) f0(r356) f2(r356)

f1(r246) f3(r246) f1(r257) f3(r257) f1(r347) f3(r347) f1(r356) f3(r356)

̍఺Λࢦఆ͢Ε͹ɼಉ͡૊ͷͦͷଞͷ఺ͨͪ → FII ஍΁ۃͷܕ
ɹɹɹɹɹɹɹɹɹɹɹɹɹͦͷଞͷ఺ͨͪ → FI ஍΁ۃͷܕ
ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 41 / 46
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5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

FI ͷۃ஍ :

ࣗ໌ͳۃ, HP2, S2 · CI (3)
 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

f0(r123) f2(r123) f0(r145) f2(r145) f0(r167) f2(r167)

f1(r123) f3(r123) f1(r145) f3(r145) f1(r167) f3(r167)

f0(r246) f2(r246) f0(r257) f2(r257) f0(r347) f2(r347) f0(r356) f2(r356)

f1(r246) f3(r246) f1(r257) f3(r257) f1(r347) f3(r347) f1(r356) f3(r356)

̍఺Λࢦఆ͢Ε͹ɼಉ͡૊ͷͦͷଞͷ఺ͨͪ → HP2 ஍΁ۃͷܕ
ɹɹɹɹɹɹɹɹɹɹɹɹɹͦͷଞͷ఺ͨͪ → S2 · CI ஍΁ۃͷܕ(3)

ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 42 / 46

HP
'

・ CIB)

5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

S2 · CI (3)ͷۃ஍ :

ࣗ໌ͳۃ, ͕ۃ 1ͭ,

CP2 ͕̎ͭ, S1 · UI (3)

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

f0(r123) f2(r123) f0(r145) f2(r145) f0(r167) f2(r167)

f1(r123) f3(r123) f1(r145) f3(r145) f1(r167) f3(r167)

f0(r246) f2(r246) f0(r257) f2(r257) f0(r347) f2(r347) f0(r356) f2(r356)

f1(r246) f3(r246) f1(r257) f3(r257) f1(r347) f3(r347) f1(r356) f3(r356)

̍఺Λࢦఆ͢Ε͹ɼಉ͡૊ͷͦͷଞͷ఺ͨͪ → CP2 ஍΁ۃͷܕ

ɹɹɹɹɹɹɹɹɹෳૉߏ଄ͰରԠ͢Δ̍఺ → ΁ۃ

ɹɹɹɹɹɹɹɹɹ্هͷ̍఺ͱಉ͡૊ͷ఺ͨͪ → CP2 ஍΁ۃͷܕ

ɹɹɹɹɹɹɹɹɹͦͷଞͷ఺ͨͪ → S1 · UI ஍΁ۃͷܕ(3)
ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 43 / 46

極

※ ↓ ザ

らで邛 )

106 OCAMI Reports Vol. 9 (2022)



5. F4 ʹ͓͚Δۃ஍ͱରᪧू߹

S1 · UI (3)ͷۃ஍ :

ࣗ໌ͳۃ, ͕ۃ 3ͭ, RP2 ͕ 4ͭ

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

f0(r246) f2(r246) f0(r257) f2(r257) f0(r347) f2(r347) f0(r356) f2(r356)

f1(r246) f3(r246) f1(r257) f3(r257) f1(r347) f3(r347) f1(r356) f3(r356)! "
F4 ͷۃେରᪧू߹͸ɼG2 ͷۃେରᪧू߹͔Βߏ੒͢Δ͜ͱ͕Ͱ͖͕ͨɼ

஍ʹΑΔ෼ղʹؔͯ͠΋ۃ G2 ͱྨ͢ࣅΔੑ࣭Λ༗͍ͯ͠Δɽ# $
ʑ໦ɹ༏ࠤ (౦ߴژઐ) F4 ͓Αͼ FI ߹ίϯύΫτରশۭؒͷରᪧूܕ 44 / 46

!公

5. ·ͱΊ

ຊ೔ͷ·ͱΊ

ରশۭؒ͸ΧϯυϧͷҰछͰ͋Δɽ

ରশۭؒͰ͸ɼରᪧू߹ͱݺ͹ΕΔ༗ݶ཭ूࢄ߹͕ఆٛ͞ΕΔɽ

F4,FI ੒Λ঺հͨ͠ɽߏେରᪧू߹ͷۃͷܕ

F4 ͷۃେରᪧू߹ͷ߹ಉྨͷ਺͸̍ͭ

G2 ⊂ Spin(8) ⊂ F4 ͷแؚྻ͔Βߏ੒͕Ͱ͖Δɽ

FI େରᪧू߹ͷ߹ಉྨͷ਺͸̍ͭۃͷܕ

G2/SO(4) ⊂ SO(8)/SO(4)× SO(4) ⊂ FI ͷแؚྻ͔Βߏ੒Ͱ͖Δɽ

F4 ͷۃେରᪧू߹ͷɼۃ஍ʹΑΔ෼ղͷ༷ࢠΛ঺հͨ͠ɽ

G2 ͷ৔߹ͱྨ࣭ੑͨ͠ࣅΛ༗͍ͯͨ͠ɽ
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5. ·ͱΊ

͝ਗ਼ௌ͋Γ͕ͱ͏͍͟͝·ͨ͠ʂ
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Generalized s-manifolds and compact symmetric
triads

Shinji Ohno

Abstract. In this paper, we define generalized s-manifolds as a general-
ization of Riemann symmetric spaces and construct examples using compact
symmetric triads. The content of this paper is based on joint research with
Professor Takashi Sakai of Tokyo Metropolitan University.

1 Introduction

Riemann symmetric spaces are a class of Riemann manifolds introduced by Cartan,
including Euclidean spaces, unit hyperspheres, real hyperbolic spaces, Grassmann mani-
folds, and compact Lie groups. This is a well-known class that plays a fundamental role
in differential geometry.

For Riemannian symmetric spaces, curvature, fundamental groups, classification the-
ory, etc. are described in terms of Lie groups and Lie algebras. For compact Riemann
symmetric spaces, special subsets defined by point symmetries such as polar, meridian
and antipodal sets define invariants. The relation between these invariants and topology
is known ([1, 2]).

It is natural to consider generalizations of Riemann symmetric spaces for the purpose
of extending these results. There are two main directions of generalization. One is the
generalization of geodesic symmetry, and the other is the generalization of Riemann sym-
metric pairs. By generalizing point symmetries, symmetric spaces ([9, 7]), Riemannian
s-maifolds, regular s-manifolds, etc. ([3, 4, 5, 6]) are obtained. From the generalization of
symmetric pairs, symmetric Γ-symmetric spaces ([8]) are obtained. In order to deal with
these generalized notions of symmetric spaces in a unified way, we define a generalized s
manifold as follows.

Definition 1.1. Let M be a C∞-manifold and Γbe a group. Then M is called a
generalized s-manifold if for each point x ∈ M , there exists a group homomorphism
φx : Γ → Diff(M) such that

(1) For γ ∈ Γ，the map µγ : M×M → M ; (x, y) 7→ φx(γ)(y) is C
∞. If Γis a Lie group,

then µ : Γ×M ×M → M ; (γ, x, y) 7→ φx(γ)(y) is C
∞．

(2) For each x ∈ M , xis an isolated fixed point of the action of φx(Γ) on M .

(3) For each x, y ∈ M, γ, δ ∈ Γ, φx(γ) ◦ φy(δ) ◦ φx(γ)
−1 = φφx(γ)(y)(γδγ

−1) holds.

symmetric spaces ares a generalized s-manifolds when Γ = Z2. Therefore, the gen-
eralized s-manifold is an extension of the symmetric space. More generally, we also find
that k-symmetric spaces have the generalized s-structure when Γ = Zk. Using compact
symmetric triads, we can construct examples such that Γ is not a commutative group.
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2 Compact symmetric triads

Using compact symmetric triads, we can construct examples such that Γ is not a
commutative group. Let G be a compact semisimple Lie group and θ1, θ2 be involutive
automorphisms of G. Fix (Gθi)0 ⊂ Ki ⊂ Gθi = {k ∈ G | θi(k) = k} for each i = 1, 2.
(That is, (G,K1) and (G,K2) are compact symmetric pairs. ) Then (G,K1, K2) is called
a compact symmetric triad.

Proposition 2.1. Let (G,K1, K2) be a compact symmetric triad and set H = K1 ∩K2.
Denotes Γ be the group generated by θ1 and θ2.

For γ ∈ Γ, g, g′ ∈ G, define

φgH(γ)(g
′H) = gγ(g−1g′)H.

Then (G/H,Γ, {φx}x∈G/H) is a generalized s-manifolds.

Remark 2.2. • If θ1 = θ2, then G/H is a symmetric space.

• If θ1θ2 = θ2θ1, then G/H is a Γ-symmetric space.

• If θ1θ2 6= θ2θ1, then G/H is a generalized s-manifold which is not a Γ-symmetric
space.

Corollary 2.3. Let (G,K) be a compact symmetric pair. For each g ∈ G, G/(K∩ Ig(K))
is a generalized s-manifold. Here Ig is the inner automorphism with respect to g.

If g is the identity element, then G/H is a symmetric space. By replacing g, we can
construct nontrivial examples of generalized s manifolds. By using compact symmetric
triads, we can also construct k-symmetric spaces and Z2 × Z2-symmetric spaces.
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(Shinji Ohno) Department of Mathematics, College of Humanities and Sciences, Nihon Univer-
sity, 3-25-40, Sakurajosui, Setagaya-ku, Tokyo, 156-8550, Japan
Email address : ohno.shinji@nihon-u.ac.jp

110 OCAMI Reports Vol. 9 (2022)



ҰൠԽ͞Εͨ s ଟ༷ମͱίϯύΫτରশࡾର

େ໺ ࢘৾ (೔ຊେֶ)

Χϯυϧͱରশۭؒ 2022

ञҪ ࢘ߴ (౦ژ౎ཱେֶ), ಺ࣉ ହلͱͷڞಉڀݚ

2022 ೥ 12 ݄ 9 ೔






























































໨࣍

1 ରশۭؒͱͦͷҰൠԽ֓೦
2 ҰൠԽ͞Εͨ s ଟ༷ମͷྫ
3 ରᪧू߹

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 2 / 37






























































Quandles and Symmetric Spaces 2022 111



Riemann ରশۭؒ

Def (Riemann ରশۭؒ)

(M; g): (࿈݁ͳ)Riemann ଟ༷ମ,
֤ x 2 M ʹରͯ͠౳௕ม׵ sx : M ! M ͕ఆ·͍ͬͯͯ,
1 sx ‹ sx = idM
2 8x 2 M ʹରͯ͠, x ͸ sx ͷݻཱݽఆ఺.

Λຬͨ͢ͱ͖, (M; g) Λ Riemann ରশۭؒͱݺͿ.

ྫ

(Rn; fsxgx2Rn) ͨͩ͠ sx(y) = `y + 2x
(Sn; fsxgx2Sn) ͨͩ͠ sx(y) = `y + 2hx; yix
(RPn; fsxgx2RPn)

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 3 / 37






























































Fact

(M; g): Riemann ରশۭؒ
1 Isom(M; g) ͷ M ΁ͷ࡞༻͸ਪҠత.
2 8x; y 2 M ʹରͯ͠, sx ‹ sy = ssx(y) ‹ sx

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 4 / 37
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Def (ରশۭؒ (Loos, Nagano))

M: C1 ,ଟ༷ମڃ
— : M ˆM ! M : C1 .ڃ x 2 M ʹରͯ͠,
sx(y) := —(x; y) (y 2 M) ͰఆΊΔ.
1 sx ‹ sx = idM
2 8x 2 M ʹରͯ͠, x ͸ sx ͷݻཱݽఆ఺.
3 8x; y 2 M ʹରͯ͠, sx ‹ sy = ssx(y) ‹ sx
Λຬͨ͢ͱ͖, (M; fsxgx2M) ΛରশۭؒͱݺͿ.

Def (ରশର)

G:࿈݁ Lie .܈ K: G ͷด෦෼܈. „: G ͷର߹తࣗݾಉܕ.
(G„)0  K  G„ = fk 2 G j „(k) = kg
͜ͷͱ͖, (G;K) ΛରশରͱݺͿ.

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 5 / 37






























































Def (regular ͳ s ଟ༷ମ (Kowalski))

M: C1 ,ଟ༷ମڃ — : M ˆM ! M : C1 .ڃ x 2 M ʹର͠
ͯ, sx(y) := —(x; y) (y 2 M) ͰఆΊΔ. ࣌Λຬͨ࣍͢ M
Λ regular ͳ s ଟ༷ମͱ͍͏.

1 8x 2 M ʹ͍ͭͯ, sx ͸ඍ෼ಉ૬ࣸ૾.
2 8x 2 M ʹରͯ͠, x ͸ sx ͷݻཱݽఆ఺.
3 8x; y 2 M ʹରͯ͠, sx ‹ sy = ssx(y) ‹ sx

Def (` ରশۭؒ (Lutz))

`: Մ׵ͳ༗܈ݶ. G:࿈݁ Lie .܈ K: G ͷด෦෼܈.
 : `! Aut(G): ୯ࣹͳ܈४ಉܕ s.t.
(G`)0  K  G` = fg 2 G j (‚)(g) = g (‚ 2 `)g
͜ͷͱ͖, (G;K) Λ ` ରশରͱݺͼ, G=K Λ ` ରশۭؒͱݺͿ.

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 6 / 37






























































Quandles and Symmetric Spaces 2022 113



Riemann ରশۭؒͷҰൠԽ֓೦

1 ॴہ Riemann ରশۭؒ
2 a‹ne ରশۭؒ, ॴہ a‹ne ରশۭؒ
3 ରশۭؒ (Loos, Nagano)
4 ٖ Riemann ରশۭؒ
5 Riemanniann s-manifold, a‹ne s-manifold, regular
s-manifold, tangentially regular s-manifold,
k-symmetric space,
(Ledger, Obata, Kowalski, ...)

6 ` ରশۭؒ (Lutz)
7 weakly symmetric space (Serberg)
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ҰൠԽ͞Εͨ s ଟ༷ମ

Def (ҰൠԽ͞Εͨ s ଟ༷ମ (O-Sakai))

M: C1 ,ଟ༷ମڃ `: .܈
֤ x 2 M ʹରͯ͠܈४ಉܕ ’x : `! Di¸(M)
͕ఆ·͍ͬͯͯ,
1 8x; 8y 2 M, 8‚; 8‹ 2 `;

’x(‚) ‹ ’y(‹) ‹ ’x(‚)`1 = ’’x(‚)(y)(‚‹‚`1):

2 8x 2 M ʹରͯ͠, x ͸ ’x(`) ͷ M ΁ͷ࡞༻ͷݻཱݽఆ఺.
3 ֤ ‚ 2 ` ʹ͍ͭͯ
—‚ : M ˆM ! M; (x; y) 7! ’x(‚)(y) ͸ C1 .ڃ

Λຬͨ͢ͱ͖, (M;`; f’xgx2M) ΛҰൠԽ͞Εͨ s ଟ༷ମͱݺͼ,
(`; f’xgx2M) Λ M ͷҰൠԽ͞Εͨ s .Ϳݺ଄ͱߏ
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9がながたかな動作
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Remark

֤ ’x ͸୯ࣹͰͳͯ͘΋Α͍.
֤ ’x ͕୯ࣹͷͱ͖.

` ͕८ճ܈·ͨ͸ Z ͷ࣌, (M;`; f’xgx2M) ͸
regular ͳ s ଟ༷ମͱݺ͹ΕΔ (O. Kowalski, A, J. Ledger, M.
Obata ....).
` = Zk ͷͱ͖, (M;`; f’xgx2M) ͸ k ରশۭؒ.
` = Z2 ͷͱ͖, (M;`; f’xgx2M) ͸ରশۭؒ.

ྫ

M = R2;` = O(2) ͱ͠,
’x(g)(y) = g(y ` x) + x (g 2 O2; y 2 R2)

ͱ͢Ε͹. (R2;O(2); f’xgx2M) ͸ҰൠԽ͞Εͨ s ଟ༷ମ.
( O(2) ͸ઢରশͰੜ੒͞ΕΔ܈)
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` ରশۭؒʹ͍ͭͯ

G=K: ` ରশۭؒ
֤ g 2 G; ‚ 2 ` ʹ͍ͭͯ,

’gK(‚)(g
0K) = g‚(g`1g0)K (g0 2 G)

ͱఆٛ͢Δͱ, (G=K;`; f’xgx2G=K) ͸ҰൠԽ͞Εͨ s ଟ༷ମ.

Remark

` ରশۭؒ͸ҰൠԽ͞Εͨ s ଟ༷ମ.

Lutz ͷఆٛͰ͸ ` ͸Մ܈׵.

` ΛՄ׵ͱ͸ݶΒͳ͍༗܈ݶͱͯ͠΋ҰൠԽ͞Εͨ s ଄Λఆߏ
ΊΔ .(಺ࣉ)
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ҰൠԽ͞Εͨ s ଟ༷ମͷྫ

ରশۭؒ

k ରশۭؒ

regular ͳ s ଟ༷ମ

` ରশۭؒ

͍͔ͭ͘ͷ R ۭؒ (cf. P. Quast-T. Sakai) (` = (Z2)r)
K­ahler C-space (` = Zk; (Z2)r; Z(K) ‰= T r)
(Rn;GL(n;R); f’xgx2Rn)
ͨͩ͠, x 2 Rn, g 2 GL(n;R) ʹରͯ͠,

’x(g)(y) = x+ g(y ` x) (y 2 Rn)
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ଟ༷ମض

K = R;C or H ͱ͢Δ.
n1 + n2 + ´ ´ ´+ nr < n Λຬͨ͢, n; n1; : : : ; nr 2 N ʹର
ͯ͠, ଟ༷ମض Fn1;:::;nr(Kn) Λ
Fn1;:::;nr(Kn) =
8
<

:f = (V1; : : : ; Vr)

˛̨
˛̨
˛̨
f0g  V1  V2  ´ ´ ´  Vr  Kn ෦෼ۭؒ
dim Vi = n1 + ´ ´ ´+ ni (i = 1; : : : ; r)

9
=

;

ͰఆΊΔ.
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ଟ༷ମض

֤ f = (V1; : : : ; Vr) ʹରͯ͠, sVi := 2PVi ` IdKn
(i = 1; : : : r) ͱ͓͘. ͨͩ͠ PVi ͸ Kn ͔Β Vi ΁ͷ௚ަࣹӨ.
sV1; : : : ; sVr Ͱੜ੒͞ΕΔ܈Λ ` ͱ͓͘ͱ, ` ‰= (Z2)r.
͜ͷ ` ʹؔͯ͠, ଟ༷ମض Fn1;:::;nr(Kn) ͸ҰൠԽ͞Εͨ s ଟ༷ମ
ͱͳΔ.
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2 ͭͷରশର͔ΒͰ͖ΔҰൠԽ͞Εͨ s ଟ༷ମ

Def (ίϯύΫτରশࡾର)

G: ίϯύΫτ൒୯७ Lie ,܈ „1; „2:G ͷର߹తࣗݾಉܕ.
(G„i)0  Ki  G„i = fk 2 G j „i(k) = kg ΛҰͭͣͭݻఆ
͢Δ. (ͭ·Γ, (G;K1) ͱ (G;K2) ͸ίϯύΫτରশର)
͜ͷͱ͖, (G;K1; K2) ΛίϯύΫτରশࡾରͱݺͿ

G=Ki ͸, g; g0 2 G ʹ͍ͭͯ,

sgKi(g
0Ki) = g„i(g

`1g)Ki

Ͱ sgKi : G=Ki ! G=Ki ΛఆΊΔͱ, G=Ki ͸ରশۭؒ.
K2 ͷ G=K1 ΁ͷࣗવͳ࡞༻ͱ, K1 ͷ G=K2 Λ Hermann ༺࡞
ͱݺͿ.
ίϯύΫτطܕ໿ରশۭؒ΁ͷ༨౳࣭ੑ 2 Ҏ্ͷ௒࡞ۃ༻͸
Hermann .ಓಉ஋يͱ༺࡞
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G

G=(K1 \ K2)

G=K2G=K1
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Prop

ίϯύΫτରশࡾର (G;K1; K2) ʹ͍ͭͯ, f„1; „2g Ͱੜ੒͞Ε
Δ܈Λ ` ͱ͓͖, H = K1 \ K2 ͱ͓͘.
‚ 2 `; g; g0 2 G ʹ͍ͭͯ,

’gH(‚)(g
0H) = g‚(g`1g0)H

ͱ͢Ε͹ (G=H;`; f’xgx2G=H) ͸ҰൠԽ͞Εͨ s ଟ༷ମ.

Proof. ͷ࣍ 3 ৚݅ΛνΣοΫ͢Ε͹ྑ͍.
1 8x; 8y 2 M, 8‚; 8‹ 2 `;

’x(‚) ‹ ’y(‹) ‹ ’x(‚)`1 = ’’x(‚)(y)(‚‹‚`1):

2 8x 2 M ʹରͯ͠, x ͸ ’x(`) ͷ M ΁ͷ࡞༻ͷݻཱݽఆ఺.
3 ֤ ‚ 2 ` ʹ͍ͭͯ —‚ : M ˆM ! M; (x; y) 7! ’x(‚)(y) ͸
C1 .ڃ
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o = eH 2 G=H ͱ͓͘.
‚; ‹ 2 `; g; g0 2 G ʹ͍ͭͯ,

’o(‚) ‹ ’gH(‹) ‹ ’o(‚)`1(g0H)
=’o(‚) ‹ ’gH(‹)(‚`1(g0)H)
=’o(‚)(g‹(g

`1‚`1(g0))H)

=‚(g‹(g`1‚`1(g0)))H

=‚(g)‚ ‹ ‹(g`1‚`1(g0)))H
=‚(g)(‚ ‹ ‹ ‹ ‚`1(‚(g)`1g0))))H
=’‚(g)H(‚‹‚

`1)(g0H)

=’’o(‚)(gH)(‚‹‚
`1)(g0H)
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To(G=H) ‰= m1 + m2 ͱΈͳͤ͹,
o ͷे෼খ͍ۙ͞๣ U ʹ͓͍ͯ,

9X 2 m1 + m2 s.t. x = exp(X)H (x 2 U).

i = 1; 2 ʹ͍ͭͯ, ’o(„i)(x) = x Ͱ͋Ε͹

’o(„i)(exp(X)H) = exp(„i(X))H

Αͬͯ,

X = „1(X) = „2(X) 2 k1 \ k2 \ (m1 + m2) = f0g

͕ͨͬͯ͠ o ͸ F (’x(`); M) ͷཱݽ఺.
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Remark

„1 = „2 ͷ৔߹, G=H ͸ରশۭؒ.

„1„2 = „2„1(͋Δ͍͸ „1„2 ͷҐ਺͕༗ݶ) ͷ৔߹, G=H ͸
` ରশۭؒ.

„1„2 ͷҐ਺͕ແݶͷ৔߹͸ G=H ͸ ` ରশۭؒͰͳ͍ҰൠԽ
͞Εͨ s ଟ༷ମ.

Cor

(G;K):ίϯύΫτରশର.
g 2 G ʹ͍ͭͯ, G=(K \ Ig(K)) ͸ҰൠԽ͞Εͨ s ଟ༷ମ
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„1„2 6= „2„1 ͷ৔߹

G = SO(n) (n – 3), t 2 R ʹ͍ͭͯ,
„1 = II1;n`1; „2 = Igt„1I

`1
gt ͱ͓͘.

ͨͩ͠,

Im;n`m =

2

4 `Im 0
0 In`m

3

5 ; gt =

2
664

cos t ` sin t 0
sin t cos t 0
0 0 In`2

3
775 :

t 62 ıZ ʹ͍ͭͯ, ίϯύΫτରশࡾର
(G;K1; K2) = (SO(n); SO(n` 1); Igt(SO(n` 1)))
Λ͑ߟΔ. (t 2 ıZ) „1 = „2)

t 62 ıZ) K1 \ K2 ‰= SO(n` 2)
G=K1 = Sn`1; G=K2 = Sn`1,
G=K1 \ K2 = SO(n)=SO(n` 2)
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G=H G=K2K2=H

K1=H

G=K1
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ରᪧू߹

Chen-Nagano ͸ίϯύΫτ Riemann ରশۭؒʹରͯ͠, ஍ۃ
ͱରᪧू߹ͷ֓೦Λಋೖ͠, ରᪧू߹ͷೱ౓ͷ্ݶͱͯ͠,
2-number ͱݺ͹ΕΔෆมྔΛఆٛͨ͠.
ରᪧू߹͸ίϯύΫτ Hermite ରশۭؒͷ࣮ܗͷަࠩͱͯ͠΋͋
ΒΘΕΔ. 2-number ͸ίϯύΫτ࿈݁ରশۭؒͷΦΠϥʔ਺ͱ΋
.Δ͍ͯ͠܎ؔ
͜ΕΒͷॾ֓೦ΛҰൠԽ͞Εͨ s ଟ༷ମʹ֦ு͢Δ.
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ରᪧू߹

Def (ରᪧू߹, ରᪧ਺)

A  M ͱ͢Δ.

A ͕ M ͷରᪧू߹ () 8x; 8y 2 A; 8‚ 2 `;

’x(‚)(y) = y; ’y(‚)(x) = x:

A ͕ M ͷۃେରᪧू߹ () 8A0: M ͷରᪧू߹,
A  A0 ) A = A0.

ରᪧू߹ͷೱ౓ͷ্ݶΛ#`(M) Ͱද͠, M ͷରᪧ਺ͱݺͿ.

A ͕ M ͷେରᪧू߹ () A ͸ରᪧू߹Ͱ,
#`(M) = #(A) Λຬͨ͢.

` = Z2, ͭ·Γ M ͕ରশۭؒͰ͋Δͱ͖, #`(M) Λ#2(M)
ͱද͢.
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෦෼ۭؒ

Def (෦෼ۭؒ)

(M;`; f’xgx2M):ҰൠԽ͞Εͨ s ଟ༷ମ,
N  M:෦෼ଟ༷ମͱ͢Δ.
N:M ͷ෦෼ۭؒ
() 8‚ 2 `; x 2 N, ’x(‚)(N) = N.

Proposition

(M;`; f’xgx2M) ͷ෦෼ۭؒ N ͸·ͨҰൠԽ͞Εͨ s ଟ༷
ମͰ͋Δ.

N ͕ M ͷ෦෼ۭؒͰ͋Ε͹, #`(M) – #`(N)

Proof.
A  N: ରᪧू߹ͱ͢Δͱ, A ͸M ͷରᪧू߹.
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ྫ

fxg  Rn ͸ (Rn; fsxgx2Rn) ͷେରᪧू߹.
fx;`xg  Sn ͸ (Sn; fsxgx2Sn) ͷେରᪧू߹.
f[e1]; [e2]; : : : ; [en+1]g ͸ (RPn; fsxgx2RPn) ͷେରᪧू߹.

Corollary

n – 2 ͷͱ͖,
(RPn; fsxgx2RPn) ͸ (Sm; fsxgx2Sm) (m > 1) ͷ෦෼ۭؒ
ʹͳΒͳ͍.
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஍ۃ

Def (஍ۃ)

x 2 M ʹରͯ͠,

F (’x(`); M) := fy 2 M j ’x(‚)(y) = y (‚ 2 `)g

ͷ࿈݁੒෼Λ M ͷ x ʹ͓͚Δۃ஍ͱݺͿ. ಛʹҰ఺͔ΒͳΔۃ஍
ΛۃͱݺͿ.
fxg ͸ఆ͔ٛΒ M ͷ x ʹ͓͚ΔۃͰ͋Δ. fxg Λࣗ໌ͳۃͱ
.Ϳݺ

Proposition

` ͕Մ׵Ͱ͋Δͱ͖, ҰൠԽ͞Εͨ s ଟ༷ମͷۃ஍͸෦෼ۭؒ

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 26 / 37

Quandles and Symmetric Spaces 2022 123



Theorem

` Λ༗ݶՄ܈׵, ·ͨ͸Մ׵ͳίϯύΫτ Lie .ͱ͢Δ܈
A  M Λ M ͷେରᪧू߹ͱ͢Δ.
x 2 A ʹ͍ͭͯ, M ͷ x ʹ͓͚Δۃ஍͕ߴʑՃݸࢉͰ͋Ε͹,
F (’x(`); M) ͸Ճݸࢉͷۃ஍ͷඇަ࿨

F (’x(`); M) =
1[

i=0
M+
i

ͱද͞Ε,

#`(M) »
1X

i=0

#`(M
+
i )

͕੒Γཱͭ.
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ίϯύΫτ࿈݁ରশۭؒͷ৔߹͸͞Βʹ࣍ͷఆཧ͕஌ΒΕ͍ͯΔ.

Theorem(Chen-Nagano)

(M; fsxgx2M):ίϯύΫτ࿈݁ରশۭؒͱ͠, ffl(M) Ͱ M ͷΦΠ
ϥʔඪ਺Λද͢. ͜ͷͱ͖,

ffl(M) » #2(M)

Theorem(Takeuchi)

(M; fsxgx2M):ରশ R ۭؒͱ͠, H(M; Z2) Ͱ M ͷ Z2 ਺ͷ܎
ϗϞϩδʔ܈Λද͢. ͜ͷͱ͖,

dimH˜(M; Z2) = #2(M)
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F1;2(R5) ʹ͍ͭͯ

M = F1;2(R5) = f(l1; V2) j l1  V2g ʹ͍ͭͯ,
f0 := (Span(e1); Span(e1; e2; e3)) 2 F1;2(R5) ͱ͓͘. ͜ͷ
ͱ͖, F (’f0(`); M) ͸

F (’f0(`); M) = M
+
0 [ ´ ´ ´M+

10

ͱ 11 .஍ͷඇަ࿨ʹ෼ղ͞ΕΔۃͷݸ

ҎԼ, ؆୯ͷͨΊʹ, Span(en1; : : : ; enk) = (n1; : : : ; nk) ͱද
͢. (ͨͱ͑͹, f0 = ((1); (1; 2; 3)))
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M
+
0 = f((1); (1; 2; 3))g; M

+
1 = f((1); (1; 4; 5))g

M
+
2 = f(1); (1)˘ l1 ˘ l2) j l1 2 G1((1; 2)); l2 2 G1((4; 5))g

M
+
3 = f(V1; (1; 2; 3) j V1 2 G1((2; 3))g

M
+
4 = f(V1; V1 ˘ (4; 5)) 2 M j V1 2 G1((2; 3))g

M
+
5 = f(V1; (1)˘ V1 ˘ l) j V1 2 G1((2; 3)); l 2 G1((4; 5))g

M
+
6 = f(V1; (2; 3)˘ l) j V1 2 G1((2; 3)); l 2 G1((4; 5))g

M
+
7 = f(V1; (1; 4; 5)) j V1 2 G1((4; 5))g

M
+
8 = f(V1; (2; 3)˘ V1) j V1 2 G1((4; 5))g

M
+
9 = f(V1; l˘ (4; 5)) j l 2 G1((2; 3)); V1 2 G1((4; 5))g

M
+
10 = f(V1; (1)˘ l˘ V1) j l 2 G1((2; 3)); V1 2 G1((4; 5))g
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Theorem

(1) ଟ༷ମض Fn1;:::;nr(Kn)ͷۃେରᪧू߹͸
A = f(hei1; : : : ; ein1 iK; hei1; : : : ; ein1+n2 iK; : : : ; hei1; : : : ; ein1+´´´+nr iK)

j 1 » i1 < ´ ´ ´ < in1 » n; 1 » in1+1 < ´ ´ ´ < in1+n2 » n; : : : ;
1 » in1+´´´+nr`1+1 < ´ ´ ´ < in1+´´´+nr » n;
#fi1; : : : ; in1+´´´+nrg = n1 + ´ ´ ´+ nrg

ͱ߹ಉʹͳΔ. ͜͜Ͱ, e1; : : : ; en ͸ Kn ͷඪ४جఈͰ͋Δ.
(2)

#`(Fn1;:::;nr(Kn)) = n!

n1!n2! ´ ´ ´nr!nr+1!
:

ͨͩ͠, nr+1 = n` (n1 + ´ ´ ´+ nr).
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Remark

K = C ͷͱ͖, Fn1;:::;nr(Kn) ʹ͸ઌʹఆΊͨ, ` = (Z2)r ͷଞʹ
΋, ` = Zk; Z(GX) ͳͲͷҰൠԽ͞Εͨ s .଄͕ೖΔߏ ͜ΕΒͷ
ҰൠԽ͞Εͨ s ,଄͸Ұൠʹ͸ҟͳΔ͕ߏ .େରᪧू߹͸Ұக͢Δۃ
େରᪧू߹͸ۃ SU(n+ 1) ͷWeyl .ಓͱͳΔيͷ܈

͞Βʹ, S«anchez ͷ݁Ռͱ߹ΘͤΔͱ࣍ͷܥΛಘΔ.

Corollary

#`(Fn1;:::;nr(Kn)) = n!

n1!n2! ´ ´ ´nr!nr+1!
= dimH˜(Fn1;:::;nr(Kn); Z2):
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SO(n)=SO(n` 2) ͷ৔߹

G=H G=K2K2=H

K1=H

G=K1
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SO(n)=SO(n` 2) ͷ o := e(K1 \ K2) ରᪧू߹Λ͑ߟΔ.
ࣹӨ ı1 : SO(n)=SO(n` 2)! SO(n)=SO(n` 1) ʹͭ
͍ͯ, ı1(o) ΛؚΉ SO(n)=SO(n` 1) ‰= Sn`1 ͷେରᪧू߹
͸, fı1(o); ı1(o0)g.
ͨͩ͠, o0 = I2;n`2 ´ K1 \ K2
ैͬͯ, SO(n)=SO(n` 2) ͷ o ΛؚΉରᪧू߹͸,

ı`11 (fı1(o); ı1(o0)g) = K1 ´ o [ II2;n`2(K1) ´ o0

ͷ෦෼ू߹.
F (’o(„2); G=K1 \ K2) \ ı`11 (fı1(o); ı1(o0)g) = fo; o0g
Ͱ͋Δ͔Β, SO(n)=SO(n` 2) ͷ o ΛؚΉରᪧू߹͸,fo; o0g
ʹؚ·ΕΔ.
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„1„2 = „2„1

G=H G=K2K2=H

K1=H

G=K1

G=K3

K3=H
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F1;2(R5)

F1;2(R5) G3(R5)RP 2

G2(R4)

RP 4

G2(R5)

RP 2

େ໺৾࢘ 2022 ೥ 12 ݄ 9 ೔ 36 / 37

128 OCAMI Reports Vol. 9 (2022)



ͷ՝୊ޙࠓ

ҰൠԽ͞Εͨ s ଟ༷ମͷ෼ྨ

౳࣭ੑ

` ΛऔΓม͑ͨͱ͖ͷߏ଄ͷมԽ

ରᪧू߹ͱτϙϩδʔͷؔ܎
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Symmetric Clifford systems and quandle structures
on real Grassmannian manifolds

Shinobu FUJII

Abstract. In this article, we introduce subspace arrangements associated
with symmetric Clifford systems. We show some properties of these arrange-
ments and quandles generated by the arrangements.

1 Symmetric Clifford systems

We denote by Sym2n(R) a set of real symmetric matrices of degree 2n.

Definition 1.1. Let m and n be positive integers. A symmetric Clifford system on R2n

is a finite subset {P0, P1, . . . , Pm} ⊊ Sym2n(R) satisfying

PiPj + PjPi = 2δijI2n for any i and j ∈ {0, 1, . . . ,m}. (1.1)

It is known that there exists a one-to-one correspondence between symmetric Clifford
systems and representations of real Clifford algebras (cf. Cecil [1]).

Definition 1.2. Let P = {P0, P1, . . . , Pm} and Q = {Q0, Q1, . . . , Qm} ⊊ Sym2n(R) be
symmetric Clifford systems on R2n.

1. P and Q are said to be algebraically equivalent if there exists an orthogonal trans-
formation A ∈ O(2n) such that Qi = APi

tA for every i ∈ {0, 1, . . . ,m},

2. P and Q are said to be geometrically equivalent if there exists an orthogonal trans-
formation B ∈ O(span{P0, P1, . . . , Pm}) such that BP is algebraically equivalent to
Q. Here, BP := {BP0, BP1, . . . , BPm}.

2 Quandle structures on real Grassmannian manifolds

For a set X, Map(X,X) denotes a set of all maps from X to X.

Definition 2.1. For a set X, a map s : X → Map(X,X), x 7→ sx is called a quandle
structure on X if it satisfies that

1. sx(x) = x for any x ∈ X,

2. sx is bijective for any x ∈ X,

3. sx ◦ sy = ssx(y) ◦ sx for any x and y ∈ X.

Then, a pair (X, s) is called a quandle simply.
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Let (R2n, 〈−, −〉2n) be the standard Euclidean space of dimension 2n, and Gr2nn (R)
be a real Grassmannian manifold of all linear subspaces of dimension n in R2n. For any
V ∈ Gr2nn (R), we denote its orthogonal complement by V ⊥, and an orthogonal projections
to V by πV : R2n → V . Then, a reflection at V σV : R2n → R2n is defined by a linear
transformation which acts on V as the identity and acts on V ⊥ as multiplication by −1,
that is,

σV = idV − idV ⊥ . (2.1)

For any V ∈ Gr2nn (R), the reflection σV at V induces a symmetry sV on Gr2nn (R) at V in
natural way. Thus, sV : Gr2nn (R) → Gr2nn (R) can be written as

sV : Gr2nn (R) → Gr2nn (R); W 7→ sV (W ), (2.2)

where sV (W ) is a linear subspace in R2n defined by

sV (W ) := {σV (w) | w ∈ W} . (2.3)

Then, a map s : Gr2nn (R) → Map(Gr2nn (R),Gr2nn (R)); V 7→ sV gives a quandle structure
on Gr2nn (R).

3 Clifford arrangements

In this section, we consider the case of a standard inner product for R2n.

Definition 3.1 (F. [2]). Let n and m be positive integers.

1. A finite subset {V0, V1, . . . , Vm} ⊆ Gr2nn (R) is called a Clifford arrangement in R2n

if we have sVi
(Vj) = V ⊥

j for i 6= j.

2. Two Clifford arrangements {V0, V1, . . . , Vm} and {W0,W1, . . . ,Wm} in R2n are said
to be equivalent if there exists an orthogonal transformation A ∈ O(2n) such that
Wi = AVi for every i ∈ {0, 1, . . . ,m}.

Example 3.2. We consider a Clifford arrangement in R2 with the standard inner product
〈·, ·〉2. Let {e1, e2} be the orthonormal basis of R2. We define two lines ℓ0 and ℓ1 as follows:

ℓ0 = spanR{e1}, ℓ1 = spanR{e1 + e2}. (3.1)

Then, L := {ℓ0, ℓ1} is a Clifford arrangement in R2.

Example 3.3. We consider a Clifford arrangement in R4 with the standard inner product
〈·, ·〉4. Let {e1, e2, e3, e4} be the orthonormal basis of R4. We define three subspaces V0,
V1 and V2 in R4 of dimension two as follows:

V0 = spanR{e1, e2}, V1 = spanR{e1 + e3, e2 + e4}, V2 = spanR{e1 − e4, e2 + e3}. (3.2)

Then, V := {V0, V1, V2} is a Clifford arrangement in R4.

Theorem 3.4 (F. [2]). Let V = {V0, V1, . . . , Vm} be a Clifford arrangement in R2n. For
each i ∈ {0, 1, . . . ,m}, we define Pi as a 2n × 2n-matrix corresponding to reflection σVi

with respect to the fixed orthonormal basis of R2n. Then, we have
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1. P := {P0, P1, . . . , Pm} is a symmetric Clifford system on R2n.

2. Another Clifford arrangement W = {W0,W1, . . . ,Wm} in R2n is equivalent to V if
and only if the corresponding Clifford systems are algebraically equivalent.

For a Clifford arrangement V in R2n, we consider as V ⊆ Gr2nn (R). And we define V⊥

by
V⊥ :=

{
V ⊥ | V ∈ V

}
⊊ Gr2nn (R). (3.3)

Moreover, we write Q(V) := V t V⊥. Note that, for all V and W ∈ Q(V), we have

sV (W ) =

{
W if W ∈ {V, V ⊥},
W⊥ otherwise.

(3.4)

Hence, for the quandle structure s on Gr2nn (R), a map sV |Q(V) : Q(V) → Q(V) is well-
defined for each V ∈ Q(V). Then, the following is obtained:

Theorem 3.5 (F. [2]). For a Clifford arrangement V in R2n, Q(V) is a subquandle in
Gr2nn (R).

4 Our expectation for s-commutative subsets in oriented real
Grassmannian manifolds

Definition of s-commutative subsets in quandles are introduced by Nagashiki [3].

Definition 4.1 (Nagashiki [3]). Let (X, s) be a quandle.

1. A subset A ⊆ X is said to be s-commutative if it holds that sx ◦ sy = sy ◦ sx for
every x, y ∈ A.

2. An s-commutative subset A ⊆ X is said to be maximal if A is maximal for inclusion.

Nagashiki [3] studied on maximal s-commutative subsets in oriented real Grassmann-
nian manifolds Grnk(R)∼ := {V ⊆ Rn | V is an oriented subspace of dimension k}. More-
over she determined maximal s-commutative subsets in Grnk(R)∼ for the following cases:

1. n 6= 2k,

2. k is odd and n = 2k,

3. k = 2 and n = 4 (i.e. n = 2k).

The following proposition gives us expectation that Clifford arrangements are related to
maximal s-commutative subsets in Gr2nn (R) and Gr2nn (R)∼ for the cases that k is even and
n = 2k:

Proposition 4.2 (F.). A maximal s-commutative subset in Gr42(R)∼ can be obtained from
quandles generated by Clifford arrangements explained in Example 3.3.
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対称 Clifford 系と実 Grassmann 多様体の
カンドル構造

藤井　忍 (公立千歳科技大・理工)

研究集会「カンドルと対称空間」
於 大阪公立大学数学研究所

2022年 12月 9日

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 1 / 45

研究テーマ

我々の期待
以下の二つは関係があるだろう:

4つの主曲率をもつ, 球面内の等径超曲面,

運動量写像.

注意
我々の期待通りなら...

4つの主曲率をもつ, 球面内の等径超曲面すべてを
統一的に扱うことが出来る...かも,

4つの主曲率をもつ, 球面内の等径超曲面の分類に
応用できる...かも.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 2 / 45
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研究テーマ

研究のテーマ
4つの主曲率をもつ, 球面内のOT–FKM型等径超曲面
を運動量写像で記述したい.

OT–FKM型等径超曲面とは, 対称Clifford系
{P0, P1, . . . , Pm} によって構成される
Cartan–Münzner多項式

F (x) = ‖x‖4 − 2
m∑
i=0

〈Pix, x〉2

のレベル集合と単位球面の共通部分として得られる球
面内の超曲面.
藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 3 / 45

研究テーマ

問題
対称Clifford系 {P0, P1, . . . , Pm} を群作用の言葉で
特徴づけできないか?

対称Clifford系は実対称行列の有限族,

実対称行列は直交行列で対角化可能 (群作用),

{実対称行列}/対称行列 ' 実Grassmann多様体

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 4 / 45
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今日の話の大まかな流れ

Clifford代数の表現に付随する部分空間配置
(Clifford配置) を定義する,

Clifford配置からClifford代数の表現が復元される
ことを示す,

Clifford配置をGrassmann多様体のカンドル構造の
観点から眺める,

Clifford配置と有向Grassmann多様体の極大 s–可
換集合の関係について触れる.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 5 / 45

Contents of this talk

1 対称Clifford系について

2 対称Clifford系とClifford球面

3 Clifford配置の定義

4 Clifford配置の性質

5 カンドルの s-可換性

6 まとめ & 今後の課題

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 6 / 45
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対称Clifford系について

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 7 / 45

Clifford代数の定義

一般に,

V : 有限次元実線型空間,

q : V × V → R: V 上の2次形式,

定義
(V, q)に付随するClifford代数
Cl(V, q) := T (V )/Iq

T (V ) :=
⊕
k

T k(V ): テンソル代数,

Iq :=
〈
v ⊗ v + q(v)

∣∣ v ∈ V
〉
bi–sided

: 両側イデ
アル.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 8 / 45
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Clifford代数の定義

定義
(V, q)に付随するClifford代数
Cl(V, q) := T (V )/Iq

T (V ) :=
⊕
k

T k(V ): テンソル代数,

Iq :=
〈
v ⊗ v + q(v, v)

∣∣ v ∈ V
〉
bi–sided

: 両側イデ
アル.

以下, V = Rm−1, q = 〈 −,− 〉: Euclid内積, とする.
Cl(V, q) = Clm−1と表す.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 9 / 45

Clifford代数の表現

定義
Clifford代数 Clm−1のn次表現

def⇐⇒ R-代数準同型 ρ : Clm−1 → Mn(R) のこと.
ただし,

Mn(R) := {n次実係数正方行列},
R–代数準同型とは, 以下が成り立つこと:

1 ρ(ξ + η) = ρ(ξ) + ρ(η),
2 ρ(ξ ⊗ η) = ρ(ξ)ρ(η),
3 ρ(aξ) = aρ(ξ),

代数準同型を決めるには, 生成系の行き先を決めるだけ
で十分.
藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 10 / 45
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Clifford代数の表現

代数準同型を決めるには, 生成系の行き先を決めるだけ
で十分.

事実
Clm−1はV の基底 e1, e2, . . . , em−1でR–代数として
生成される.

ρ(ei) =: Ei ∈ Mn(R) とすると ρは決まるが, 特に
Ei ∈ Altn(R) := {n次実交代行列} とできる.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 11 / 45

Clifford代数の表現

ρ(ei) =: Ei ∈ Mn(R) とすると ρは決まるが, 特に
Ei ∈ Altn(R) := {n次実交代行列} とできる.

定義
Clifford代数の表現ρ : Clm−1 → Mn(R)は以下を満
たす{E1, E2, . . . , Em−1} ⊂ Altn(R)で決まる:

EiEj + EjEi = −2δijIn.

このような{E1, E2, . . . , Em−1} ⊂ Altn(R)を
Clifford系という.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 12 / 45
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対称Clifford系
ρ : Clm−1 → Mn(R): 表現,

{E1, E2, . . . , Em−1}: ρ に付随するClifford系,

このとき, P0, P1, P2, . . . , Pm ⊂ Sym2n(R) を以下の
ように定める:

P0 :=

(
In 0n

0n −In

)
, P1 :=

(
0n In
In 0n

)
,

Pi :=

(
0n Ei−1

−Ei−1 0n

)
(i ∈ {2, 3, . . . ,m})

命題
{P0, P1, . . . , Pm} は以下の関係式を満たす:

PiPj + PjPi = 2δijI2n.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 13 / 45

対称Clifford系

定義
{P0, P1, . . . , Pm}: 2n次の対称Clifford系

def⇐⇒
Pi ∈ Sym2n(R) (∀i),

PiPj + PjPi = 2δijI2n.

事実
2n次の対称Clifford系からClifford系を構成すること
ができる.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 14 / 45
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対称Clifford系からClifford系を構成する

事実
2n次の対称Clifford系{P0, P1, . . . , Pm}からClifford
系を構成することができる.

∵○ (概略だけ)

各Pi の固有値は ±1 のみ,

各Pi の各固有空間は n 次元,

V0 :=
{
v ∈ R2n

∣∣ P0v = v
}
' Rn,

∀i, Ei := P1P1+i|V0
,

{E1, . . . , Em−1} はClifford系.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 15 / 45

対称Clifford系とClifford球面

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 16 / 45
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対称Clifford系とClifford球面

Sym2n(R)上の内積 〈−,−〉を以下で定義:

〈P,Q〉 :=
1

2n
Tr(PQ) for P,Q ∈ Sym2n(R),

P = {P0, P1, . . . , Pm} ⊊ Sym2n(R): 対称
Clifford系,

L(P) := spanR{P0, P1, . . . , Pm} ⊊ Sym2n(R),

定義
Clifford球面 Σ(P) :=

{
P ∈ L(P)

∣∣ ‖P‖ = 1
}
.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 17 / 45

対称Clifford系とClifford球面

命題
Clifford球面 Σ(P) に対して, ∀P ∈ Σ(P), P 2 = I2n.

この逆も成り立つ.

命題
Σ ⊆ Sym2n(R): 部分集合 s.t.

P 2 = I2n for ∀P ∈ Σ,

Σ ⊊ spanR(Σ): 単位球面,

=⇒ spanR(Σ) の任意の正規直交基底は対称
Clifford系.

対称Clifford系はClifford球面で決まる!
藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 18 / 45
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Clifford球面とGrassmann多様体

Clifford球面 Σ ⊊ Sym2n(R) について
∀P ∈ Σ, P の固有値は ±1 のみ,
∀P ∈ Σ, P の (+1)–固有空間も (−1)–固有空間も
n次元,

=⇒
問題
Clifford球面とGrassmann多様体
Gr2nn (R) =

{
V ⊊

linear
R2n

∣∣ dimR V = n

}
はどのよう

な関係があるか?

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 19 / 45

Clifford球面とGrassmann多様体
Clifford球面 Σ ⊊ Sym2n(R) はGrassmann多様体
Gr2nn (R) の幾何と密接な関係がある.

命題 (Wang (1990), Wolf (1963))

fΣ : Σ → Gr2nn (R)を以下で定義:

Σ 3 P
fΣ7−→ P の (+1)–固有空間 ∈ Gr2nn (R).

このとき, fΣは全測地的埋め込みで, その像は全測地的
球面.
逆に, Gr2nn (R) 内の全測地的球面は, Clifford球面の
fΣ の像として得られる.

fΣ(Σ)は isoclinic sphere と呼ばれる.
藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 20 / 45
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Clifford配置の定義

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 21 / 45

Clifford配置

P = {P0, P1, . . . , Pm} ⊊ Sym2n(R): 対称
Clifford系,

Σ: P に付随するClifford球面,

fΣ : Σ → Gr2nn (R): Wang の定理の写像.

=⇒
問題
Vi := fΣ(Pi) と定めると,
fΣ(P) = {V0, V1, . . . , Vm} ⊊ Gr2nn (R) はどのような
性質をもった有限部分集合か?

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 22 / 45
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対称空間としてのGr2nn (R)

定義
Riemann多様体 (M, g) が (Riemann) 対称空間

def⇐⇒ ∃s : M → Aut(M), x 7→ sx (点対称) s.t.
1 ∀x ∈ M , x は sx の孤立固定点,
2 ∀x ∈ M , sx ◦ sx = idM ,
3 ∀x ∈ M , sx は等長変換.

Gr2nn (R)の場合, ∀V ∈ Gr2nn (R)に対して,
sV : Gr2nn (R) → Gr2nn (R) を以下で定義:

W 7→ sV (W ) :=
{
πV (w) − πV ⊥(w)

∣∣ w ∈ W
}
.

ただし, V ⊥: V の直交補空間, πV : V への直交射影.
藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 23 / 45

Clifford配置とGrassmann多様体

R2nの正規直交基底を任意に一組選び固定,

P = {P0, . . . , Pm} ⊊ Sym2n(R):
Clifford代数の表現から構成される対称Clifford系,

Σ ⊊ Sym2n(R): Clifford球面,

fΣ : Σ → Gr2nn (R): Wangの定理の写像,

V0 :=
{(

x
0

) ∣∣∣∣ x ∈ Rn
}
, V1 :=

{(
x
x

) ∣∣∣∣ x ∈ Rn
}
,

Vi :=
{(

x
Ei−1x

) ∣∣∣∣ x ∈ Rn
}

(i = 2, . . . ,m).

命題 (F., in preparation)

i 6= j =⇒ sVi
(Vj) = Vj

⊥.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 24 / 45
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Clifford配置から対称Clifford系を構成する

定理 (F., in preparation)

以下の条件を満たすV = {V0, . . . , Vℓ} ⊊ Gr2nn (R)を
任意にとる: {

Vi 6⊥ Vj (i 6= j),

sVi
(Vj) = Vj

⊥ (i 6= j).

∀i ∈ {0, 1, . . . , ℓ} に対して, Pi ∈ Sym2n(R)を
Pi := sVi

の表現行列
と定義するとき, {P0, P1, . . . , Pℓ} は対称Clifford系.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 25 / 45

Clifford配置から対称Clifford系を構成する

∵○ (概略だけ)
∀i, Pi は明らかに対称行列,
∀i, Pi

2 = I2n はO.K.,

∵○ sVi
は対合.

i 6= j =⇒ PiPj + PjPi = 0 が面倒くさい,

∵○ 次を示せばよい:

∀x ∈ R2n, sVi
◦ sVj

(x) + sVj
◦ sVi

(x) = 0.

計算の途中で sVi
(Vj) = V ⊥

j を使う.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 26 / 45
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Clifford配置

定義 (F.)

V = {V0, . . . , Vℓ}: R2n内のClifford配置
def⇐⇒
Vi ⊊ R2n: n次元線型部分空間,

σVi
(Vj) = Vj

⊥ if i 6= j.

以下では, R2n内のClifford配置 {V0, . . . , Vℓ} を Cℓnℓ
と表す.

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 27 / 45

Clifford配置の例: その 1

例 (n = 1)

R2 内の直線 ℓ0, ℓ1 を
ℓ0 : y = 0,

ℓ1 : x − y = 0

とするとき, {ℓ0, ℓ1} は
Clifford配置.

R2の標準基底で表すと
ℓ0 = Re1, ℓ1 = R(e1 + e2).

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 28 / 45
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Clifford配置の例: その 2

例 (n = 2)

R4 内の2次元線型部分空間 V0, V1, V2 を
V0 :=

{
t(x, y, 0, 0)

∣∣ x, y ∈ R
}
,

V1 :=
{
t(x, y, x, y)

∣∣ x, y ∈ R
}
,

V2 :=
{
t(x, y, y,−x)

∣∣ x, y ∈ R
}

とするとき, {V0, V1, V2} はClifford配置.

R4の標準基底で表すと
V0 = spanR {e1, e2} , V1 = spanR {e1 + e3, e2 + e4} ,

V2 = spanR {e1 − e4, e2 + e3} .
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Clifford配置の性質
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Clifford配置の正体
問題
主定理に現れる V = Cℓnℓ は何を表しているのか?

対蹠集合ではないことは簡単に分かる.

注) S: 対蹠集合 def⇐⇒ ∀x, ∀y ∈ S, sx(y) = y.

命題 (F., in preparation)

Cℓnℓ に対して,
(
Cℓnℓ

)⊥
:=

{
V ⊥

∣∣ V ∈ Cℓnℓ
}とする

とき,
ssV (W ) ◦sV = sV ◦sW for ∀V, ∀W ∈ Cℓnℓ t

(
Cℓnℓ

)⊥
.

上の命題は s が Q(Cℓnℓ ) := Cℓnℓ t
(
Cℓnℓ

)⊥ 上のカンド
ル構造を定めることを意味する.
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カンドル構造の復習

定義 (by Tamaru (2013))

X: 集合,

s : X → Map(X,X), x 7→ sx: 写像,

sがX上のカンドル構造 (or (X, s): カンドル)
def⇐⇒

1 ∀x ∈ X, sx(x) = x,
2 ∀x ∈ X, sxは全単射,
3 ∀x, ∀y ∈ X, ssx(y) ◦ sx = sx ◦ sy.

一般に, 連結Riemann対称空間はカンドル構造を持つ
(点対称がカンドル構造).
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Clifford配置に付随するカンドル

定義
(X, s), (X ′, s′): カンドル,

写像 f : X → X ′ がカンドル準同型 def⇐⇒
∀x ∈ X, f ◦ sx = s′f(x) ◦ f .

定理 (F., in preparation)

V =
{
Vi ∈ Gr2nn (R)

∣∣ Vi 6⊥Vj, sVi
(Vj)=Vj

⊥ (i 6=j)
}
,

V⊥ :=
{
V ⊥

∣∣ V ∈ V
}
,

このとき,
1 点対称はQ(V) := V t V⊥ のカンドル構造,
2 包含写像 ι : Q(V) → Gr2nn (R)はカンドル準同型.
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Clifford配置に付随するカンドルの性質
事実 (cf. Furuki–Tamaru)

SN−1 ⊊ RN : 単位球面,

SN−1のカンドル構造: sx(y) := 2 〈x, y〉x − y,

AN := {±e1, . . . ,±eN} ⊊ SN−1,

このとき, AN は SN−1 の平坦, 等質, 非連結な有限部
分カンドル.

命題 (F., in preparation)

カンドルとして Q(Cℓnℓ ) ' Aℓ+1.

∵○ f : Q(Cℓnℓ ) → Aℓ+1 を
f(Vi) := ei+1, f(V ⊥

i ) := −ei+1 と定めれば良い.
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カンドルのs-可換性

藤井　忍 (公立千歳科技大・理工) 対称 Clifford 系と Grassmann 多様体 2022 年 12 月 9 日 35 / 45

s–可換性
(X, s): カンドル.

定義
x, y ∈ X: s–可換 def⇐⇒ sx ◦ sy = sy ◦ sx.

定義
S ⊂ X: 部分集合,

S: s–可換 def⇐⇒ ∀x, ∀y ∈ S, x と y が s–可換.

極大 s–可換部分集合
def⇐⇒ 包含関係において極大な s–可換部分集合,

対蹠集合 =⇒ s–可換部分集合,

極大 s–可換部分集合 =⇒ 部分カンドル.
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有向Grassmann多様体の極大 s–可換部分集合

事実 (cf. Nagashiki–Tamaru)

k, n が以下の場合, 有向Grassmann多様体 Grnk(R)
∼

の任意の極大 s–可換部分集合は{
± spanR{ei1, . . . , eik}

∣∣ 1 ≤ i1 < . . . < ik ≤ n
}

にO(n)–作用で合同:
1 n 6= 2k,
2 k: 奇数, n = 2k.
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有向Grassmann多様体の極大 s–可換部分集合

事実 (cf. Nagashiki–Tamaru)

有向Grassmann多様体 Gr42(R)
∼ の極大 s–可換部分

集合は
± spanR{ei, ej} (1 ≤ i < j ≤ 4),

± spanR{ei ± ej, ek ± eℓ}
(1 ≤ i < j ≤ 4, 1 ≤ k < ℓ ≤ 4)

からなる集合にO(4)–作用で合同なもののみ.

k ≥ 4: 偶数, n = 2k のとき, 有向Grassmann多様体
Gr2kk (R)∼ の極大 s–可換部分集合はよくわかってい
ない.
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有向Grassmann多様体の極大 s–可換部分集合

事実 (cf. Nagashiki–Tamaru)

有向Grassmann多様体 Gr42(R)
∼ の極大 s–可換部分

集合は
± spanR{ei, ej} (1 ≤ i < j ≤ 4),

± spanR{ei ± ej, ek ± eℓ}
(1 ≤ i < j ≤ 4, 1 ≤ k < ℓ ≤ 4)

からなる集合にO(4)–作用で合同なもののみ.

全部で 36 枚の 2 次元部分空間から成る有限部分集合.
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有向Grassmann多様体の極大 s–可換部分集合

命題 (F.)

有向Grassmann多様体 Gr42(R)
∼ の極大 s–可換部分

集合は R4 内の fullなClifford配置から構成可能である.

R4 内の fullなClifford配置は以下の部分空間からなる:

V0 = spanR{e1, e2},
V1 = spanR{e1 + e3, e2 + e4},
V2 = spanR{e1 + e4, e2 − e3}.
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有向Grassmann多様体の極大 s–可換部分集合

命題 (F.)

有向Grassmann多様体 Gr42(R)
∼ の極大 s–可換部分

集合は R4 内の fullなClifford配置から構成可能である.

1組目 e1, e2 e1 + e3, e2 + e4 e1 + e4, e2 − e3
2組目 e1, e3 e1 + e4, e2 + e3 e1 + e2, e3 − e4
3組目 e1, e4 e1 + e2, e3 + e4 e1 + e3, e2 − e4

上に挙げた基底で張られる 2 次元空間: 9 枚,

それらの直交補空間: 9 枚,

向きを考慮: 2 通り.
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まとめ & 今後の課題
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まとめ

Clifford代数の表現に付随する部分空間配置を定義
した,

Clifford配置から対称Clifford系が復元されること
を示した,

Clifford配置はGrassmann多様体の部分カンドルを
生成することを示した,

Clifford配置は有向Grassmann多様体の極大 s–可
換集合と関係がありそうなことを確認した.
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今後の課題

部分空間配置の観点から
n を固定するごとの同値類の数: 計算中.

Hilbert多項式: Derksenの定理から容易に計算
可能.

自由性: 不明.

カンドル, 対蹠集合の観点から
n ∈ 4Z+ の場合の極大 s-可換集合との関係.

その他の観点から
OT–FKM型等径超曲面との関係.
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Thank you for your attention!
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