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Preface

The workshop “Quandles and Symmetric Spaces” has been held annually since 2018
in order to encourage the cross-pollination among topology (knot theory), differential
geometry (symmetric spaces), and other areas through quandles. The series of workshops
was organized by experts of knot theory (Kamada and Oshiro) and symmetric spaces
(Kubo, Okuda, Tamaru, Tanaka and Tasaki). There have been many presenters and
participants from various fields, not only topology and differential geometry but also
algebraic geometry and combinatorics, etc.

On the conference “Quandles and Symmetric Spaces 2022”7, the talks consisted of
presentations by young researchers. Some of their topics are as below:

e a category equivalence between a certain category of faithful quandles and that of
groups with certain generators,

e groupoid racks defining colorings for spatial surface diagrams and the universality,

e homogeneous quandles with commutative inner automorphism groups and the num-
ber of isomorphism classes for small orders,

e generalized s-manifolds, which is a generalization of Riemann symmetric spaces,
and a construction of examples using compact symmetric triads.

All of the talks are very interesting, and after the talks, the participants exchanged their
ideas and information, and discussed possible perspectives actively.

In this volume the abstracts and the slides of the talks in the conference are collected.
For the talks in 2019-2021, one can refer to the previous volumes (OCAMI Reports Vol. 4
and Vol. 9). The organizers are convinced that the workshops and the volumes would
disseminate quandles, and be effective for further developments of the theory of quandles.

February 2023

On behalf of the organizers:
Akira Kubo

Takayuki Okuda

Hiroshi Tamaru
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On categories of faithful quandles with quandle
homomorphisms

Yasuki Tada

1 Quandles and inner automorphism groups of quandles

The concept of quandles was introduced by Joyce ([3]). A quandle is a set with
a binary operator, whose axioms are corresponding to Reidemeister moves of classical
knots. Quandles have been studied actively from various viewpoints ([1]). From the view
point of differential geometry, quandles can be regarded as a generalization of symmetric
spaces. There have already been several studies of quandles that transfer notations and
ideas in the theory of symmetric spaces to that of quandles ([2], [5]).

In this paper, we employ a formulation of quandles in terms of symmetries as [3].

Definition 1.1. Let @) be a set. We consider a map s : Q — Map(Q, Q) : x — s,. Then
the pair (@, s) is a quandle if
(Q1) Vz € Q,s:(z) =,
(Q2) Vx € Q, s, is bijective,
(Q3) Va,y € Q,5, 05y = S5, (y) © Sz-
For each x € @), the map s, is called a symmetry at x on Q.
We denote by Aut(Q) the group of quandle automorphisms of Q.

Definition 1.2. Let (@, s) be a quandle and Q' a subquandle of ). We use the symbol
Inn(Q, Q') for the group of Aut(Q) generated by the set s(Q') = {s,: Q — Q| z € Q'}.
The group Inn@ := Inn(Q, Q) is called the inner automorphism group of (Q, s).

The inner automorphism groups play important roles in the structure theory of quan-
dles.

2 A question

Definition 2.1. Let us denote several categories as below:
e Grp : the category of groups and group homomorphisms.
o Grp&® : the category of groups with generators, whose morphisms are group ho-
momorphisms inducing maps between fixed generators.
e Q : the category of quandles and quandle homomorphisms.
® Qurj : the category of quandles and surjective quandle homomorphisms.
e Qf : the category consists of faithful quandles and quandle homomorphisms.
. qurj . the subcategory of Qf with surjective quandle homomorphisms.
° anj : the subcategory of Qf with injective quandle homomorphisms.
Here, a quandle (Q, s) is said to be faithful if s : @ — Inn(Q) is injective.

By Definition 1.2, we have the correspondence:
Inn : @ — Inn(Q).
We consider the following Question:

Question 2.2. Can “Inn” be expanded into a “good” functor Q — Grp or Qf — Grp?
g
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3 For surjective quandle homomorphisms

First, we focus on Qgurj and qurj' In this case, “Inn” is naturally expanded into a

functor as in [1]. Actually, the following holds.

Theorem 3.1 (cf. [1]). The correspondence Inn : Q — Inn(Q) is ezpanded to a functor
Qsurj — Grp. Furthermore, the functor is faithful on Qf

surj*

We shall remark that the functor in Theorem 3.1 is not a category equivalence. In
this paper, we focus on the correspondence @ — (Inn(Q@), s(Q)) that conisder not only
the inner automorphism group Inn(Q) but also its generator s(Q) for each quandle Q.

We define a group theoretic category Grpfl'li'jf as follows.

Definition 3.2 (Grpfl‘;‘jf). An object (G,Q) of Grpfﬁ‘;‘jf is a pair of a group G and its
conjugation-stable faithful generator €2. Here, a generator €2 of a group G is said to be
conjugation-stable if gQg~' C Q for any ¢ in G, and is said to be faithful if the following

action G ~ (Q is faithful:

gw=gwg ' (g€G we).
A morphism ¢ : (G1,1) — (G2, $s) of Grpflfr'jf is a group homomorphism ¢ : G; — Gs
such that ¢(€2;) C €5 and the restriction p|q, : 2 — Q5 is surjective.

We have the following theorem as one of our main results.

g.c.f
surj

f
surj

Theorem 3.3 (see [4, Theorem 3.9]). There exists an equivalence Fyyj : Qiye; — GTP

such that Faui(Q, s) = (InnQ, s(Q)) for each faithful quandle (Q, s).

4 For injective quandle homomorphisms

Next, we focus on Qifnj. We should remark that the correspondence @ — (Inn(Q), s(Q))
can not be expanded into any faithful functor Qifnj
tion below.

— Grp&™. Then we consider a ques-

Question 4.1. Find a category D such that objects of D are pairs of groups and their

f o~
generators, and Q. = D.

Because of the following proposition, we define a group theoretic category Grp&<f as
in Definition 4.3.

Proposition 4.2. For a morphism [ : Q1 — Qs onfnj, the following w(f) is well-defined
surjective group homomorphism :

7(f) : Inn(Q2, f(Q1)) = Inn(Q1) : Sf@y) — Sz
}uhe(g i(f(Qﬁ) = {S@) : Q2 = Q2 | 21 € @1} and Inn(Q2, f(Q1)) = (s(f(Q1))) <

Inn(Q1) Inn(Q-)

U
" n(Qy, F(Q1))
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Definition 4.3 (Grp&<f). We define a category Grp&<f as follows. Let us put Obj(Grp8<f)
.= Obj(Grp%&H). For objects (G1,0), (Ga, Q) € Obj(Grpef), we define the set of mor-

surj

phisms Homg gct((G1, ), (G2, () from (G, () to (Go, () in Grpg©f as follows.
HomGrpg.cAf<(G1, ), (Ga,Q9))
H : a subgroup of Gb,
I' : a subset of €2,
[' : a conjugation-stable generator of H,
©([') € ©Qy and «|p : I' — Q is bijective

= ((H,T),7)

We remark that each morphism is an opposite directional partial map, and a diagram
of a morphism can be written as Figure 1. We define composition of morphisms in Grp&°f

Figure 1: ® = ((H,I'),m) € Homg,ges((G1, ), (G2, $2)).

by using “pullback”.
We also have the following theorem.

Theorem 4.4 (see [4, Theorem 4.17]). There exists an equivalence Fin; : Qf; — Grp&ef
such that Fini(Q, s) = (InnQ), s(Q)) for each faithful quandle (Q, s).

By Theorem 3.3 and 4.4, for each pair of faithful quandles (@1, Q)2), we have bijections:
Hongurj (Qh QZ) <1_1> HomGrpfl'li'jf((Inn(Qﬁ? S(Ql))v (IHD(QQ), 8(Q2)>>7

Homay, (Q1, Q2) ¥ Homgypeer(nn(@1), 5(Q1)), (1nn(@2), 5(@2).

As an easy application of Theorem 4.4, we also study the set of all injective quandle
homomorphisms from the dihedral quandle R3 of order 3 to the dihedral quandle Ry of
order 9 by group theoretic approach.
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On categories of faithful quandles Dec.08-09.2022 1/23

Outline

(1)Background
Q — Inn(Q) is not a faithful functor : Qf — Grp.

(2)Our idea
Focus on Qifnj . the category of faithful quandles and injective hom.
Construct Grp®f: Obj = {(G,Q) | G : group, ) : generator, +a}.

(3)Result (Main Thm)

JF: Qifnj — Grpf'c‘f' 1 Q 25 (Inn@, s(Q)) : category equivalence i.e.
1:1
HomQ{nj (Q17 QQ) s HomGrp§'c'f' (FQl,fQQ)

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 2/23
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(1)-1. Definition of quandle

Q :set. s:Q — Map(Q,Q) : x — 5.
Definition
(Q, s) : quandle
= (Ql) Vo € Q, sz(x) =z
(Q2) Vx € Q, s5 : bijective.
(Q3) Vx,y € Q,5; 05y = 55, (y) © Sz
s : quandle structure, s, : point symmetry at x.

Example (Trivial quandle)
Any set T is a quandle : s; =idp (Vt € T).

T, : trivial quandle of order n.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 3/23

(1)-2. Faithful quandle

@ : quandle.
Definition (faithful)
Q is faithful if, for any =,y € Q :

Sg =Sy &S T =1Y.

Q : faithful & s: Q — Map(Q, Q) : injective.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 4/23
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(1)-3. Dihedral quandle

Example
(R, s) : the dihedral quandle, where R, :=Z/nZ, s, (y) := 2x — y. J
R
1
2
Proposition
R, : faithful & n : odd. J

TADA Yasuki Quandles and symmetric spaces 2022
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(1)-4. Conjugate quandle

G : a group, {2 C G : a union of some conjugacy classes.
Example (Conj(£2))
Conj;(€2) (or Conj(f?)) : the conjugate quandle, where Conj(2) = €2,

so(W) = wu'w™! (w,w € Q).

Proposition
The centralizer of Q in G is trivial = Conj(£2) is faithful.

Example

S, : the n-symmetric group,

Q, ={(ij) | 1 <i<j<n}: all transpositions.
Conjg, (£2,) : faithful.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 6 /23



Quandles and Symmetric Spaces 2022

(1)-5. Inner automorphism group

(@ : a quandle.

Aut(Q) :={g € Bij(Q) | go s = Sg(z) © 9 (Vx € Q)} : the
automorphism group of Q).

Definition (Inn(Q))

s(Q) :={sz | x € Q} C Aut(Q).
Inn(Q) := (s(Q)) < Aut(Q) : the inner automorphism group of Q.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 7 /23

(1)-6. Example of inner automorphism groups

Example
For the dihedral quandle R,,

Dgn (n 5 Odd)

D, (n:even)

Inn(R,) = {

where Dy is the dihedral group with | Doy | = 2k.

Example
n>3 0, ={@Gj)|1<i<j<n}C6,.
For the quandle Conjg (£2,),

Inn(Conjg, (2n)) = Inngrp(Sn) = G,,.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 8 /23
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(1)-7. In order to consider Inn as a functor

f. the category of faithful quandles and quandle homomorphisms.

Grp : the category of groups and group homomorphisms.
We have a correspondence :

Inn : Obj(QFf) — Obj(Grp) : Q — Inn(Q).
Question J

Does “Inn” become a faithful functor Qf — Grp?

For surjective quandle hom., the answer is YES.
Theorem (Bunch, Lofgren, Rapp and Yetter (2010) +«)

qurj : the category of faithful quandles and surjective homomorphisms.

Then Inn : qurj — Grp becomes a faithful functor.
f

Q1 ——» Q2
sl ls

Inn(Q1) 1—(f» Inn(Q2)

nn(f)

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 9/23

(1)-8. For NOT surjective hom.

Does “Inn” become a faithful functor Qf — Grp?

Question J

For Qf (or Qf .), the answer is NO.

inj
Remark

T; : the trivial quandle of order 1, R3 : the dihedral quandle of order 3.
|HomQ(T1, R3)| = 3.
|Homgyp(Inn(77),Inn(R3))| =1. (Inn(77) = 1,Inn(R3) = Ds)

£ . - :
Qj,,; : the category of faithful quandles and injective homomorphisms.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 10 / 23
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Outline

(1)Background
Q — Inn(Q) is not a faithful functor : Qf — Grp.

(2)Our idea

Focus on Qifnj . the category of faithful quandles and injective hom.

Construct Grp&f: Obj = {(G,Q) | G : group, () : generator, +a}.

(3)Result (Main Thm)
AF: anj — Grp®°f . Q b (Inn@, s(Q)) : category equivalence i.e.
Homge (Q1,Q2) & Homg, ges. (FQ1, FQs).

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 11 /23

(2)-1. Focus on Q!

inj

f . . .- . .
inj the category of faithful quandles and injective quandle

homomorphisms.
Consider a correspondence @ — (Inn(Q), s(Q)).

(Inn(@), s(Q)) is a pair of a group and its generator. J

Problem

Find a category D s.t.
Obj ={(G,Q) | G : a group,Q C G : a generator of G, +a} and
Q{nj =D.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 12 /23
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(2)-2. Propositions on Qf

inj
Proposition (A)
For a morphism f: Q1 — Q2 of Qifnj, the following 7(f) is well-defined
surjective group hom. :
7(f) : Inn(Q2, f(Q1)) = Inn(Q1) : S5(y) > Says

where S(f(Ql)) = {Sf(m1) 1 Q2 — Qo | xr € Ql} and
Inn(@2, f(Q1)) := (s(f(Q1))) < Inn(Qs).

Inn(Q1) Inn(Q2)
—

U
"D In(Qa, £(Q1))

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 13 /23

(2)-3. Propositions on Qf

inj

Proposition (B)

For Q € Obj(anj), (Inn(Q), s(Q)) satisfies following (g), (c) and (f) :
(g) s(Q) generates Inn(Q).

(c) s(Q) is a union of conjugacy classes of Inn((Q).
i.e. s(Q) is Inn(Q)-stable w.r.t. the following left action

In(Q) ~ 5(Q) :
g.5: = 9.9+ (g € Inn(Q),z € Q).

(f) The above left action Inn(Q) ~ s(Q) is faithful.
i.e. the centralizer of s(Q) is free.

Based on Proposition(A) and (B), we construct Grp&°¥ as below.

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 14 /23
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(2)-4. Definition of Grp8®"

Let G : group, 2 C G. We define conditions (g), (c) and (f) of (G,Q) :
(g) € generates G.
(c) € is a union of conjugacy classes of G.
i.e. 2 is G-stable w.r.t. the following left action G ~ € :
gw=gwg ' (g€G,weN).

(f) The above left action G ~ Q is faithful.
i.e. the centralizer of {2 is free.

Definition
GrpEt : Obj = {(G,Q) | (g), (c) and () hold }.
Homg, ecr. ((G1,1), (G2,99))
H < Gy, T' C Qo,
(H,T) satisfies (g) and (c),
w: H — G1 :a group hom.,
m([') C Q1 and 7|p : T' — 5 : bijective

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 15 /23

(2)-5. Morphisms of Grps*"

HomGrpg.c.f. ((G1,1), (G2,£2))
H < Gy, T C o,
(H,T) satisfies (g) and (c),
w: H — G1 :a group hom.,
m(I') C Q1 and 7|p : T' — 5 : bijective

=P =((H,T),n)

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 16 / 23
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(2)-6. Example of morphisms of Grp® "

*
Q,={(j)|1<i<j<n}C6,.
Example

The following ® = ((H,T"), 7) is a morphism (G&3,3) — (&g, Sg) in
Grpg.c.f. :

H = &3 x {id, (456), (465)}, T = Q3 x {(456)},
7 : 63 x {id, (456), (465)} — S35 : (g,a) — g.

Furthermore, w : H — &3 is NOT injective.

TADA Yasuki Quandles and symmetric spaces 2022

Dec.08-09.2022 17 /23

On categories of faithful quandles

(2)-7. Composition of morphisms on Grpf‘c'f'

Proposition

D1 = ((Ho,T2),m2) : (G1,21) — (Ga,Q9),
Oy = ((Hg,Fg),ﬂ'g) : (GQ,QQ) — (G37Q3) : morphisms of Grp%'c’f'_

Then the following is a morphism (G1,$1) — (G3,€3) of Grp&ef:

*

@3 0 By i= (({ms|ry (T2)), sl (T2))s 72 © a1 )

CI)l ‘192
(G1, ) -~ » (Go,Q2) o= » (Gs,Q3)
T U T3 Y
(Hy,T5) PB (Hs,1's)
U

”3|<W3\;31(P2>>

((mslr, (T2)), w3l (T2))

This composition is associative, since there is pullback on Grpse".

TADA Yasuki Quandles and symmetric spaces 2022

Dec.08-09.2022 18 / 23

On categories of faithful quandles
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Outline

(1)Background
Q — Inn(Q) is not a faithful functor : Qf — Grp.

(2)Our idea

Focus on Qifnj . the category of faithful quandles and injective hom.

Construct Grp&f: Obj = {(G,Q) | G : group, () : generator, +a}.

(3)Result (Main Thm)
AF: anj — Grp®°f . Q b (Inn@, s(Q)) : category equivalence i.e.
Homge (Q1,Q2) & Homg, ges. (FQ1, FQs).

TADA Yasuki Quandles and symmetric spaces 2022
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(3)-1. Definition of category equivalence

C, D : categories.

Definition

F :C — D : a functor.

F is a category equivalence if the followings hold:
@ Vd € Obj(D),dc € Obj(C) s.t. Fc=p d. (essentially surjective)
e F :Homc(c1,c2) - Homp(Fer, Fea) : bijective. (faithful full)

TADA Yasuki Quandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 20/ 23
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(3)-2. Main Theorem
Theorem (Main Thm)

The following F : anj — Grp®°f is a category equivalence :
o For Q € Obj(Qf;), FQ := (Inn(Q), 5(Q)).
o For f:Q1— Q2 € Qf;, Ff = ((H,T),7(f)), where
[:=5(f(Q1)) = {5f(z) : Q2 = Q2 | 71 € Q1} C InnQ,
H = Tnn(Qz, £(Q1) = (s(/(@1))) < Inn@Qa,
m(f) : (Inn(Q2, f(Q1)), s(f(Q1))) = (InnQ1,5(Q1)) : Sf(zy) > Sz, - )

uandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 21 /23

(3)-3. Application of Main Theorem

|H0menj (Rg, RQ)‘ = |H0mGrp§.c.f. (FR:},.FRQ)‘ = 18.
Rg — Rg .FRg ./TRQ
I I
. (Inn(R3), s(R3)) (Inn(Ry), s(Ry))

i (De, A)'"*(Dl& t%)
\ U
i T (Hl’Fl) %

TADA Yasuki uandles and symmetric spaces 2022

On categories of faithful quandles Dec.08-09.2022 22 /23
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TADA Yasuki

Thank you for your attention.

Quandles and symmetric spaces 2022
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Minimum numbers of Dehn colors of knots

Gaishi Yamagishi

1 Introduction

This presentation is based on the author * s collaboration with Kanako Oshiro and Eri
Matsudo.

In knot theory, minimum numbers of colors for arc colorings have been studied in
many papers. Fox p-coloring is the dihedral quandle coloring. We denote the number
by mincolgox(K ) for a Fox p-colorable knot K. For mineolgox(K ), the following result is
known.

e For each odd prime number p with p < 19,
K : Fox p-colorable knot — mincolgox(K ) = |logy p| +2
(see [1, 2, 3,4, 5,6, 7]).

Dehn colorings are one of region colorings which are known to be corresponding to Fox
colorings.

2 Preliminary

2.1 Dehn coloring

In this paper, for a prime number p, we denote by Z, the cyclic group Z/pZ.

Let p be an odd prime number. Let D be a diagram of a knot K and R(D) the set of
regions of D. A Dehn p-coloring of D is a map C' : R(D) — Z, satistying the following
condition:

e for each crossing ¢ with regions 1, x5, r3, and x4 as depicted in Figure 1,
C(xy) + C(x3) = C(x3) + C(z4)

holds, where the region z5 is adjacent to x; by an under-arc and x3 is adjacent to
x1 by the over-arc.

We call C(x) the color of a region x by C. We mean by (D, (') a diagram D given a
Dehn p-coloring C, and call it a Dehn p-colored diagram. We denote by C(D, C') the set of
colors assigned to a region of D by C, that is C(D, C') = ImC'. The set of Dehn p-colorings
of D is denoted by Col,(D). We remark that the number §Col,(D) is an invariant of the
knot K.

Let x be a crossing of D with regions z1, xo, x3, and x4 as depicted in Figure 1. We
say that x of (D, C) is trivially colored if

C(z1) = C(x4), and C(x3) = C(x9)
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N\

X; Xoooa o a;-a,ta;

X3 ds

Figure 1: A crossing on D with regions x1, x5, 3, and x4

hold, and nontrivially colored otherwise. A Dehn p-coloring C' of D is trivial if each
crossing of (D, C) is trivially colored (and §C(D,C) < 2), and nontrivial otherwise. We
denote by COleT(D, (') the set of nontrivial Dehn p-colorings of D. A knot K is Dehn
p-colorable if K has a Dehn p-colored diagram (D, C') such that C' is nontrivial.

Lemma 2.1. 1. Let C,C" € Col,(D). Then we have
C~C =C(D,C)~C(D,C").
Hence we have

C ~ ' = #C(D,C) = 4C(D,C").

2. Let S,5" C Z,, and we assume that S ~ S'. Then there ezists C' € Col,(D) such

that C(D,C) = S if and only if there exists C' € Col,(D) such that C(D,C") = 5.

Here C' ~ C'(or S ~ S') means that there exists s € Z; and t € Z, such that
C=sC"+tlorS" =sS+t).

Definition 2.2. The minimum number of colors of a knot K for Dehn p-colorings is the
minimum number of distinct elements of Z, which produce a nontrivially Dehn p-colored
diagram of K, that is,

min{tC(D,C) | (D,C) € {nontrlwally Dehn p—colored}}.

diagrams of K

We denote it by mincolpDehn(K ).

2.2 ‘R-palette graph

Let p be an odd prime number, and let S C Z, with S # 0. Set u(S) = {{a1, a2} | a1, a2 €
S}, where {a1,as} is regarded as the multiset {a;, a1} when a; = as.
For {ay,as}, {as, as} € p(S), we set an equivalence relation ~ on p(S) by

{a1,a2} ~ {as, a4} if a1 + a2 = a3+ ay in Z,,.
We denote by a; + ay the equivalence class of {a1, a2} € u(S5).

Definition 2.3. The R-palette graph of S is the simple graph G = (Vg, E5) composed of
the vertex set Vg = p(S)/ ~= {a1 + az | {a1,a2} € u(S)} and the edge set Eg satisfying
that

there exist {a;,as} € by and {as,as} € by such

e=0by by € By < :
12 o that a1 + a3 = az + a4 or a1 +ay = az + a3 in Z,,

where e = by by means that e is an edge connecting the vertices by and by. We attach the
label 271(by + by) € Z, to the edge e between b; and by (see Figure 2 for example).
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p=7,5={0,12,3} p=T1, 5={0,1,2,4}
[} 7 ] T 3
{1,1} {0,0}

G{0,1,2,3} G{0,1,2,4}

Figure 2: R-palette graphs

Let Gg be the R-palette graph of S. A graph G = (V, E) is an R-subgraph of Gg if G
is a subgraph of Gg, and

e€E=b,cV(ie,e=b by€ E=2"1(b; +by) €V)
holds, where b, is the label of e (see Figure 3 for example).

p=7,5={0,1,2,3}

An R-subgraph of Gy ,,;, ~ Not an R-subgraph of Gy 53

Figure 3: R-subgraph

Let (D, C) be a nontrivially Dehn p-colored diagram of a knot. The R-palette graph
of (D,C) is an R-subgraph G(p.cy = (V(p,cy, Ep,c)) of Gep,cy composed of the vertex
set

b:a1+a2
Vip,cy = {b | there exists an arc on (D, C) with }
a | a;
and the edge set Ep ¢y satisfying that
_ . . . - a] a3 —_ E[ :a1+a2
e = b by € Eg <= there exists a crossing on (D, C') with b, b, - -~ <
a2 a4 b2:a3+a4

és in the case of Gg, we attach the label 271(by 4 by) € Z,, to the edge e between b, and
by (see Figure 4 for example).
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Proposition 2.4. Let S C Z,. If S = C(D,C) for some nontrivially Dehn p-colored
diagram (D, C) of a knot, the R-palette graph Gg includes a connected R-subgraph with
at least three vertices.

(D,C) Gio

Figure 4: R-palette graph

3 Main results

Theorem 3.1. Let p be an odd prime number. For any Dehn p-colorable knot K, we
have

mincolz?ehn(K ) > |logyp| +2.

Theorem 3.2. Let p be an odd prime number with p < 2°. If there exists a nontrivially
Dehn p-colored diagram (D, C) of a knot such that §C(D,C) = |logy p| + 2, then

(i) C(D,C) ~ {0,1,2} when p =3,

(ii)) C(D,C) ~{0,1,2,3} when p =75,

(iii) C(D,C) ~{0,1,2,4} whenp =17,

(iv) C(D,C) ~{0,1,2,3,6} or{0,1,2,4,7} when p =11,

(v) C(D,C) ~0,1,2,4,7 when p = 13,

(vi) C(D,C) ~ {0,1,2,3,5,9},1{0,1,2,3,5,10},{0,1,2,3,5,12}, {0, 1,2,3,6,9}, {0, 1,2, 3,6, 10}, {0, 1,

{0,1,2,3,6,13},{0,1,2,3,7,11}, {0, 1,2, 4, 5,9}, {0, 1,2, 4,5, 10}, {0, 1,2, 4, 5, 12},
or {0,1,2,4,10,13} when p =17,

(vii) C(D,C) ~{0,1,2,3,5,10},{0,1,2,3,6,10},{0,1,2,3,6,11},{0, 1,2, 3,6,12},{0, 1,2, 3,6, 13}, {0,
{0,1,2,3,7,12},{0,1,2,4,5,10},{0,1,2,4,5,14},{0,1,2,4,7,12}, or {0,1,2,4,7,15}
when p =19,
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(viii) C(D,C) ~ {0,1,2,3,6,12},{0,1,2,4,7,12},{0,1,2,4,7,13},
{0,1,2,4,7,14},{0,1,2,4,9,14}, or {0,1,2,4,10,19} when p = 23,

(ix) C(D,C) ~{0,1,2,4,8, 15} when p =29, and
(z) C(D,C) ~{0,1,2,4,8 16} when p = 31.

Proposition 3.3. For each odd prime p with p < 25 and p ¢ {13,29}, there exists a
Dehn p-colorable knot K with mincoll?ehn(K) = |logy p| + 2.

References

[1] H. Abchir, M. Elhamdadi and S. Lamsifer, On the minimum number of Fox colorings of
knots, Grad. J. Math. 5 (2020), no. 2, 122-137.

[2] F. Bento and P. Lopes, The minimum number of Fox colors modulo 13 is 5, Topology Appl.
216 (2017), 85-115.

[3] Y. Han and B. Zhou, The minimum number of coloring of knots, J. Knot Theory Ramifica-
tions 31 (2022), no. 2, Paper No. 2250013, 55 pp.

[4] T. Nakamura, Y. Nakanishi, and S. Satoh, The pallet graph of a Fox coloring, Yokohama
Math. J. 59 (2013), 91-97.

[5] T. Nakamura, Y. Nakanishi, and S. Satoh, 11-colored knot diagram with five colors, J. Knot
Theory Ramifications 25 (2016), no. 4, Paper No. 1650017, 22 pp.

[6] K. Oshiro, Any 7-colorable knot can be colored by four colors, J. Math. Soc. Japan 62(3)
(2010) 963-973.

[7] S. Satoh, 5-colored knot diagram with four colors, Osaka J. Math. 46 (2009), no. 4, 939-948.

(G. Yamagishi) Department of Information and Communication Sciences, Sophia University,
Tokyo 102-8554, Japan
Email address: g-yamagishi-3c9@eagle.sophia.ac.jp



Quandles and Symmetric Spaces 2022

21

Minimum numbers of Dehn colors of knots

Wi 88 (L8EKF)
MRIFEK (AEKXT) , KBERFE(LEKXE) L OHFHRE

MEES THY RILENHHZERL 1B KRAILKE
2022F 128 8H

§ 1 Fox p-FBreanik

K: #U8, D: KoE=R. p: &%

e DDFox p-F& --- C: {DDiB} — Zp s.t.

Qﬁ\ o
2

% Fox p-HBIZZEEH Y RIL (Zp,a * b = 2b — a)-F&

20(x5)=C(x,)+C(x3)

e KM minimum number of Fox p-colors:
JEBBAIC Fox
mincol}”(K) = min{#ImC | (D,C) € { p-B&Ehic ;}
K DRI
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58

mincolgox(K ) <4

mincolp™(K) IZ2WT, ROBRLFSNTWS:
o K: Fox 3-¥fa# —> mincol}°¥(K) = 3
o K: Fox 5-%fal —> mincolL°¥(K) = 4 (S. Satoh)
o K: Fox T-¥fa# = mincol}°*(K) = 4 (K. Oshiro)
o K: Fox 11-F&A#E —> mincoli$*(K) = 5 (N-N-S)
o K: Fox 13-¥8&Fffg — mlncolFOX(K) =5 (B-L)
e K: Fox 17-¥8&Ff — mlncolFOX(K) =6 (A-E-L)
e K: Fox 19-¥8&Fff — mlncolFOX(K) =6 (H-2)
e mincolZ°*(K) > |logy p|+2 (Nakamura-Nakanishi-Satoh)

% Vp: TR, VK: Fox p-¥BEEELFEUVE,
mincolEOX(K ) = |loga p| + 2

ERDMETH > TLEL,
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§ 2 Dehn p-¥8&

K : Fox p-¥8A#f <= K : Dehn p-¥&r]gE

a+b

a | b
K: Dehn p-EGBAGBEREVER.
e KM minimum number of Dehn p-colors:

. Deh
mincol ;""" (K)

BRIC -%2
— min{£ImC | (D,C) € {#E Ai=Denn p-F& }}

Ihi-: K oEzR

Q. mincolz?ehn(K) ZEDXSICFHETESH ?
Q. mincolgehn(K) b mincolgox(K) DEEIDLSICKICEKS R
WMEZES M ?

D: #UEER, R(D) = {DOEHR}. p: SEK

e DD Dehn p-F& ... C: R(D) — Zyp s.t.

C(z1) + C(w3) = C(x2) + C(x4)

0,1+a3:CL2+CL4
EFcIcdL, C(x)ZzDBEEWVWS.
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o (D,C)DXRFEcHBERICEBEINATVS &

\CLQ
a
Lol g,—a,
as A2=03

e DD Dehn p-BECHEHR X (D, C) D2 TOZENERIC
FeaIThTwa.
88 (1 &) EEE (2 &)

o #EUH K Denn p-#&asE X 3(D,C): FEEMBIC Dehn

p-¥aIhi: K oER.
§ 3 minimum number of Dehn p-colors E#ER

K: Dehn p-EGBAGBELRFEVER.
e KM minimum number of Dehn p-colors:
. Deh
mmcolpe (K)

BRI -¥2
— min{#ImC | (D,C) € {;HEE AiZ Dehnp-E & }}

Thit K DR
e mincol*"(K) = 3.
° mincol?ehn(K) = 4. (S. Satoh)

E#E1 VK: Dehn p-EBARRLREVE,

mincolz?ehn(K) > |logy p| + 2.
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B2 p HEH st p<2°
3 (D, C): }BEBICDehn p-FBINLER s.t.
#ImC = |logop| +2 =

(i) ImC ~ {0,1,2} (p = 3),
(i) ImC ~ {0,1,2,3} (p = 5),
(i) ImC ~ {0,1,2,4} (p=T7),
(iv) ImC ~ {0,1,2,3,6} Ffid {0,1,2,4,7} (p = 11),
V) -

S~ g =sS+t (sezitezy

®8E3 Vpc {3,5,7,11,13,17,19, 23,29, 31},
JK: Dehn p-¥8BugELEUVER s.t.

mincolz[))ehn(K ) = |loga p| + 2.
EE4 pe {13,29}. VK: Dehn p-FEERELFZEVE,
mincol?*M(K) > |logs p| + 3.
P > |logy

FES5 Vp e {7,11,13,17, 19, 23,29, 31},
JK: Dehn p-¥8rAgEHFEVE s.t.

mincolgehn(K) > |logs p| + 3.
e |logyp| + 2IEpIc L > Tldbest possible T4 LY.

° mincolgehn(K) # mincolgehn(K’) LB HENHB.
e mincol DM (K) IZFoxD L FLIZL<ESRZBLET 3.

9
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§ 4 T 1(mincolzlj)ehn(K) > |logap] +2)ICDWT
D: K OHER.

ClyeeeyCp: D@’;&,.‘E“, Llyeeosnt2: D DfEE.
Lio ! 1
(x1) My ; =0.
iy %o Liy T2
Lis
{Zp £D (%1) DR}

Tiy = Tiy + Tig — @iy =0 + {Dehn p-E&}

X BEEEBICHINY 38D H5:

T e

B @) BEEQE) *
° rankZMIC)Ol =n

o {(x1)PZETORER}=(a!"T,a?T)

10

col
Ap(=1) = (1 (J)W.l?- 0)

(x2) Ap(—1) ( s ) —0
Ln+2

o Ap(t) I K DEVBEED DehnRTHS/SNLT LI 4 —
1751,

e rank;Ap(—1) =n+1

o{(*2)0)ZJ:'("‘UJ¥§&ﬁ@}=<a2T: * >

11



Quandles and Symmetric Spaces 2022

T l(mincolzlj)ehn(K) > |logsy p| + 2) DIEEADBIE
(D, C): JEBBRICDehn p-EBINEKR s.t.
#ImC = mincolgehn(K), C(xz1) = 0.

(r—21) Vay,z; € R(D),

C(z;) = C(zj) = C*(z;) = C*1(x;).

My := Ap(-1),
ranky My = #{M; D%} — 1 & rankp,M; < #{M; D7} — 2
o {(x2)0ZLTORER}=(a?T)
o {(x2)0Zp tTOR}=(a?T,a (¢ C),-- )
P

12

i <jst C(x;) =C(x;) ICBEBVWTRDEEZITS

T1 C’(wl) CZT(wl)
\(ml,...,mn+2)1< i ):O
M, Ln+2 C(mn—|—2) CZT(aZn_|_2)
T; C(x;) CzT(fL‘z‘)
o (cee,mtmy, ., My, ) =0 ) b
Ly C(z;) C?T(x;)

CDREEREDIEI LICED,

1
M2(5> =0; (L= #Im(C)
Ye

LEDZ ETORGT, 7, LTOMRa, a*T %2183.

ranky Mo = #{ Mz D%} — 1 & rank,Ms < #{ Mo D%} — 2

13



28 OCAMI Reports Vol. 9 (2022)

&oT, IM3: Ma® (£ — 1) X (£ — 1)-#5723175 s.t.
detM3 # 0 € Z & detM3 = 0 € Zp.
B,
p < |detMj3|.
o, M3DIEEDSRZTI C EHAEE:
det M| < 261 (= 2mincolpDehn(K)—1).
MUELD,

mincolz?ehn(K) > logop + 1,

mincolpDehn(K) > |logy p| + 2.

14

§5 R-NLYMJZTEFEE 2
p: FERY, S CZp.

p=7, §=10,1,2,4}

+42  Gioio4

e Gg = (Vg, Eg) B’SOR-/KLvy ko557 &

Vg = {a1 + a3 | {a1,a2} € §?/@w~wn}

3{a1,a2} € by, I{as, a4} € by s.t.

e=b1by € Eg <
102 € Ls a1 +az =az+ a4 € Zp

15
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e G=(V,E)BRGgDR-BHI 57
def

S GIRGgDEH3I 37,

e€EE=0b.€V (boldedDS5RI)

| p=7, 5=10,1,2,3} |

2

I AN
G{O,1,2,3} R-BRI=Z7

16
(D, C): JEEMEICDehn p-FEINIEHKK.

p=T7

° G(D,C) = (WD,C)’E(D,C)) b‘(D,C)o)R-/\OI/“J ST

def
<=

17
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S = ImC.
° G(D,C’) G g DEFELBR-ERTZ7.
° G(D,C’) IFVELCEH3DDEREZED.

EIE6 S C Zp.
3(D, C): 3EEHEICDehn p-EBEINEHN s.t. S =ImC
— Gg RERBR-BHISTTHVs > 3LBBHOEST.

EE6IIRNICHBPBEERZERX B .HDEDEFHEZESZXS.

p=7, S=1{0,1,2,3}

B CERH ULD
R-ERTZ7
ERIEL

{0,1,2,3} (ZIEEHH
TEBEEZZE
DIRFBITIFIZ 5720

18

T2 p: FEH s.t. p < 25
3 (D, C): 3EEBBICDehn p-#BINKR s.t.
#ImC = |logap| +2 —

(i) ImC ~ {0,1,2} (p = 3),

(i) ImC ~ {0,1,2,3} (p =5),

(iii) ImC ~ {0,1,2,4} (p="17),

(iv) ImC ~ {0,1,2,3,6} £’ {0,1,2,4,7} (p = 11),
V) .-

S~ g =—sSt+t (serX ter)

19
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§ 6 fiE 3ICDWT

®8E3 Vpc {3,5,7,11,13,17,19, 23,29, 31},
JK: Dehn p-¥8ug8LEUVE s.t.

mincoll[))ehn(K ) = |loga p| + 2.

p=11. (D,C)DBDOHK=#{0,1,2,4,8} =5 = |logy 11| +2.
o EE2&D, mincol’ M (K) =5 = |logy 11] + 2.

(D,

20

CHREHDHPESTTVELT.

21
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The universality of groupoid racks on the colorings
for spatial surface diagrams

Katsunori Arai

ABSTRACT. A spatial surface is a compact oriented surface embedded in the
3-sphere S2 = R31I{cc} such that each connected component has a non-empty
boundary. Spatial surfaces are represented by spatial trivalent graph diagrams
([1]). In this paper, we introduce a notion of a groupoid rack which defines the
colorings for spatial surface diagrams. Furthermore, we show that a groupoid
rack has the universality on the colorings.

1 Groupoid racks

Let C be a groupoid and X = Hom(C) be the set of all morphisms of C. A pair of X
and a binary operation * : X x X — X is a groupoid rack if * : X x X — X satisfies the
following conditions:

e For any z, f, g € X satisfying cod(f) = dom(g), z*(fg) = (x* f)*g and xxid) = =,
where id), is the identity morphism of the object .

o Forany z,y,z € X, (zxy)*2z = (x*2)* (y*2).

e For any For any z, f,g € X satisfying cod(f) = dom(g), cod(f * z) = dom(g * x)
and (fg) xz = (f xx)(g* ).

Let X be a groupoid rack, D be a Y-oriented spatial surface diagram and A(D) be the
set of all arcs of D. A map C : A(D) — X is an X-coloring if C' satisfies the following
conditions (Fig. 1).

:r\ Y f g fg
\x*y fg f q

Figure 1: Groupoid rack coloring conditions (z,y, f,g € X, cod(f) = dom(g))

We denote by Colx (D) the set of all X-colorings of D.

Theorem 1.1. Let X be a groupoid rack. If two Y-oriented diagrams Dy and Do present
equivalent spatial surfaces, then there is a bijection between Colx(Dy) and Colx(Ds). In
particular, |Colx(Dy)| is a spatial surface invariant.
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2 The universality of groupoid racks

Theorem 2.1 says that a groupoid rack is a universal structure that defines the coloring
for spatial surfaces, i.e. the algebraic structures defining the coloring for spatial surfaces
must have a structure of a groupoid rack.

Theorem 2.1. Let R = (R, *, p) be a symmetric rack. We assume that a subset P C RXx R
and a map p: P — R satisfy the following conditions, where we denote p(a,b) by ab.

e For any a,b,c € R, the following are equivalent.

[(a,b) € P A (ab,c) € P], [(b,c) € PA(a,bc) € P].

For any (a,b), (ab,c) € P, we have

(ab)e = a(be).

For any a,b,x € R, the following are equivalent.

(a,b) € P, (p(b),pla)) € P, (axz,bxzx)e€ P.

For any (a,b) € P, we have

(b, p(ab)) € P and (p(ab),a) € P.

For any (a,b) € P and x € R, we have
p(b)p(a) = p(ab), (ab)p(b) = a, (ab) x x = (ax x)(b* x) and x x (ab) = (x * a) * b.

Put B =, pep {a:0}. Then
(i) R’ is a subrack of (R,x*) with the good involution p.

(i) (R',*) is a groupoid rack.
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The universality of groupoid racks on the colorings for spatial surface
diagrams
AV RILENFRZER

i et

RIRKZE M2

2022 £ 12 A 8H

i = (KBRKZ) 2022 £ 12 A 8 H 1/35

Today's contents

@ Spatial surface

@® Groupoid rack

© Universality
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Spatial surface

@ Spatial surface

it mH (KRAZE)

2022 %12 A 8 H

Spatial surface

A spatial surface F' is a compact surface embedded in S3.

In this talk, we assume the following.

e [ is an oriented surface.

e Each component of F' has a non-empty boundary.
e F' does not have disk components.

Two spatial surfaces are equivalent if they are ambient isotopic.

i . (KBRKZ) 2022 £ 12 B 8 H 4/35
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Spatial surface

A spatial trivalent graph is a finite trivalent graph embedded in S3.

Remark

A spatial trivalent graph may have S'-components.

Any spatial surface F' is equivalent to the spatial surface obtained from some spatial trivalent
graph diagram D by the following way.

b HAXH%

We call D a diagram of F'.

i mH (KBRKZ) 2022 £ 12 A 8 H 5/35

Spatial surface
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Spatial surface

Theorem (Matsuzaki '21)

F1, F5: spatial surfaces, Dy, Dy: diagrams of Fi, Fs.
Then the following conditions are equivalent.
e [ and F5 are equivalent.

e D; and D are related by a finite sequence of Reidemeister moves and isotopies of S2.

| g$ K%
~N \
TP e e >
T —

Figure: Reidemeister moves for spatial surface diagrams

i mH (KBRKZ) 2022 £ 12 A 8 H 7/3

G

Spatial surface

A Y-oriented spatial trivalent graph is an oriented spatial trivalent graph without sinks and

sources.

Y-orientation o Y-orientation o sink x source X

D: a Y-oriented spatial trivalent graph diagram.
D represents a spatial surface F' by forgetting the Y-orientation.
We call D a Y-oriented diagram of F.

Remark

In general, spatial trivalent graphs have some Y-oriented diagrams.

Proposition (Ishii '15)

D: a spatial trivalent graph diagram.
Two Y-orientations of D are related by a finite sequence of reversing the orientation of one

edge while preserving being Y-oriented.
it mE (KRAZE) 2022 £ 12 B 8 H 8/3
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Spatial surface

i = (KBRKZ) 2022 £ 12 B 8 A 9/35

Spatial surface

In this talk, we call the operation of reversing the orientation of one S'-component inverse
move.
Theorem (Matsuzaki)
F1, F5: spatial surfaces. Dy, Dy: Y-oriented diagrams of Fi, Fb.
Then the following conditions are equivalent.

e [ and F5 are equivalent.

e Dy and D, are related by a finite sequence of Y-oriented Reidemeister moves, inverse

moves and isotopies of S2.

) e «—

B o O el
X or o X o »

10/35

} { R6
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@® Groupoid rack

i mH (KBRKZ) 2022 £ 12 A 8 H 11/35

Definition (Fenn-Rourke '92)

X: aset, x: X x X = X: a binary operation.

X = (X, *): a rack

< x satisfies the following conditions.
e Vyc X, amap Sy : X Dz xxy € X is a bijection.
o Vx,y,z € X, (xxy)*x2z=(r*x2)*(y*2).

A quandle (Joyce, Matveev '82) is a rack X = (X, *) satisfying
e Vxe X, xxx =u.

Va,y € X,Vn € Z, we denote Sj/(x) by z x" y.
Aut(X): the automorphism group of X.

i . (KBRKZ) 2022 £ 12 A 8 A 12/35
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Definition (Kamada '07, Kamada-Oshiro '10)

Groupoid rack

X = (X, *): a rack.
A map p: X — X is a good involution
& p saitisfies the following conditions.
e pop=idy,
o Va,y € X, p(z xy) = p(x) * y,
e Vr,yc X,zxp(y) =x+x Ly

X = (X, p): a symmetric rack.

In particular, if X is a quandle, (X, p) is called a symmetric quandle.

Example

G: a group.

Conj(G) = (G,z xy = y~'ay): the conjugation quandle.

p: Conj(G) > g+ g~! € Conj(G): a good involution of Conj(G).

i mH (KBRKZ) 2022 £ 12 A 8 H 13 /35

Groupoid rack
A groupoid is a category in which all morphisms are invertible.

Definition

C: a groupoid, X = Hom(C) : the set of all morphisms of C,
x: X x X — X: a binary operation on X.
X = (X, *): a groupoid rack
< x satisfies the following conditions.
® Vze X, Vf € Hom(\ u), Yg € Hom(u,v),
xzx(fg) = (x* f)*gand x xide = x. (ide: the identity morphism for £ € Ob(C))
@ Vo,y,2 € X, (ry) 2= (5%2) (y+2)
® Vr e X, Vf € Hom(\, ), Vg € Hom(u,v),
cod(f *z) =dom(g*z) and (fg) xx = (f xx)(g * ).

Remark

A groupoid rack X is a symmetric rack with a good involution p: X >z +— 27! € X.

M R (KIRAZE) 2022 £ 12 A 8 H 14 /35
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Groupoid rack

X: a groupoid rack,

D: a Y-oriented diagram of a spatial surface.

Arc(D): the set of all arcs of D.

An X -coloring of D is a map Arc(D) — X satisfying the following conditions.

\m*y fg f g

Figure: groupoid rack coloring conditions (z,y, f,g € X, cod(f) = dom(g))

Colx(D): the set of all X-colorings of D.

i = (KBRKZ) 2022 £ 12 A 8 H

T T
/ | /
g g

} |
(xxf)xg zx (fg)

Figure: z, f,g € X, cod(f) = dom(g).

zx(fg) = (xxf)*g.

i mH (KBRKZ) 2022 £ 12 A 8 H 16 /35
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Groupoid rack

x T

ide ide

T * id >
¢ f R2andR5 f
f f
( *xide) * f

v v
€T * idg T

Figure: z, f € X, £ = dom(f).

x * (idg) = .

i = (KBRKZ) 2022 £ 12 A 8 H 17 /35

Groupoid rack
T T
I g*xx 9
—> 19 —>(fg) xx
fxz)(g*xx) RS
X R f
v v

Figure: z, f,g € X, cod(f) = dom(g).

cod(f *x) =dom(g*x), (f*xx)(g*xx)=(fg)*=x.

i mH (KBRKZ) 2022 £ 12 A 8 A 18 /35
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Groupoid rack

X: a groupoid rack.

i)

Figure: z; € X (i =1,2,...,10).

XT3 *Te = XT4,Te * T3 = T7,T6 * T = T5,T10 * T5 = I8,

L1 = T2T3,T5 = T2X4, L7 = TLY, L1 = T10L9-

i = (KBRKZ) 2022 £ 12 A 8 H 19/35

Groupoid rack

Theorem 1

X: a groupoid rack,

D1, Dy: Y-oriented diagrams which represent equivalent spatial surfaces.
Then there is a bijection between Colx (D7) and Colx(D2).

In particular |Colx (D1)| is a spatial surface invariant.

The proof of this Theorem is similar to (Ishii-Matsuzaki-Murao '20).

Remark

Our invariants of spatial surfaces using groupoid racks include both of the invariants using
MGR (Ishii-Matsuzaki-Murao '20) and the invariants using heap racks (Saito-Zappala).

i . (KBRKZ) 2022 £ 12 A 8 H 20/3
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Example 1 (Ishii-Matsuzaki-Murao '20)

{Gx}xren: a family of groups, X = | |,c, G, * : X x X — X: a binary operation on X.

X = (X, *): a multiple group rack (MGR)

& x satisfies the following conditions.
O Ve X, VYy1,y2 € Gy, % (y1y2) = (x xy1) *y2 and z x ey = x. (ey: the identity of G))
@ Vr,y,z€ X, (x*xy)*xz=(x*2)*(yx*2).
O Vri,20€ X, Vye Gy, IpeAst. z1xy, xaxy € G, and (z122) xy = (21 % y) (2 * y).

An MGR X = | | .5 G is called a multiple conjugation quandle (MCQ) (Ishii '15)
& * satisfies the following condition.

e VAC A Vr,y € Gy, zxy =y tay.

i mH (KBRKZ) 2022 £ 12 A 8 H

Example 2 (Saito-Zappala)

G: a group,

x:G? x G? = G? (z,y) * (z,w) = (xz~lw,yz~'w): a binary operation on G2.
x is a rack operation.

In this talk, we call G? = (G?, %) heap rack.

(z,y)(y,2) = (v, 2): a partial product on G? (z,y,2 € G).

Example 3

R = (R, *): a rack,

>: R?2x R?2 = R?%, (z,y) > (2,w) = ((x 7 2) xw, (y * ! 2) xw): a binary operation on R2.
> is a rack operation.

(z,y)(y,2) = (z,2): a partial product on R? (x,y,z € R).

i . (KBRKZ) 2022 £ 12 A 8 H
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Groupoid rack

We can construct groupoid racks from augmented racks.

Definition (Fenn-Rourke '92)

G: a group, R = (R, *): arack with R~ G, 0: R— G.
(R,G,0): an augmented rack
< 0 satisfies the following conditions.

e Vr,y € Rixxy=x-0(y).
e Vz € R\Vg € G,z g) =g 10(x)g.

If R is a quandle, (R,G,0) is an augmented quandle (Joyce '82).

i mH (KBRKZ) 2022 £ 12 A 8 H

(R,G,0): an augmented rack.
Consider the groupoid C which consists of

e Ob(C) =R,

e Hom(z,y) = {(z,y,9) e RX Rx G |y =z -g},

e composition: Hom(z,y) x Hom(y, 2) > ((z,v,9), (y,2,h)) — (x, z,gh) € Hom(z, z),
e (z,x,eq): the identity morphism for z € G,

e (y,z,97 ') € Hom(y, x) is the inverse morphism of (x,v,g) € Hom(z, ¥).

Example 4

X =Hom(C), n€Z, 6 € {0,1},

> X X X = X (2,9,9)> (2w, h) = (@-0()"W09(w) ",y - ()" hA(w) ", gAE oW ™),
where a® = b~1ab (a,b € G).

Then X is a groupoid rack.

i . (KBRKZ) 2022 £ 12 A 8 H 24 /35
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Groupoid rack

Rs = (Zs,z xy = 2y — z): the dihedral quandle.
AUt(Rg)Z{fZRgBJII—)CL.’L'—FbGRg,|a€Z§<,b€Zg}.

(R3,Aut(R3),0 : R3 > x — S, € Aut(R3)) is an augmented rack. The groupoid rack X,
constituted from (Rs, Aut(R3),d) by the method in Example 4, is not an MGR.

Example 3 and 4 show that it is possible to construct groupoid racks from racks. Furthermore,
the way in Example 4 can also construct groupoid racks that are not MGRs.

i mH (KBRKZ) 2022 £ 12 A 8 H 25 /35

Universality

© Universality
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Theorem 2

R = (R, *,p): a symmetric rack. P C R x R and p: P — R satisfy the following conditions,
where we denote y(a, b) by ab.

e Ya,b,c € R, [(a,b) € P A (ab,c) € P] < [(b,c) € P A (a,bc) € P].
e Y(a,b),(ab,c) € P, (ab)c = a(bc).
e Va,b,z € R, (a,b) € P < (p(b),pla)) € P= (axx,bxx) € P.
e Y(a,b) € P, (b,p(adb)) € P,(p(ab),a) € P.
e Y(a,b) € P,Vx € R,
p(b)p(a) = p(ab), (ab)p(b) = a, (ab) x x = (a*x)(b* x),z * (ab) = (z * a) * b.
Put R := 4 p)ep {a, b} Then
(i) R’ is a subrack of (R, *) with the good involution p.
(i1) (R',*) is a groupoid rack.

Before proving the theorem, we see how the conditions are obtained.

i mH (KBRKZ) 2022 £ 12 A 8 H 27 /35

Universality

a b ab

ab a b

Figure: coloring conditions at trivalent vertices ((a,b) € P)

Well-definedness of the coloring at a vertex:
e Ya,b,x € R, (a,b) € P < (p(b),p(a)) € P.
e Y(a,b) € P, (b,p(adb)) € P,(p(ab),a) € P.
e Y(a,b) € P,Yx € R, p(b)p(a) = p(ab), (ab)p(b) = a.

i mH (KBRKZ) 2022 £ 12 A 8 H
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Universality

ab p(ab)

Figure: coloring at a vertex

(a,b) € P < (p(b), pla)) € P,
p(b)p(a) = plab).

i = (KBRKZ) 2022 £ 12 A 8 H

Universality

R5-moves:
e Va,b,z € R, (a,b) € P& (axxz,bxx) € P.
e Y(a,b) € PVx € R, (ab) xx = (a*xx)(bxx),x * (ab) = (x xa) * b.
R6-moves
e Ya,b,c € R, [(a,b) € P A (ab,c) € P] < [(b,c) € P A (a,bc) € P].
e Y(a,b), (ab,c) € P, (ab)c = a(bc).

i mH (KBRKZ) 2022 £ 12 A 8 H
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Universality

x x
a | a

x% (R—S) >—ab
b l b

(xxa)*b T *v(ab)

(a,b) € P = z*(ab) = (zxa) xb.

i = (KBRKZ) 2022 £ 12 A 8 H

Universality

x x
b bxx b
ab
—> —>(ab) xx
axx)(bx ) R5
Lo "
v v

(a,b) e P& (axx,bxx) € P,
(axx)(bxx) = (ab) * x.

i mH (KBRKZ) 2022 £ 12 A 8 H
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Universality
(ab)c c
a(be) c
ab “—
R6 be
a b
a b

[(a.b) € P A (ab,c) € P] < [(b,c) € P A (a,bc) € P],
(a.b) € P A (ab,c) € P = (ab)c = a(bc).

i = (KBRKZ) 2022 £ 12 A 8 H

Universality

Sketch of proof:
@ va c R, (p(a),a) € P, (a, p(a)) € P.
®VreR S, (R)=R.
© p(R)=PR.
X = U(a,b)eP {Sm Sb tm tb}y
~: an equivalence relation generated by {(t4,sp) | (a,b) € P} C X x X.
Consider the groupoid C which consists of

e Ob(C) =X/ ~.
e Vz,y € Ob(C),Hom(z,y) ={a € R| s, € z,t, € y}.
e identity morphism for z € Ob(C):id; = ap(a), where a : z — y (well-defined).

e Ya € Hom(C), p(a) is the inverse of a.

Then R’ = Hom(C) and p is equal to the composition of morphisms as a map. * and p satisfy
the conditions of groupoid rack. Therefore R’ is a groupoid rack.
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Universality

Thank you for your attention!!
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Good involutions of generalized Alexander quandles

Yuta Taniguchi

ABSTRACT. Quandles with good involutions that satisfy certain conditions,
which are called good involutions, can be used to construct invariants of unori-
ented link. In this note, we discuss good involutions of generalized Alexander
quandles.

1 Introduction

A quandle [1, 4] is a set X with a binary operation * : X? — X satisfying the following
conditions:

(Q1l) For any x € X, we have x x z = x.

(Q2) There exists a binary operation ¥ : X2 — X such that (z *y)*y = (z%y) xy = x for
any z,y € X.

(Q3) For any z,y,x € X, we have (x xy) x z = (x % 2) x (y x 2).

By (Q2), the map S, : X — X;x — x =y is bijective for any y. A quandle X is connected
if for any z,y € X, there exist z1,29,...,2, € X and e1,¢9,...,¢6, € {£1} such that
S2r oo 520 521 (z) = y.

Let X be a quandle. A map p: X — X is a good involution [2] if p is an involution
such that p(z * y) = p(z) xy and x * p(y) = xxy for any x,y € X. Then, the pair (X, p)
is called the symmetric quandle [3].

Example 1.1. A quandle X is a kei if the operation * coincides with *. Then, the identity
map on X is a good involution.

Example 1.2. Let G be a group. Let us define the operation * on G by g * h := h™1gh.
Then, Conj(G) = (G, *) is a quandle, which is called the conjugation quandle of G. The
inversion inv(G) : G — G; g+~ ¢! is a good involution of Conj(G).

The following problems naturally arise.

Problem 1.3. Determine the necessary and sufficient condition for good involutions of a
quandle X to exist.

Problem 1.4. Determine the set of all good involutions of a quandle X .

In this note, we consider this problem if a quandle is a generalized Alexander quandle.

The author was supported by JSPS KAKENHI Grant Number 21J21482.



Quandles and Symmetric Spaces 2022 53

2 Main results

Let G be a group and ¢ : G — G be a group automorphism of GG. Let us define the
operation * on G by g * h := p(gh™')h. Then, GAlex(G, p) = (G, *) is a quandle, which
is called the generalized Alexander quandle of (G,p). If G is an abelian group, we call
GAlex(G, ) the Alexander quandle.

At first, we give an answer of Problem 1.3 if a quandle X is the generalized Alexander
quandle of (G, ¢) for some G and .

Theorem 2.1. Let G be a group and ¢ : G — G a group automorphism of G. There
exists a good involution of GAlex(G, ¢) if and only if the quandle GAlex(G, ¢) is a kei.

Next, let us consider Problem 1.4 when the generalized Alexander quandle GAlex(G, ¢)
is connected. Let G be a group and ¢ : G — G be a group automorphism. Suppose that
the generalized Alexander quandle GAlex(G, ¢) is a kei and a connected quandle. By
Theorem 2.1, there exists a good involution p : GAlex(G, ¢) — GAlex(G, p). We put
r:= p(e), where e is the identity element of G. Then, r satisfies the following conditions:

e We have p(r) =r.
e For any z,y € G, we have r(x xy) = (rx) x y.

Since GAlex(G, ¢) is connected, we see that p(x) = ra for any v € GAlex(G, ). This
implies that 7% = e.

Conversely, if there exists an element r € G such that r? = e and (r) = r, we see the
map p, : GAlex(G, @) — GAlex(G, ¢); x — rx is a good involution. Thus, we have the
following proposition:

Proposition 2.2. Let G be a group and ¢ : G — G a group automorphism. If the quandle
GAlex(G, p) is a kei and a conncted quandle, there is a bijection

{p : good involutions of GAlex(G, )} PLLN {reG|olr)=rr*=c}.

Remark 2.3. If a generalized Alexander quandle is not connected, Proposition 2.2 does
not hold. Let us consider the quandle Ry = GAlex(Z/47,inv(Z/47Z)), which is called the
dihedral quandle of order 4. By [3], R4 has four good involutions. However, we see that
{r € Z/AZ | inv(Z/AZ)(r) = r,2r = 0} consists of two elements 0,2 € Z/47Z.
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Good involutions of generalized Alexander quandles

A ER

RIRKRFERE BT SERY

/B IR O A i
December 8, 2022

EFR (Joyce '82, Matveev '82)

X: (ZETRWV) BE X2 5 X 2 JHEE.

X = (X,x): B2 FJL (quandle) & * ZLLT 2723
@ reX rxx=uzx.
9vyEX,Sy:X%X;xHx*ybi/i\iﬁﬂk.

@ "r,y,2€ X, (mxy)*kz=(x*2)* (y*2).

2) & P X% - X: 2 JHEH st.

Yo,y € X, (x*y)ky = (zky) xy = .
x %« OWNERE & FES.
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(X,*): Y FV = (X,%): B R

—MIZ (X, %) & (X, %) &Y Pk LTRETR.

JEZE (Kamada '07, Kamada-Oshiro '10)

X = (X,%): B> Fi.

p: X = X: BUWHE (good involution) < p 1XLIT %723
0 p: MEER ie p? =idy.

@ "z,y € X, p(xxy) = p(z) +y.

Q@ "r.yc X, xx*ply) = r¥y.

p MREVWRED Y X

(X, p) ZXFRH > RIL (symmetric quandle) & FE3.

(X, p), (X', p): XFEA > KoL

(X,p) & (X', p) B (RHAFILELT)RAE

S HBEZHYENVFER fF. X - X DFELT fop=pof.
Aut(X,p) ={f: X > X | f: A FIEAR fop=po [}
fBil.

X: BABRAYVFIL e "2,y e X, 25y = .

ZDL ZERDONEFRIZIR VIS,

.

X:Eie X: AV Flst =%

IOt FEFEER Idy ZRVAE.
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5.

G: 8. Conj(@) = (G,z*xy =y lay): G ODREAVFRIL.
Inv(G): G — G; g+ g1 Conj(G) DRWVIAE.

A1,

S2 = {(z,y,2) e R® |22 +y2 + 22 =1}.

vxy = (v %y L RAZESHTO BERZE72K) (0 € [0,27))
~s (52, x): 12 Fob.

p:S? = S%x —x (82, %) DRVINE.

[ 78

YRV X BMEHE (x) 2RO T 5. ((x) IQIEEE, 7L %9

YR—FEDAND)

o X WRWLWNEZRFOME (T57) &M% KD X.

o X DRWIIEZ VAN FL, XIFAH > v e LTOF
AHZIREYR K.
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5
BRI (X, ) BDERWHEZHED = (X, %) & (X, %) (Z[FRA.
() plaxy) = p(x * p(y)) = p(x) * p(y)-
WIS RRAL (4 RS > Rz ).
2 KA > KV R, \ZDWTI& [Kamada-Oshiro '10] TV X b
7w TIMET L TW5S:

o n WA = BLXHIE 1D,

on =2m PO m BHEY = BLXEIE 2 D,

on =2m D m BPEH = BLXEIE 4 D,

FFR—a v

f O H R OB D 5

Y RN s HEDOVWAENHDOARE R,

XA > R s [AIEDODOWTWRWEEE (RHZH & DA

AlREZRHIEAS FH) O ERE.

o MIFRA ¥ B LD EMRHIZ KREICHK L THUOEHDOD AN EE%
B L7zW

o MFRA ¥ FNADOHEZHEM L THRUBDODARE RO HE 2 H
fE L 720
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F > RV & BIFRZER DO i &

7EF% (Kubo-Nagashiki-Okuda-Tamaru '22)
X: WYV, AC X: W © Vr,y € A, oy = .

EED 2€ X W LTES {p()|p: BOXE} C X 130
By

= RONEDNEEICH D & (MR) S il R 513Kk = <
2%

Okt

[V 78
YRV X DBEE (x) BT 5.
o X MEUVWNEZHROME (T7) &t Z2KD X.
o X DEVWNEZ YR v I, XifA > Kk LTODIH
AHZREY K.
SHIZ (x) = —eIN=T7LEFHA4—HA2VRIL &2 5.

EFR

G: B, p:G— G: BRI zxy:= oy Dy (z,y € G).

= GAlex(G, ¢): —fESNT=7LEFH X —H2RIL.
FHZ G DA RO & ZW2IET7 LY A —A 2V RILEESR.
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Ip : GAlex(G, @) — GAlex(G, ¢): BONE < GAlex(G

(RIEFA)
(=) ZREIE WV, Y2 € GAlex(G, @) IR LT

p(z) = plz ) = p(z) * z = p(p(x)a )z = p(p())p(z )z

£ 5T "z € GAlex(G, ¢) I LT p(p(z) Hp(z) = oz~ ).
L7zD3oT

wxy = x % p(y) = o(xpy) oY) = e(zy™ ")y =+ y BDT,
GAlex(G, ) 13, O

F Y Rl X piEks
& ({Sy|lye X)) DY X WTHEBIIIEHT 5.

G: BIRAJIEE, »: G — G: BEAAL

GAlex(G, ¢): R DOE

= GAlex(G, ¢) D RWVINEIIEZFEIR L IEE LRV,

T

MEDRED HHERLEEZ ML T, IFAWEZBVRE 21
DEIICRD.
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— R LXNET7LFEYF X =Y RLDOBEBOLIES

ZIh6 G B oG — G BEFANIEE L,
X = GAlex(G, ¢) \FHEMERETDH 2 LIRET 5.
X ODRWHE p XL, ri=ple) EEL EXRDED ILD:

o o(r)=p(re Ne=r*xe=ple)xe=plexe)=ple) =r

o wy € X, (re) xy = p(ray Ny = ro(ey Ny = r(z x y).
o T X FHEKZDT p(x) =ra BDUD DI DD 5.
T/ p ENERDT P =e THRZDIDNS.

— X7 LFEY X =Y RLDOBEOLIES

W o(r) =1 2D r? = e Zifi/2TICIIN LT
or: X = Xz re EEDDBE p IFRWNEIZR S,
UErFeDHbeR2H5:

{GAlex(G, ) DBWHE )} &5 {r e G| o(r) = r,12
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—RLEN=7 LI HX—h Y RILDRWHED

X = GAlex(G, o) 138FE72 DT,
VX = X: Y RAERY 3f# G — GHER b e G st
f(x) = fu(x)b (cf. [Higashitani-Kurihara]).

X > Xsx—nrx

FoT X opuia M K LT

p2: X — X;x— rox
fopr=paof 2B fu(r) =ry DD ILD.
FRHER fF GG D fop=ypof DD f(r1) =ry Ziil
TR [ (X, 1) & (X, p2) OHDFAAEIC S,

iy e

{GAlex(G, p) DRVNE } mm

1:1
= {r € G| r? = &,0(r) = 1} /{ feAuty(O)| fop=ror}-

5.

G:=S'=R/ZITHER zxy=2y—a THY FLEE ANS.
v E EIOEER {0%} Y%

EoTZDHY RADEWHE Idg: & p(x) = ZL’—I—% D 2D,
T2, mEED (X, 1dg) & (X, p) EFRA > Fove LA
TR,
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HOREZNTESETOZ LI D TR0,

Py N}
fl.
Run = (Z)AnZ,x % y = 2y — x): Hi¥K an @ 2 WitEH > KL
(n - Z>())
ZDE X BOEIZLITD 4 O [Kamada-Oshiro '10]:
(1) p1(z) = =. (2) p2(z) = = + 2n.
(3)p3(z) = (2n + 1)x. (4) pa(x) = (2n+ 1)z + 2n.

(Ran, p3) & (Rap, ps) ERFRA > FL e LCEAEICHR 3.
= Ry, OFHFRD > FoLr UTORBIFEIL 3 fE5H.

YRV X DFEE o Aut(X) DS X ITHBINERT 5.
XA > KoL (X, p) DIEE

& Aut(X, p) D X ITHERBRYICIER 3 5.

HE b7 V2= ¥ FUIFE.

AV RNV X PEETDH (X, p) DEEFLIERS 0.
FEE, (Ran, p1), (Ran, p2) (FFEZD (Ryp, p3) (FFEH TRV,

(Aut<R4n, s) = {f<x> —aatbly o S })
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—RILZENS 7 LI X —H Y RAUIEER DY F LD
E] TH5.

EH (Joyce '82)
FHBRH Y RN 7L o X —h > FILDRE
Y UCEHEES.

ROIOTEH I D, ZOEMD XA > Ry 13D 27
VA4
(FZ L BHIDOD Y FADELRLIEEZ L o7 ¥ P E)

SN Y FAD THE] LFERZ XS 0D > v
VAR D22

HY R X ORERY—F HY(X) L FRICHTRAY RIL
(X,p) DFREOS—B HY(X) bEFSINS. Lol
HZP(X) 13 HO(X) ¥ 22 F0HERR 3.

Ex.

X: HR DD RS

= HY(X) O~y F8Z 0 ([Litherland-Nelson '03]).

—77 X AR OHEIETD HIP(X) =7 L7 5% > B
WV (X, p) DMFAET 5. ([Carter-Oshiro-Saito '10])

XA > Fd (a) hEn Y —HOMWHEZ RN X.
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Homogeneous quandles with a commutative inner
automorphism group

Takuya Saito and Sakumi Sugawara
(Presenter: Takuya Saito)

ABSTRACT. There is a subclass of the flat quandles, which consists of quan-
dles having a commutative inner automorphism group. In this work, we de-
termined the structure of homogeneous quandles with commutative inner au-
tomorphism groups. We also give the number of isomorphism classes for small
orders.

1 Preliminary

The quandles are usually defined as magmas that satisty several conditions, but we
define them as sets with symmetric transformations. We write Map(X, X) as the set of
maps on X. Let () be a set and let s : Q — Map(Q, @); x — s, be a map. The pair (Q, s)
is a quandle if following three conditions:

e for any x € Q, s,(x) = x;
e for any = € ), the map s, is a bijection;
o for any z,y € Q, $:5y = S, (y)Sa-

For example, if s, is an identity map at any € X, then (X, s) satisfies the above
axioms and is a quandle. This is called a trivial quandle.

A map on a quandle f : (Q,s) — (Q, s) is an automorphism if f satisfies fos, = s¢z)of
for any z € Q). We write Aut(Q, s) as the group of all automorphisms on (Q,s). The
quandle (Q, s) is homogeneous if Aut(Q,s) acts @ transitive. Also, We write Inn(@Q, s)
the subgroup of Aut(Q, s) generated by the set {s, € Aut(Q, s) €| z € @} and call it the
inner automorphism group of (Q, s).

2 Main results

Let X be a set and let A be an abelian group. Take a map d : X x X — A with
d(z,xz) = 0 for any v € X. We define the quandle Q(X, A,d) on X x A by 5;.4)(y,b) :=
(y,b+ d(z,y)). Sometimes this is called abelian extension of a trivial quandle X by A.

Proposition 1. Let Aut(X,d) := {f € Map(X,X) | d(x,y) = d(f(x), f(y))(Vx,y €
X), f is bijective}. If Aut(X,d) acts transitively on X, then Q(X, A, d) is a homogeneous
quandle with a commutative inner automorphism group.

This work was partly supported by JSPS KAKENHI22J20470.
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Example 2. Let X = {a,b,c} be a set acted by Z/3Z transitively. Then the orbits
are Oy = {(a,a), (b,b),(c,c)},01 = {(a,b),(b,c),(c,a)} and Oy = {(a,c),(b,a),(c,b)}.
Take A = ZO, + Z0O, = Z? the free module generated by orbits O; and O,. And take
d(z,y) = O;((x,y) € O;)) where we define Oy := 0. Then Q(X, A,d) is a homogeneous

quandle with a commutative inner automorphism group.

If the “isometry group” Aut(X,d) of the pair (X, d) is transitive, then Q(X, A, d)
satisfies the desired condition. Conversely, when a homogeneous quandle (Q,s) has a
commutative inner automorphism group, there exists a quandle Q(X, A, d) which is iso-
morphic to (@, s) First, given the commutativity of the inner automorphism group, the
following lemma can be found.

Lemma 3. Let (Q,s) be a quandle. If Inn(Q,s) is commutative, then the map s :
) — Map(X, X) is a constant on each Inn(Q), s)-orbit, that is, s, = s, if there exists
f € Inn(Q, s) such that y = f(x).

A quandle with only one Inn(@, s)-orbit is called a connected quandle, we immediately
get that connected quandle with commutative inner automorphism group is the trivial
quandle of order 1.

The following theorem is obtained by adding the assumption that (@, s) is homoge-
neous to the above lemma.

Theorem 4. Let (Q,s) be a homogeneous quandle with a commutative inner automor-
phism group. Then there is a there is a set X, an abel group Aand amapd: X x X — A
satisfying d(z,xz) = 0 for any z € X such that Q(X, A,d) is isomorphic to (Q,s). In
particular, we can take X as @/Inn(Q) and A as some quotient group of Inn(Q, s).

Corollary 5. Let (@, s) be a homogeneous quandle with a commutative inner automor-
phism group of prime order. Then the quandle (Q, s) is trivial.

Finally, we give the number of isomorphism classes of such quandle for small orders.

order [1]2]|3]4|5]6|7[8]9]10|11[12]13|14[15]---
#{isomorphism classes} [ 1[1|1|2[1[4[1[7[4]| 7 [ 1|36] 1 |15][19]---
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PR ] LB S .
AAREE A VR o Q’éﬁ‘ﬁ

IWZDWT

Jbk-E-%
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#Efiii

§E #
Inn(Q(X, A,d))

B E SR AY
AR ) VR
JVZDWT

e 2
J k-2 JASE=
PRAEH

#Efiii

Example (HBH77 > K)L)
FED2zeQ Tsyi=idg & T2V FIVORMZT2T.

HHA7 Y KoL \nwo.,

£E5Q, s Q — Map(Q,Q)(= Q LOE/REIR), x — s, DHL(Q, 5)
X, AR 2T LEL Y RILEWNS,

oo QL EED e QITXNUT s,(x) =z,
Q2. EED z € QTR U T s, 1T HHT,
Q3. EED z,y € QTR UT 5,8, = S5,(y)Sa-
72, s, B x COXNMEHL NS,

IhExH
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g
Mz g a IEI g&ﬁi
Tk
HOE
el
RE#
o YV RIVOBOEEL f:(Q,s) = (Q,s) WAy FIIVEE
o :gﬁ:%ﬁ@xEQ'@fosmzs}(@of.
o HORZRE Aut(Q,s) = {H ¥ N (Q,s) DHCFE}.
o WIRH S FEBAE Inn(Q, s) := (s, € Aut(Q, s) | z € Q).
B GYQ,s) = (spos, | z,y €Q)(C Inn(Q,s)) A7 71 > FIVIZFEIH
WIS, SEHZRY) — < UHRFRZERIO A 2 FViR (5 LW).
R E ORI B
o
s @ Q(X, A, d)
TE 7%
o) Inn(Q(X, A,d))
ea i

Inn(Q(X, A,d))
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NS E CIRIBUREAY
ARG A v R

MZDWNT CQ(;X; /4,(1)

Jbk-E-%
T R

E 3%

mrecaa A X T~ A, EED e X Td(z,z) =072 5EH
d: X xX 3 ATHUTHYRILVQX, A d) = (X x A, s) AN CEH
T 5.

Sﬁun(yab):::(yab'+’d($ay)»

X1 A={0} 2 T3 QXA d)IZHMA Y RILITn5.
X2 HHEAA Y RV X D 2-cocycle IZ & 5 7 — UL K.

B E SR AY
AR ) VR

Mz DWNT CQ(;X; /4,(1)

Jbk-E-%
T R

7E %
QX, A d) = (X x A,s), £EX, T—_VBEA, [Vze X, d(z,z) = 0]
o BBIEBRI: X XX = A, su0y,b) = (y,b+d(z,y)).

QL. 5(pq)(x,a) = (x,a+0),
Q2. sy (Y b) = (y,b — d(z,y)),

Q3.
S(@.a)
(z,¢) (2, ¢ +d(z,2))
S5 @) = Swotdey)
S(y.b)
(z,c+d(x,2) +d(y, 2))

(z,c+d(y, 2)) T)) (z,c+d(y, !) +d(z, 2))

(z,a
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B E SR BLAEAY
ARG A v R
JZDWT

Jbk-E-%
T R

Inn(Q(X, A, d))

B E SR AY
A RIREE S v R
JVZDWT

Jbk-E-%
T R

Inn(Q(X, A, d))

Inn(Q(X, A, d))
7E 7%
Q(X, A, d) = (X x A,s), EEX, T—~AEEA, [Vze X,d(z,z) = 0]
BOEMAd: X x X = A, 534.0(y,0) = (y,b+d(z,y)).
iy e
Inn(Q(X,A,d) X7 —~NIVHETH 5.
Proof.
S(z,a)
(z,¢) 1 (z,c+d(z, 2))
54 Is(y,b)
” (5. + d(, 2) + dly, 2))
(Z,C-+’d(y,2)) FEZAA;% (Z,C-+—d(y,2)'+’d($,2)>
7€
QX A, d):= (X xA,s), BBX, T—NIHEA, [Voe X, d(z,z) = 0]
BOGEHRA: X x X = A, Sua(y,b) = (y,0+d(z,y)).

Example (i AR-H )

o HMET T AT VLA GLR™)™ = {R"D kRt A MRS 220 ) ik
z € Gp(R")~ BT 24 DIRLTH Y FILIZZ 5.

. DIEHER 7L FL K e, ..., e, (T L TEN S DIE S H [ 7 24 [H D
7&@"%/\14(1{:,71) ={x(ey,..,e) | 1<i;<...<ix <n}lFZTD
W4r 71> RIVIT7s 5.

o 2D E Alk,n) IFIRTREZE % Q(X,2/2Z,d) &AL,

1 |y\ x|is odd

0 others

KT PEE G D —MAbIZ i > T\ 5.



Quandles and Symmetric Spaces 2022 73

NS E CIRIBUREAY
AR ) v N
JZDWT

Jbk-E-%
T R

§E #
Inn(Q(X, A,d))
Bl

B E SR AY
AR ) VR
JVZDWT

Jbk-E-%
T R

§E #
Inn(Q(X, A,d))

RN

E &
Q(X,A,d) = (X x A,s), BEX, T—IUVEA, [Vz e X, d(x,z) = 0]
BOEHRA: X x X = A, Sua(y,b) = (y,0+d(z,y)).
Example
©G=(VE)¥#§i/57, X=V, d: E— 7/2Z,
d(z,y) =1iff Ty € E.
o FEHEZEM (X, d), A=R.
© X =H, KOFEH A=K, HEy: X - K%,
d(z,y) = x(zy™).
¢)IJe 4E§igx? /1::()(7+J’ d(I,y)::[I,yL
© FEM

FRE M
FHEBREAD O DR
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AT
- SRA M F O
S
E 7%
o e EOMI(X, A ) ITHLT, BB f X o X A dIClT B S RE R
Eod(z,y) = d(f(x), f(y) 27T
o o Aut(X,d) = {d 1292 X LOFERLH] =
{f € Map(X, X) | d(z,y) = d(f(z), f(y)), f 3= HE}
i e
[T 2EREHTHD L &,
FliXxA—o X xA(z,a)— (flz),a)lZQ(X,A,d) ©HECRE,
Kz, Aut(X,d) C Aut(Q(X, A, d)).
A
JUIZDNT %%Z&j\‘*@ t %E{,l\%
JeR-BE- 2K
TRARARTR
E 3%
L AV R A

FRER
SRR A

o HE &L Aut(Q,s) DY (Q, s) ICHERSIIIZMEFI T 5.
o SEAE LD Inn(Q, s) 8 (Q, s) ICHEBINIZMERT 5.

XNERE CRIBURED Al DO lsE = M1 OHBIA » KL (185k) .
— WERE CRBIRED A BB 5 v RVIZ E S > TV B,

T
Awt(X,d) 55 X 1 L THBINTS 5 = Q(X, A, d) 1325,
— B NEE BB W a2 BB h » RV EHERTE 5.
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P SR RS
R TR X 5 DR
Example
c (1,0) e X ={a,b,c}
- o Z3Z OHBMER p DRI
(0,1) e Op = {(a,a), (b,b), (c,c)}
GEAYAD S O —_— ° Ol — {(a’ b)7 (b, C), (C, a)}
Ow e 05 ={(a,0), (b,a), (c;b)}
:1:\;; | a | b | #oE ECTER—EIZRE L IITED K
DIZHLS.
all (0,0 1,0 0,1
¢ (1,0)](0,1)](0,0) o 2D E QXA d) IFNEHE C[FIBLEE
WAL CEE.
P SRS
it
Jhk-F 5
TREER
;i;";;((g(xurx.d))
O :iEHE
FHER
2

RE DN E WG
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NS E CIRIBUREAY
ARG A v R
JZDWT

Jbk-E-%
T R

E
Inn(Q(X, A,d))

ERGR

B E SR AY
A RIREE S v R
JVZDWT

Jbk-E-%
T R

e
Inn(Q(X, A, d))

ERGR
7

EEREE

REH

IR O RS TR ST 7 > RV Q IZR LT, ha8BA X &7 —
NABEA, d: X x X — ABBIELT Q(X, A, d) & A5,

Rz

e X : QD In(Q) IZLBHIEDNEQ = | |,.x Qu PIHFESE

o A Inn(Q) DY R AT
TEB.

ZIEHH D B

o Inn(Q) MNw]#l
= Vp,q € Q, 8pSq = S¢Sp = Ss,(0)Sq
< VD, q € Q,Sp = Ss,(p)
& Vp e Q,Vf €Inn(Q),s, = sy
& Q @ Inn(Q)-#E L THIEHIE—E
e QD In(Q) IZXLWENEE | |, Q. TEDE,
FEMEDPCMERED 2,y T
Qr = Q,

o LD o THEEIZ2ZEELTQ=XxQ, DLDIZEITS.

o Q. IXHARLMEHATEEL Inn(Q)-FLE722 5 Q, 13 Inn(Q)
ELUTHNS.

DHER A
O



Quandles and Symmetric Spaces 2022 7

NS E CIRIBUREAY
ARG A v R

IWZDWT

Jbk-E-%
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%
Inn(Q(X, A,d))

B E SR AY
A RIREE S v R
JVZDWT

Jbk-E-%
T R

%
Inn(Q(X, A, d))

AN E B &

A
% Inn(Q)-H&E Qﬁ‘ﬁﬁﬂﬁ WA RWVIZIie b Z EIlERT B L
LR <L 7]’)75
A

HAE (DF 0 AEE CHEBIRNZ X 580ED —D) THEE C R A
oy RVIIiE 1 OBEHHAI Y RILTH 5.

B
WS E C R BIREDS A a2 BRI DOEE 7 > RVIZEHBAA Y RV ThHh 5.

BN E WG

FLEAVNZ WA E C R BLRE A AT 72 S5 77 > )L O [A] BUEH oD 16 4

frg||1]2|3]4|5]6]7][8]9]10]11|12|13][14[15]---
11|21 [4]1]7[4] 71361 [15]19] -
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S
MZDONWT ,fﬁ[J : n = 4
AboR-EE- 2
TRBEERHR
Example
ST X x A =4 &0, (1X],14) = (4,1),(2,2).
(4,1): HHA > R,
(2,2): Z)2Z ~ X : B, A=17Z/2Z, d#£0. -~ IXDGEIZRS.
’:‘vz " 1 d(gj?y)
PBDINE B x\y a b
% T
1 bll1]0
S
ZDONWT ,fﬁ[J : n = 6
Abok-EE- %
TRBEER R
Example

X x Al=6%9, (IX],|4]) = (6,1),(2,3),(3,2).

L;;mmx.A.d)) (6/ 1) . aﬁﬁj] \/ ]\“}l/. x\y || a | b |
(2,3) : Z/2Z ~ X : WY, G al[0]1

C

1

A=17/3Z, dgéo AERLaE
) @0 cl1l1l0

. SARDGEIZRS. d(z,y
[N 1 T \y a b
oWO a[0]1 0 2\y o8] e
1 bi1]0 alol1T70
(3,2): Z/3Z ~ X : HEFBHY, b|0]0]|1
A=7/27, d#0. @)\J cl|1]0]0

SADZHEY . d(z,y)
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JUZDWNWT
JbR-HL- 2K
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£E fit
Q(X,A,d)

TE#

Inn(Q(X, A, d))

BLEHNE B &

PR E LR LAY
IR T R
JNZDNT

Jbk-E-%
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AE fit
f

Q(X, A, d)
TEH

Inn(Q(X, A, d))
B

2 n =10

Example

(10,1) :
(2,

(5]

(|X| ) |A|) = (107 1)7 (2? 5)7 (57 2)'

HEHA Y L. (5,2) Z/5ZmX-?ﬁ§H’J A—Z/QZ
5): A=7Z/5Z —1|fF

= OBO
D
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Maximal antipodal sets of F; and F'I

Sasaki Yuuki

1 Introduction

Let M be a compact Riemannian symmetric space and denote the geodesic symmetry
at x € M by s,. In this paper, we assume that M is connected. If s,(y) = y for two
points x,y € M, we say that z,y are antipodal. A subset S of M is an antipodal set,
if any two points of S are antipodal. The 2-number #,M of M is the maximum of the
cardinalities of antipodal sets of M. We call an antipodal set S in M great if #5 = #,M.
An antipodal set S is called maximal if there are no antipodal sets including S properly.
These notions were introduced by Chen-Nagano [1]. In general, any antipodal set of any
Riemannian symmetric space of noncompact type is a one-point set, so we consider only
compact symmetric spaces in this paper. It is known that antipodal sets are finite sets
and 2-number is finite [1] [3]. In the present paper, we observe maximal antipodal sets
of the exceptional compact Lie group F, and the compact symmetric space of FI type.
Remark that FII is a symmetric R-space, so maximal antipodal sets of F'II is already
classfied by Tanaka- Tasaki [3].

2 Maximal antipodal sets of F}

Let O = 691‘7:0 Re; be the octonions. The multiplicity of O is defined satisfying fol-

lowing: (1) eg is the unit element of this multiplicity, (2) e? = —ey and e;e; = —eje;
for any 1 < i # j < 7, (3) the multiplicity satisfies the distributive law, (4) the mul-
tiplicity among ey, --- ,e; is defined by Figure 1 (for example, ejes = e3,e2e3 = €1 and

ese; = ey). Remark that the associative law does not follow in the octonions. For each

Figure 1:

€,

r = 21'7:0 zie; € O (z; € R), we set the conjugation T = xoey — 25:1 z;e; of ©. Let
y =3 ,viei € O (y; € R). Then, the standard inner product ( , )g of @ is defined by
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(7,9)0 = Sy i- Let SO(Q) be the set of all isometric linear automorphisms of O
whose determinant is 1. Then, the exceptional compact Lie group G, is given by

Gy ={g € SO(0) ; g(zy) = g(x)g(y) (z,y € Q)}.

The triality principle of SO(Q) is well known.

Proposition 2.1 (The triality principle of SO(Q)). For any g1 € SO(Q) there are g3, g3 €
SO(0) such that

(17)(92y) = 93(TY),  (922)(93y) = 91(TY), (937)(q1y) = G2(TY).

Moreover, such (ga,93) are (ga,g3) or (—g2, —gs).

Set D as follows:
D :={(g1,92,93) € SO(0)® : g1, g2, g satisfy the triality principle of SO(Q)}.

Then, D is isomorphic to Spin(8), so we denote D to Spin(8). There are four totally
geodesic embeddings fo, - -, f3 from G to Spin(8):

fo:Go—= Spin(8) 5 g—( g, g, 9), fi:Ga— Spin(8); g—( g,—,9,—9),
fo: Gy = Spin(8) 5 g— (=g, 9,—9),  f3:Gy— Spin(8); g— (—g—,9, 9).

Let M(3,0) be the set of all 3 x 3 matrices whose components are octonions. Set J :=
{X € M(3,0) ; 'X = X} and we call J the exceptional Jordan algebra. The Jordan
product o of J is defined by X oY = %(XY +YX) (X,Y €J). Then, the exceptional
compact Lie group F} is defined by

Fy={g€lsom(J); g(XoY)=g(X)og(Y)},

where Isom(J) is the set of all automorphisms of J. Then, the following ¢ is an one-to-one
homomorphism from Spin(8) to Fj:

& w3 a2 §&1 gsw3  gswo )

¢(gl,gg,g3) 23 & m | = |g3w3 &2 gqima (.CEZ €0, eRi=1,2, 3)
T2 1 &3 g2z2  giz1 &3

Theorem 2.2. [2] Let Ag, be any mazimal antipodal sets of Gy and Ap, := ¢(fo(Ag,) U

e U fg(AG2)>. Then, Ag, is a maximal antipodal set of Fy and any maximal antipodal

set of Fy 1s congruent to Ap,. Moreover, #2Fy = 32 because #,Go = 8.

3 Maximal antipodal sets of F'/

A subspace V' of O satisfying (vu)w = v(uw) (v,u,w € V) is called an associative
submanifold and we call the set of all associative subspaces the associative Grassmann
manifold. The associative Grassmann is denoted to Gg(Q). For example, the standard
quaternions H is an associative subspace of @. It is known that Gg(Q) is a compact
symmetric space of G type. Let G4(Q) be the set of all 4-dimensional subspaces of
0. Then, Gg(0) C G4(0) and this inclusion is totally geodesic. The following triality
principle of G4(0) is true.
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Lemma 3.1. [2] For any V) € G4(Q), there are Vo, Vs € G4(0O) such that
oy € Vs, oz €Vy, wgur € Va (v, €V, i=1,2,3).
Moreover, (Va, V3) is (Va, V3) or (V55 V).
Set G%(Q) as follows.
G1(0) == {(Vi, Vo, V3) € (G4(0))’ ; Byt € Viga (v; € Vi, i is mod3)}.

We easily check that Spin(8) acts on G (Q) transitively and G1(Q) = SO(8)/S0O(4) x
SO(4). There are four totally geodesic embeddings go, - - , g3 from Gy (Q) to GT(Q):

g2 Gu(0) = GLHQ) ; Vs (=V, V,=V), g3: Gu(Q) = GI(Q) ; Vs (=V—,V, V).

Set Ju = {X € M(3,H) ; ‘X = X}. Then, Jy is a subalgebra of J with respect to o.
Denote the set of all subalgebras of J which are isomorphisc to Jg to Gg(J). We see that
F, acts on Gy(J) transitively and Gy (J) is a compact symmetric space of F'I type. Then,
the following v is a totally geodesic embedding from G1(0) to Gg(J).

¥ GH0) = Gu(3) ; (i, Va,Vs) = E4 Vi + Vy + Vi,

where FE is the subspace of all diagonal matrices of J.

Theorem 3.2. [2] Let Ag be any mazimal antipodal set of Gu(Q) and Apr == ¥ (go(Ag)U
> -Ugg(A(;)). Then, Ay is a mazimal antipodal set of Gy (J) and any maximal antipodal
set of Gu(J) is isomorphic to Apr. Moreover, #2F1 = 28 since #Gy(0) = 7.
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1. avRy SABEEBONEERES

( 1. AVNRY b EEONERE ]
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1. AV Y bRBEBOBANEES

X AN 22

EFE 2.1

)—<UEBEMICDOWT, BExeEMICH L TREFB-IERETH: s, B EFE
IT5EE, MAERIREBEWD.

(1) x & sx DIMIBEERTH 5.

(2) s RHEHTH S (s2 = idu).

Sy & x ICH T B R & MR,

ek B (RRE) Fy BETFI B /80 FHTEBOREES 4/ 46

1. AV Y bRBEBOBANEES

A RILICDWT

E 2.2

XEEBEL, x: Xx X2 X&FB, ZDEE, (X, x) DAY RILTHDB LI,
LFE#EI L.

(Ql) FED x € X ITDWVWT x* x = x.

(Q2) FBD x,y e X IZDWTC zxx =y &imlkd ze X BNE—D2HHET 3.
(Q3) FED x,y,z€ X IZDWT (x*xy)*z=(x*2)x*(y* 2).

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 5/ 46
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1. AV Y bRBEBOBANEES

SHRZEREIC D W T

fEE 2.3
M EXMZEBE L g 2 M DFEREBRET S, FRED y,ze MITDOWT

Se(y)8 = & Sy &< Ss,(y)Sz = SzSy

o MED2IHREE « ZRTED .
x*y = sy(x)

(Ql) xxx=x

Xxx=5(x)=x UK.
(Q2) () *x x AEE4

RN s, NEREBRTHDZ I ENDHED.
(Q3) (x*xy)xz=(xx*x2z)x*(y*2)

(xxy)xz=-s,5/(x) = ssz(y)sz(x) =(xx2)xs5,(y)=(x*xz)x(y*xz) & V.

o LN >T, WMEBICHITDaiRE, HhY RILDOBEEZSZTWS,
Fo BEG FI B2 A HEERONEES 6/ a5

1. AV Y bRBEBOBANEES

SRS

EZ 2.4 (Chen-Nagano, 1988)
M % ERE RN IZER & T 5.

@ p,g € M B XIEEH PN sp(q) = g(<= sq¢(p) = p).
o M OBHES S AntiEEs £L S DEED 2 AA M.

o IRENZADONIEES Z ANEERS &I,
AIEEESDBEEAR M D 2-number & W\, #,M & H <.
WEEEEOEESERICAL TRALREDEZ, BANEESEEWLD.

o UUF, WMHEEIZOAV/NI NTHBERET S.
o WHHEAIXEBICAREARICAY, 2-number IXZBRTH 3.

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 7/ 46
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1. 3¥ 39 MHMEBMOBRNEES

B : BRmE S?

e pcS2kL, Lp)EHibho & pEBEDIERET S.
o pICBITBRNH s, 1 L(p) ZOEreh & L7 180 EOEns 4 5.
o {x€S?; sp(x)=x}={p,—p} THY, s,=5_,2DT s_,(p) = p.
£oTC, {p,—p}E S> DANEEEERY, #,5%=2.
Fy BECFI A0 b RBEMONESS 8/ 46

1. AV Y bRBEBOBANEES

Bl - av/Ng Y —EF

GZzaAVNIKMN)—BF&T 5.
o VNI KNY—B G &, MARESHEICEYIV/NT MAFERICAS.
e ZDEZE, ge GITHITERINFRIE
s :G— G, h— gh™g.

o B2 BUMANMEESIE, BRITOMEBN2 THBZ T —NILEFTHBARED

(maximal elementary abelian 2-subgroup) IZ74:%.

W2, maximal elementary abelian 2-subgroup B RKXIEEE G IC 5.
o BIZIEX, =% Y& U(n) ICBVWTIZE

+1
A, = e U(n)
+1

AAMBEEA ER>TWNS, ELIZ, #Un) =2" &1,

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 9/ 46



90 OCAMI Reports Vol. 9 (2022)

1. AV Y bRBEBOBANEES

NHREEDMHE 1

I 2.5 (Chen-Nagano, 1988)
4oM & M OFREETH 3. J

@ 2-number NEAZWFZEM[EIE, BEWIEEIZA 5.
o #251 = #252 =2 7"\’:73\, 51 b 52 [ERIBYIC A 5730,

£ 2.6 (Chen-Nagano, 1988)
M#ZIAVIRT MR EBEL, \(M)ZE M DFA5—8EdTE. ZDEE,

xX(M) < #2M

ek B (RRE) Fy BETFI B /80 FHTEBOREES 10 / 46

1. AV Y bRBEBOBANEES

MRS DME 2

I 2.7 (Takeuchi, 1989)

MZRH R ZEBETS. TDEE, ANEESZHRAREG LT 5 Zy-perfect
Morse B A FIE L,
#2M =dim H*(M ) Zz)

EI 2.8 (Amman, 2021)
ERDOAV /T PRIHFERICOVNT

H#oM < dim Hy (M ; Z)

< E=DEFWIFLZLL DO >TLARL:-

ek B (REEE) Fy BEU FI BV MRTREREORESRS 11 / 46
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2. MRS DR

[ 2 HEEEA DL ]

ek B (RRE) Fy BETFI B /80 FHTEBOREES 12 / 46

2. MEEADDER

BAXI RS DDE

2TOaV/NY PRFRERT,

o &XIT, FREBBOBEMEFENRDTRIVAEIBDZRALEALLT (R
), BANEESZ0M8T 5.

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 13 / 46
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2. WK E DD

o BRI v /Ny NEUHIRZERIZRD LD ICHFEFEINTWS.
o HEIIDWT, BMAWNBEESDERBDOBE L UERARINTWS,

o W R ZEMICEWVTIE, MANEESDSIE - BHKITTKL TWS.
(EFEOBANEESIIEWCARICAS)

e A

|7y BELS BrRERE | 1| B | 28l BMERE
All B8
Alll &Y

BDI B | HEEYJ S5 ATV Ekik 20r4 BDZ! | Spin(n) 20r4

il L |
Lor2

EeR B (RREE) Fy BEU FI BV Ry FRTREEONIERE 14 / 46

Cl &
Cll &

2. WEERE DD

{51 515

| B B BRERE | 11 8 | B8 RASRSE
cv | Jeom 0B ox @ MW
FI B Fa/(Sp(1) - Sp(3)) F2 | R,
e EE W

El & Es/(Sp(4)/Z) Eo® | | Es
Ell® || Es/(U(1) x Spin(10))/Zs

Elll B Es/(Sp(1) - SU(6))

EIV & Es/Fa

EV & E;/(SU(8)/Z,) 2 E®B| E 2
EVI® | E/(SU(2)- Spin(12)) 1

EVII B4 2

EVIII £ Eg/Ss(16) 1 E® | E 1
EIX B Es/SU2) - E; 1

ek B (REEE) Fy BEU FI BV MRTREREORESRS 15 / 46
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2. MRS DR

BAXSHER S DX

o SEIL, ZNETNDI VY MNMZEETHRERERHDTIEAL,
LRI D S HRAEDE RN SBANEESEZ2EZS.

o MWLM OLRIMMIA S, [HMAWHEBICA>T VS,

( ERHBEL D ZHRADOREREIE, TONHEBONERSICHS.

)

ERIHBIER D L ki AT MR FRZEE
f: N — M

N OEAREES A M OB A IES F(A)

EeR B (RREE) Fp 8LV FI BV R MEFEBOREES

3. Fy OBANEES

16 / 46

[ 3. F) OBARIEES

RDEEINEEZTWL,

G C Spin(8) C F

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES

17 / 46
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BIATI /R N —B% G,

T 4.1
UTFD&SICLTHEEREDR 8 RTAY MLER S Re ENATH O &1 5.

(1) e FEDEAMITTET S, HIC1 &EL. e,
2Q)BLLSi£jLSTIEDWT,
el.2 =—1,e;ef = —¢j¢ €, e, €7
(3) M HEEAE B LT WS,
(4) EORICLVEEED .
€3 s (SH

(Bl : e1er = €3, €164 = €5)

o ImO =" Re &K<
o x =21 xie IKDWT, xDHER%E, x=x0— Y1 X6 IKLUEDS.

o O DIERMNH (, ) ELUTTEDS.
1 7 7 7
(x,y) = §(X)7 +yR) = Xy, (x=)_ xe,y=)_ye)
Fy 556 FETL S LHREROHEN | = 18/ 46

3. Fy OBANEES

EFE 4.2

O OIEE f T f(xy) = f(X)f(y) 2T HED%E, ODEZABEEWVD.
ODBECRELEKICEIZEBEZHAAEEI VNI N)—BF G EWD.

°o Hge€GIk2WT, (g(x),8(y)) =(xy) (x,y €Q)

0 B gecGIlD2WT, g(eg)=16. &£<I, g(ImO) C ImO &Y,

G, C SO(ImO) = SO(7).

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 19 / 46
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3. Fy OBANEES

@ g1, ,87€ G ZRTEDS.

81 = IRel+Re2+]Re3 - I]Re4+Re5+Re6+IRe7 el
82 = IRe; +Rey+Res — IRey+Res+Reg+RE;
3 = IRe; +Reg+Re; — IRey+Rez+Rey+R
& e1+Reg+Rey ep+Re3z+Reg+Reg e2 e7
84 = IRey+Rey+Reg — IRe; +Reg+Reg+Rep €,

85 = IRrey+Reg+Re; — IRe; +Re3+Rey+Reg

86 = IrestRey+Re; — IRe;+Rey+Reg+Reg

87 = IRe3 +Reg+Reg — IRel +Rey+Rez+Rey

° g ZHfiwe L,

I 4.3 (Tanaka-Tasaki-Yasukura,2022)

Ag, 1& G, DB AHBEEETH 5.
$7, G, DEBEOBANEEAE A, EBAT, #:6, = 8.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 20 / 46

SO(8)- 3 #H R
T, SO(0) % SO(8) &2,

T2 4.4 (SO(8)-=#1 EE)

FEED g € SOB) KL T, g,g3 € SO(8) TRERLTEDNEFESEBNT —
RICERETY 5.

gi(xy) = giv1(x)gir2(y) (x,y € O, HRAFIE mod3)

o D %ERTEDS.

D= {(gl, g.85) € SO(B)°; EMENL) — g:2(9) }

x,y € 0, HRAFIFE mod3
DiEav/y M) —BcY), RIZ2EHE.
m:D — S50(8); (g1,82.8) — &
7 e) = {(81, &2 83), (81, —&2. —&3)}
o &£XIT, D=Spin(8) &7%%. LA'F, D % Spin(8) &5 7.
Fo B50 FIBAY ) MBERONERS 21/ 46
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Gy, C Spin(8) ICDWT

o Gy D5 Spin(8) ~, 4 TEEDLRMMIEDAS £, fi, hr,  DFIET .

fo: Gy — Spin(8) ; g— ( &, & &)
fi: G — Spin(8); g~ ( g,—g,—g),
fr: G — Spin(8) ; g — (g, &, —&):
f: Gy — Spin(8) ; g — (—g,—g, &)

o 2o F(Go) & Spin(8) DEBABET, Gy x (Zo x Zo) &AL

ek B (RRE) Fy BETFI B /80 FHTEBOREES 22/ 46

Spin(8) DIBA XIS

® Aspins) = U?:o fi(Ag,) EEDH .

AC‘\QQ G(-; Jo B C”|2 > Aelz
™~
S?EV\ (§)
=
ca R >
AG\:L 2 C\z S AQ\;

#% 4.5 (Wood, 1989)

Aspinsy = Uiy F(Ag,) 13 Spin(8) DBANIEES.
Spin(8) DEEDBAMBEES 1E Aspine) AR, & IS, #25pin(8) = 32,

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 23/ 46
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e o se”
FolicDWT

@ JERTEDS
&1 x3 X
J={XeM@B,0); *X=X}= 3 & x| GeERxe0
x2 X1 &3

X, Y €JRIOVWT, Xo¥V =3(XY+YX) L&YYV mEEDS.
o (J,0) EBIAT LT VREE WS,

EE 4.6
JOBHECEEER F T, f(XoY)=Ff(X)of(Y)&BLTELDLEICL BB
=, PIABRIO VRO N) B F ELTEDD.

Fy BET FI BV 89 MHERONIEES 24 / 46

L owome
Fys DB RS

® Spin(8) IZRD pIC&k Y, F DFPEEEHLES.

&L ox3 X &1 &)  g(x)
¢ Spin(8) — Fy, d(g1,82,83) | X & x = | g(x) & aila) |-

x2 X1 &3 &2(x)  gi(x) &3

EI 4.7 (S)
A/:4 = ¢(A5pin(8)) tj_n‘i, AF4 (& F4 @*@ﬁﬁ%%éttﬁé
e, FROBRNEESIT A, EEBRITHD. &I, #2F, =32.

o F, T, £RIHERDZKRAD
G, % (Z2 X Zg) C 5pm(8) C Fy

ICBEWVWT, BANEESIBATHEESE LTESEFNTWVWS.

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 25 / 46
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4. Fl BAOBANEES

[ 4. FI BB AN EES j

ROBEFEEZTWL.
Gu(0) C G4(IR®) C FI

(FEMT S ATV EHiK) (BAEY STV EHiK)

ek B (RRE) Fy BETFI B /80 FHTEBOREES 26 / 46

4. Fl B OB AN RS

EENT 2 A V%K Gy(0)

o O TIXEERINEY L/,
‘(e1e2)es = e3e4 = &7
-er(exes) = e1(—eg) = —&

o LML, H=Re ®Re; ® Rey, ® Res % & TEAFERIA Y ILD.
" (e1€2)e3 = e3e3 = —1

- e1(ere3) = e160 = —1
e O D4 RTEHHPZEM V T. FED u,v,w e VIZDOWT
(uv)w = u(vw)
BARYIDED%, BEMBBIERE L.

EFE 5.1
e ZEELE%E Gu(0) &L, BANITSATUEEKREE WD, J

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 27 / 46
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4. Fl BAOBANEES

G (0) DIBARIBEES

o £<IZ, Gy(0) & G BV /XY MxIFRZEMA.
e Hy, --- H; € GH(@) “ZRTEDHS.

H; = Rey & Re; @ Rex @ Res e,
Hy = Rey @ Re; P Rey P Res
Hz = Rep @ Re; @ Reg @ Rey
Hy; = Rep @ Rex @ Rey @ Res €,
Hs = Rep @ Rex @ Res @ Rey
Hs = Rep @ Res b Req & Rey
H7 = Rep @ Res b Res & Reg

93 e5 e6

478 5.2 (Tanaka-Tasaki-Yasukura, 2022)
Agyo) = {Hy, -, Hr} &, Gu(0) DBAXERS.
Fe, FROBANERS T AGH((O)) EEBRATHSB. &<, #2GH(@) =1T.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 28 / 46

4. Fl B OB AN RS

G:(0) D 3 KR

o O M4 RTEHAERLMAE%E G (0) 527

%53
EED Vi € G4(@) X LT, Vo, V3 € G4((O)) TRE®-ITEDINEFEET 5.

Vivirr € Vi (V,' eV, RAFIE m0d3)

X1, ZDEIA (Vo Va) 1 (Vo, Vs), (Vih, V&) KRS,

o G](0) BRTEDS.

T/ . 3. Viviy1 € Vigo,
GJ (0) = {(VlaVzaVs) €(G(O)" 5 . Hasid mods }

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 20 / 46
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4. Fl BAOBANEES

BEEY S ATV EkE G (0)

° RIF2EWMETH 5.

T G4T(©) — G4(©) ; (Vl, Vz, V3) — Vl
7T71(V1 - {(V17 V2) V3)7 (V17 VZJ_a V3J_)}

o GJ(0) 12 R® DEEA= 4 RTHMALEELIAICL ZHAEY S 27 VSR
EHREB.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 30 / 46

4. Fl B OB AN RS

G,/ (0) DBKIIEEE

o Gy(0) 75 GJ(0) ~, 4 BEDSRMEIRDAS go, -+, g3 NEET 5.

g : Gu(0) = G/ (0); V—(V ,V ,V ),

g1 : Gl (0); V= (V Vi v,

g Gu(0) = G/ (0); V— (Vv v,
( (0)

g Gg(0) = G/ (0); Vi (VE VE V),

8 5.4 (Tasaki,2014)
Acrioy = Uio 8(Deu0) & GJ (0) DIBANIEES.
EROBAMBERE I Agr o) LERTHZ. £<IC, #,G, (0) = 28.

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 31/ 46
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4. Fl BAOBANEES

FI B3>0 MIFRZERE Gu(J)

@ JDYINT UIEICHET IEORE Iy 2 RTED .

&L ox3 X2
Ju = X3 & o0xi P& ER, X €H
&3

X2 X1

E#& 5.5
JDo-EAKE YV T, Ju LABTHZ2EDLEE Gy(J) £ET. J

o F I3Yald UiEo ICHTZRAELDT, Gu(J) IKEBLTWS.

% 5.6 (S)
Fo 15 Gu(J) IKHERBBUCHER L, Gu(J) W& FI BT /8s hIRRZEm, J

32 / 46

Fy 8T FI B30/ N HREONEES

EeR B (RREE)

4. Fl B OB AN RS

G/ (0) C Gy(J) Ic2WT

o GJ(0) 7D Gy(J) ~DEREIBDORAH ) NEET .

¥ GI(0) = Ga(3) ; (Vi Va, Va)

(nn B s
e eV (1=1,2,3)

Vo vioXp

(] AF[ = ¢(AG4T(@)) bl < .

33 / 46

Fp 8ET FI B85 N AHRBORBES

ek B (REEE)
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4. Fl BAOBANEES

Gu(3) DIBAXIEES

I 5.7 (S)
Af &, Gu(J) DBANEES.
X7z, FREOBANEESIE A EERTHS. &< IZ, #,F = 28.

o FI BUTIZ, £RIAIERDZHRIAFDT
GH(@) .- GH(@) - G4T(@) - GH(‘?)

ICBWVWT, BAREESIBANEESE LTEENTWS.
o ZDEEINX, WM —F7—FHKAEDEBENICER>TWS.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 34 / 46

5. Fy loi V) Bl & TRES

[ b. F4 ICH 1T 2B & RS ]

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 35 / 46
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5. Fy lC8\ 31 & SRS

Bz D WT

£ 6.1

WMZEEMBELUT xe MIZHLT, F(si,, M)={yeM; s(y)=y} £EDS.

F(se, M) DEERERAD %, x OEHE NS,
| REAIC A BIEE, BEILX,

o {x} 6, x DIBMICIE>TWNS.

{x} &= x DEBRGBLEE WD
o IRihIERMHIIMDLSHRIEKICRD ZENMOENT WS,
o x D (x LA D) &Bih%E M, .- M &FThid

F(se, M) ={x} UM U---LUM}.

o X EEUWHEESDERIL, x DBHAEICIRY 2lFoNh3.

EeR B (RREE) Fp 8LV FI BV R MEFEBOREES

5. Fy loi V) Bl & TRES

G2 @*@iﬂ? f: 15

Gy B& U G, DIRt7=5 DRBIISRD &K .

o G, : BB, GH

o GEB : B4, §%.52

0 $2.5% . HEALK, tEH» 1D, S-St
o S1.Sv . HBEALHE, #&A3 D

G, DIBARIEES A, DERD, EOBUMICEFN TV DL EERT 3.

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES
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5. Fy lC8\ 31 & SRS

OIcslT5, Rey @ Re; @ Rej @ Rey IS €,
B B8 ry LRT.

&

€5 e5 €

G, DiEy - BEALIE, G B

E ros3 rNas ez a6 ras7 346 356
| ]

G BliEith - BEAMIE, S2- 52

] P
| rn»23 h nas Nne7 ra6 ras7 346 356

ek B (RRE) Fy BETFI B /80 FHTEBOREES 38 / 46

5. Fy loi V) Bl & TRES

e,
€, €,
e,
€; & [SH
S?. 52 OiBh : HEAAIE, #EA1 D, St.S!
0
° s F =
r23 nev rae sz 346 356
L) » °

TREEETDE, TNICEYELEIEFRBE (6 BOVTID) ICHIGEL 7R
yaN T N ANS

Ao

S'. S ot - BEAZHE, A3 D - (“ g

4 ) ° Q
l 46 h ras7 346 356
q - = | | 9

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 39 / 46
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5. Fy lC8\ 31 & SRS

Fi &U Fy OIS OBHIZRD & .

o F, : BERARFII, FI

o FI : HBALME, HP?, S?- CI(3)

0 $2.CI(3) : EBAHE MR 1D, CP2 422, St. UI(3)
o S1-UI(B) : HBAME, A 3D, RP?H3D

LU, Fi OBRNERE A, DERD, EOBBICZINTUVL DI ZERET 3.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 40 / 46

5. Fy loi V) Bl & TRES

€

€, €7
&

(SH €5 €

Fa DB - BER7RAR, FII, FI FT

(5@ | £@] | olnzm) Alnzm)  flnes) flnes)  flne) flne)

f(e)  file) fi(ro3) f3(ri23) fi(rias) f3(ruas) fi(rer) f3(rier)

fo(r2a6)  f2(r2ae) fo(ras7)  fa(ras7) fo(rsaz) fa(r3a7) fo(rsse) f2(r356)
fi(r2a6) f3(roae) fi(rs7)  f3(ras7) fi(rsa7) f3(r347) fi(rsse) f3(r356)

o 1REBEITNIE, ABCHOEDMDREL — FIl DRt
ZTDMDORE — Fl BEDRHA

ek B (ARAH) Fp BET FI BI85 FEHRRBORBES 41/ 46
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5. Fy lC8\ 31 & SRS

Fl @*ﬂjiﬂ! : €
B BAAE, HP2, 52 - CI(3)

€, €;

3
e; & e S~ AIR)

.fo(f123)| f2(r123) fo(rias) f2(ruas) fo(rier) fo(rier)

fl(r123) fs(f123) fl(f145) f3(r145) f1(f167) f3(f167)

fo(r2a6)  f2(roae) fo(ras7)  fa(ras7) fo(rsaz) f2(r3a7) fo(rsse) f2(r356)

fi(raa6) f3(r2a6) fi(rs7)  f3(rs7) fi(rsa7) f3(r347) fi(rss6) f3(r3s6)

o 1HARETNIE, ALHEDZOMORLE — HP? BB~
ZOD =B — S22 CI(3) BiEh~

ek B (RRE) Fy BETFI B /80 FHTEBOREES 42 /46

5. Fy loi V) Bl & TRES

2. CI(3) OISt - e,
HERMR, @A 1D,
CP2#22, S'.UI(3) “hel A\ o
fo(rios) fa(r2z) [ fo(ruas) .fz(f145)- :fo(f167): 'fz(f167)
| )
: fi(nos) fi(ns) | Alras) f(ras) [ Alner) A(ner)
S-TUIR) ) o ’
[ fo(raae) fa(raas)  fo(rasz)  fa(ras7) fo(f3473 fa(rsaz)  fo(rsse) fé(f356).
fi(ras) fi(raas)  fi(rs7) f(rs7)  fi(raar)  f(ra7) f1(r3s6) 7‘3(f356).
o TREHREINIE, RLEDZOMDRESL — CP? BB

BRBETHBT 2 18 — BA
tED1TREBLEDAE — CP? BOi&HA
ZofD =B — St UI(3) Bl ikt~
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5. Fy lC8\ 31 & SRS

S'.UI(3) ot sy
HBAZHE, BA° 3 D, RP? 2'4 D .
€3 L7 8,

L

| e i e - » rl » °
f(r2a6) fo(rs7) | f2(rs7) fo(r3a7), | f2(r3a7) .fo(f356) fo(r3s6)

fi(raa6)  f3(r2ae) fi(rs7)  f3(ras7) fi(rsa7) f3(r3a7) fi(rsse) f3(r356)

Fi DBARKTHEESIL, G DIBATEEENSBRT 25 ENTERED,
WBihIc L B0BICEALTE G ST A2MEABLTWS.

ek B (RRE) Fy BETFI B /80 FHTEBOREES 44 / 46

AHDEX &

o WMZERIEHY RILO—ETH 3.
o WHMEMTIZ, WMHWESLTIINZERMMESNIERING.

o Fy, FI BOBAN RS DB Z BT L 7.
o Fy DBANEESDERBEDEIZ1 D
G, C Spin(8) C F4 DBEINLEHMNTE 5.
o FIEDBAMFEREDERBOEIET D
G2/S50(4) C SO(8)/SO(4) x SO(4) C FI DEAEBFMNLERTE 5.

o F, DBANIEEESD, BihIC L B2DBOBRFEBNLI.
o G DIFEELBULIEMEZAL TLW .
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Generalized s-manifolds and compact symmetric
triads

Shinji Ohno

ABSTRACT. In this paper, we define generalized s-manifolds as a general-
ization of Riemann symmetric spaces and construct examples using compact
symmetric triads. The content of this paper is based on joint research with
Professor Takashi Sakai of Tokyo Metropolitan University.

1 Introduction

Riemann symmetric spaces are a class of Riemann manifolds introduced by Cartan,
including Euclidean spaces, unit hyperspheres, real hyperbolic spaces, Grassmann mani-
folds, and compact Lie groups. This is a well-known class that plays a fundamental role
in differential geometry.

For Riemannian symmetric spaces, curvature, fundamental groups, classification the-
ory, etc. are described in terms of Lie groups and Lie algebras. For compact Riemann
symmetric spaces, special subsets defined by point symmetries such as polar, meridian
and antipodal sets define invariants. The relation between these invariants and topology
is known ([1, 2]).

It is natural to consider generalizations of Riemann symmetric spaces for the purpose
of extending these results. There are two main directions of generalization. One is the
generalization of geodesic symmetry, and the other is the generalization of Riemann sym-
metric pairs. By generalizing point symmetries, symmetric spaces ([9, 7]), Riemannian
s-maifolds, regular s-manifolds, etc. ([3, 4, 5, 6]) are obtained. From the generalization of
symmetric pairs, symmetric I'-symmetric spaces ([8]) are obtained. In order to deal with
these generalized notions of symmetric spaces in a unified way, we define a generalized s
manifold as follows.

Definition 1.1. Let M be a (C°-manifold and I'be a group. Then M is called a
generalized s-manifold if for each point x € M, there exists a group homomorphism
@y I' — Diff (M) such that

(1) Fory € I, themap u? : M x M — M; (z,y) — ¢.(7)(y) is C*. If T'is a Lie group,
then u:T'x M x M — M; (v,z,y) = p.(7)(y) is C*°.

(2) For each x € M, zis an isolated fixed point of the action of ¢, (I") on M.

(3) For each z,y € M, 7,0 €T, 9.(7) 0 9y(9) © p2(7) ™" = P, (3)() (707 ™") holds.

symmetric spaces ares a generalized s-manifolds when I' = Z,. Therefore, the gen-
eralized s-manifold is an extension of the symmetric space. More generally, we also find
that k-symmetric spaces have the generalized s-structure when I' = Z;. Using compact
symmetric triads, we can construct examples such that I' is not a commutative group.
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2 Compact symmetric triads

Using compact symmetric triads, we can construct examples such that [' is not a
commutative group. Let G be a compact semisimple Lie group and 6,6, be involutive
automorphisms of G. Fix (G%)y C K; C G% = {k € G | 0;(k) = k} for each i = 1,2.
(That is, (G, K7) and (G, K3) are compact symmetric pairs. ) Then (G, K7, K3) is called
a compact symmetric triad.

Proposition 2.1. Let (G, K1, Ks) be a compact symmetric triad and set H = K1 N K.
Denotes I' be the group generated by 61 and 6-.
For~vel,g,9 € G, define

parr(V(g'H) = g7(97'g') H.
Then (G/H,T,{¢z}ecc/n) is a generalized s-manifolds.
Remark 2.2. e If §; = 05, then G/H is a symmetric space.

o If 0,05 = 050;, then G/H is a I'-symmetric space.

o If 0105 # 050;, then G/H is a generalized s-manifold which is not a I'-symmetric
space.

Corollary 2.3. Let (G, K) be a compact symmetric pair. For each g € G, G/(K NI (K))
is a generalized s-manifold. Here 1, is the inner automorphism with respect to g.

If g is the identity element, then G/H is a symmetric space. By replacing g, we can
construct nontrivial examples of generalized s manifolds. By using compact symmetric
triads, we can also construct k-symmetric spaces and Zo X Zs-symmetric spaces.
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—fibS Nz s ZRiAE TV /N PRFR=X

AE E5 (HAKRE)
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Riemann xi#22 &

Def (Riemann SHRZERT)

(M, g): (BfA)Riemann ZHRIE,
BT EMICHLTERES RS . M > MBEXF->TWT,

stosxzid,v,

T &, (M, g) 7& Riemann ﬁ%’I\EEF'a‘ié:ﬂ%Si‘.

(R™, {Sz}zerr) 72721 sz (YY) = —y + 2%
(S™, {sz}zesn) 722U s2(y) = —y + 2{(x, y)x
(RP™, {Sz }rerpr)

REEE 2022 %12 H9H 3/37

(M, g): Riemann R#FZEf]
Q Isom(M, g) ® M ~DIERITHEFRH.
Q@ Vz,yeE MICHLT, Sz 0 Sy = Ss,(v) O Sz

®

95}(2\ S%\(Z)

f{/ Sa)

Sy@

AEER 2022 %128 9H 4/37



Quandles and Symmetric Spaces 2022 113

Def (®#Z2f (Loos, Nagano))

M: C*® MZERIK,

U: MXM-—>M: C®H € MICHLT,
sz(y) == u(z,y) (UE M) TED?S.

(% ] Sz 0 Sy = idy

Q@ Vz,y €E MICHLT, 08y = Ss,(¢) O Sz

G &E#E Lie 8. K: G OHFE2E. 6: G OXENECHE.
(G CKCG={keG|b(k) =k}
ZDEE, (G, K) RN &R,

2022 %12 H9H 5/37

Def (regular 7% s Z#kfk (Kowalski))

M: CPBERFIE, p: MXM—M: CP#H. € MIZHL
T, sz(v) = u(z,v) (Y€ M) TEDS. REBLTE M
% regular 78 s ZEREE WD .

Q@ Vr € MICDWT, S; Mo EBER.

Q@ Ve MIZRLT, T i& s; OIIMEE .

Q@ Vz,ye MIZHLT, Sz 05y = Ss,(v) © Sz

| \

Def (I x#22fE (Lutz))

M AL BREE. G EHE Lie®. K: G OO EE.

o: I — Aut(G): BHRAEERD s.t.

(G CKCG ={geG|p)(g)=g (yenN}
ZDEE, (G, K) =T Wi EHY, G/K =T RFRZER] & .

AEER 2022 %128 9H 6 /37
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Riemann X#RZefE D — b=

Q@ BT Riemann X#rzefE

Q aoffine WHRZEfE, FBAT affine XYFRZEfE

Q@ X#rZM (Loos, Nagano)

Q # Riemann W#rZER]

@ Riemanniann s-manifold, affine s-manifold, regular
s-manifold, tangentially regular s-manifold,
k-symmetric space,

(Ledger, Obata, Kowalski, ...)
Q M W#MZEMAE (Lutz)
@ weakly symmetric space (Serberg)

REEE 2022 %12 H9H 7/37

—iRIE S N7z s ZFRIK

Def (—#fb =7z s ZHk{E (O-Sakai))

M: C=® &k, [ B

& € MICHLUTRERE @, : T — DIff(M)
NEEXF->TWT,

Q@ Vz,Vy e M, Vy,Vd €T,

0z (7) 0 ©y(0) 0 Yz (V)" = V() (YOYT).

QVzeE MIZHLT, zlF @z (M) ® M ADERDAMILEE R.
Q@ &EyYyeETlIlontT
Uy i M X M— M, (z,y) = ©z(7)(y) & C™ .

imledeE, (M, T, {pstzem) Z—RIESI Nz s SRRIKE Y,
(M, {pz}tzem) & M O—EI N7z s #E & MR,

AEER 2022 %128 9H 8/37
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0 B Y IFBHEHTALLTH KL,
0 B Y, NEHDE X,

o I AKEBEE 1L Z OB, (M, T, {0z eem) I
regular &t s ZRAEEEIEN S (O. Kowalski, A, J. Ledger, M.

Obata ....).
oM =2, DEE, (M, T,{0s}eem) & k HHHFZR.

M=R2T =0(2) &L,
0z()(¥) =gy —z)+z (g € 02,y €ER?

EThnE. (R?, O(2), {@stzem) E—Mib= iz s ZBERIK.
( O(2) IFIENITEMR S NDEE) ]

2022 %12 H9H 9/37

M WHRZEMBICDWT

G/K: I &#rZE[E
LFgEG,vYETIZDWT,

ok (V(@K) = gY@ '9)K (4 € G)
EEET D &, (G/K, I, {(pz}xeg/;{) IE—MiE S N7z s ZHRIK.

o [ WMZEMIE—MIEI N s ZEKIE.

o Lutz ODEETIE [ (AT #EE.

oM ZH#MEIIBOLABRWVWAREE LTHE—REINE s BEETE
H3 (FN). )

AEER 2022 % 12898 10 /37
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—fiRib I N s LERAEDHI

x4 F8 22 [E]

k ¥FFRZEfE

regular 7% s Sk

I XFRZEfE

W< DHAD R 2 (cf. P. Quast-T. Sakai) (I' = (Z2)")
Kahler C-space (' = Zg, (Z2)", Z(K) = TT)

(R™, GL(n; R), {®z}zern)
7L,z €R", g € GL(n; R) IZRL T,

0(9)(v) =+ g(yv — T) (v €R™)

AEET 2022 £ 12 H9H 11 /37

TEZ A

K=R,CorH&&9¥53%.
ni+n+---+n<n%wH-9, N, N1,..., M €ENICH

LT, BERE Fp,y,. o0, (K?) %
Fni, .., nr(Kn) =

B {0y CcviCwC---CVw CK" #BI%EMH
{f—(‘/l""’vr) dimVi=mi+---+n; (¢ =1,...,7) }
TEDD

AEEE 2022 % 12898 12 /37
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TR 15dA

& Ff=(W, ..., V) IKRHLT, sy := 2R, — Idgn

G=1,. ..7) &8, =EL P, K Bb V, ~OERHE.
Svi, ..., Sy, TERSINZEEZT &B< é:, r = (ZQ)T.

ZD M ICEALT, BEHKRIE Fpn, oo, (K?) IE—f{ES 7z s ZHRkIK
ER5.

.....

AEET 2022 £ 12 H9H 13 /37

2 DDA S TE 5—MKibSNic s Skl

Def (2> /82 bREFF=5T)

G: aAv/\Y NYEf Lie 8, 01, 0,:G OEHNECHE.
(G C K, CGli={keG|6i(k) =k} #—DFDEE
2. (D%Y, (G, K1) & (G, K») a2 FtFRs)
IDEE, (G, K1, Ky) #a2/X0 MRFREX & MR

G/K; &, g,9 € GICDWT,
Sor, (9'K:) = 90:,(a 19)K;

< Sgk, - G/K'[, — G/Kq, %E&’)ét, G/Kq, (XS HRZEfE .

Ko D G/K, ~DBERRBIERE, Ki ® G/K> % Hermann {Ef
&R,

Oy NY NRIBENFRZEREADRFE M 2 L EOBIEER I
Hermann /EF & BLERE.

AEEE 2022 % 12898 14 /37
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G/(Ki1N K>)

N

G/ K G /K>

2022 £ 12 H9H

Prop

VN M=% (G, K1, K2) IZ2WT, {61,0,} TENZN
DEET &, H=Ki N K, &£8K.

yE€T,9,9 € GICDWVWT,
Yer(Y)(g'H) = gv(g 9" )H
EFNE (G/H, T, {Qz}eco/n) R—IRIES i s SR,

Proof. XD 3 &EAF v 7T NIXRL.
Q VvV, Vye M, Vy, Vo €T,

0z (Y) 0 ©y(8) 0 Yz (V) = Qe ()W) (YIYTT).

Q@ Ve MICHLT, ik @z (M) ® M ~DYERDIMILEE m=.

Q@ BYETIDPVWT Uy : M X M — M, (z,y) — ©z(7)(v) &
C™® #&.
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o=eH e G/H &£8X.
v,0 €l,g,9 € GIZDWT,

©o(Y) 0 Pgr(0) 0 Wo(¥) " (g'H)
=o(Y) © Ygu(0) (Y () H)
=©o(7) (g0 (g Y (g"))H)
=v(g6(g "y~ (g)))H
=v(g)v o do(g v (g)NH
=v(g)(yod oy *(v(g9)"'g))))H
=@y (YY) (' H)
=Qoo(v)(gH) (YY) (g'H)
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To(G/H) E my 4+ my EHREE,
0 D+INSWERE U ICEWT,

AX €Em; +ms s.t. T =exp(X)H (xz € U).
1=1,2IC2WT, 9o(6;)(T) =z THNIE
©o(6:)(exp(X)H) = exp(8:(X))H
£2>7TC,

X =0:(X)=6(X)etintaN (m; +my) = {0}
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@ 01 = 6, DIFH, G/H IERFRZERM.

@ 6.6, = 9291(%5\:“2& 616> ODE_L%UTEBE) DizH, G/H (&
X FRZEAE.

o 010, DEBAWBADIBAIE G/H & [ AR TAV—E
N7 s SERIR.

(G, K):a V%9 st
g€ GIIDOWVWT, G/(KNI(K)) IE—f&bShic s Lk
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010> # 6201 DIFHE

G=SO(n) (n>3),teRICDVT,
91 - I[lvn_l, 92 - Igtel:[;tl tEB < .
==L,

Imn—m = [ 0 sint cost 0

L. 0 } _[cost —sint O ]
Inm |9 |
t € MZ IZDWT, AT MRf#R=xt

(G, K1, K2) = (SO(n),SO(n — 1),1,(SO(n — 1)))

tE L= KiN Ky =ZSO(n —2)
G/K,=S"1 G/Ky,= S,
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Ki/H

Ko/H—— G/H ——— G /K>

G/Ki
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Chen-Nagano (3 >/8%2 k Riemann WH#RZEREICK LT, it
EXNEEESOMSEZEAL, HEEEDREDLREE LT,
2-number EMEEINZFAEE=EHRL .

WEEEESIE OV /87 b Hermite IEFOEFEOREE L THH
Sbhbid. 2-number (3T MERNMREROA M1 S —8EE
BEf/RLTW3.

INSDEFSE—MIELINT s ZRIKICHRT 5.
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Def (WEEES, WEEE)
ACMETS.
e AN M DONIEES <— Vx,Vye A Vyer,

(VW) =v, @(7)(x) ==z

o AN M DIEANEES <= VA: M ONEER,
ACA = A=A.
o WHEADEEDLRZ #r(M) TKRL, M ORIEEE & IR,
o AN M DORMEES <— A IHEEST,
#r(M) = #(A) &&=,
F =17y, 2FY M PIUHZERETHBEE, #-(M) & #,(M)
ERTY.
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#R o 22 E

Def (E2ZEME)

(M, T, {@z}zem):—BIES N7z s SERIE,
N C M:EBDZkkikEd 5.

N:M DERS 22/

< Vyelr,zeN, pz(7v)(N) = N.

Proposition

o (M, T, {Yz}zem) DEBRZER N IEXL—MKRbS N7z s Dk
HKTH5.

o N 7' M OBAZEMTHIIE, #-(M) > #r-(N)

Proof.
AC N: WiEEEETDE, Al M OTHEES.
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{z} CR" & (R", {Sc}zern) DAWHES.
{z, —x} C S™ I& (S", {Sz}tzesr) DAMEERE.
{[81], [62]7 SR [en—l—l]} I (an, {Sm}mERPn) wﬁﬁ%%ﬁ

n>20DEE,
(RP™, {Sz}tzerpr) W& (S™, {Sztzesm) (M > 1) DERFZEME
IR 5780,
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Def (#&ith)
T € MICLT,

F(oz (M), M) ={ve M| (7)) =y (y€T)}

DEEXRDE M D T ICH T 5B & MR, FIC—amh 575k
iR & RN,

{z} ITEENISO M D T ICHEFZBETHE. {z} #EHELEE
(DA

Proposition
AR TH B EE, —RIES N7z s ZHRIADIBHE X ER D 22 fE
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Theorem

 =5RA#E £FaBAaa /I8 Liefted5%.
ACM%EMDRKIEESEET S.

TEAICDVWT, MDDz IZHF3BiAEL2IMEBATHNIL,
F(pz (M), M) [FInEE Dk D IEZF

Fa(T), M) = U M

ERIN, o
#r(M) < Z #r (M)

2=0

AN AIRVASE
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VN NEBERTZEEDZEIF S S IRDOEEIANOSNT WS,
Theorem(Chen-Nagano)

(M, {Sz}zem): AV 80 MERERFFZEEE L, x(M) TM OAA
S—ZHERT. ZOLE,

X(M) < #2(M)

Theorem(Takeuchi)

(M, {Sz}zem): BWH R ZEBEL, HM,Z>) T M D Z, RED
REQOD—H%ERYT. TDEE,

dim H*(M, ZQ) = #2(/\/1)
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F]_,Q(RS) [CDWT

M = Flyg(R5) == {([11, \/2) | [ll C \/2} ‘:j\'\fr
fo := (Span(ey), Span(e1, ez, e3)) € F12(R®) &BLK. 2D
t%, F((pfo(r)i M) =8
F(@n(M), M) = M U - Mif
& 11 EOBMOIERFICHFEEIND.

LT, Bgn=Hic, Span(en,, . . ., en.) = (N1, ..., ne) EX
T, (e, fo= ((1), (1,2, 3)))
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My = {((1), (1,2,3)} M = {((1), (1,4,5))}

My ={(1),( D)@l ® L) | 1 €Gi1((1,2)), b2 € G1((4,5)}
M ={(\,(1,2,3) | v € Gi((2,3))}

M ={(Vi, i ® (4,5)) € M| Vi € G1((2,3))}
ME={(vi, Q) ®Vi D L) | Vi € G1((2 3)),L € G1((4,5))}
ME =1, (23)® 1) | Vi € G1((2,3)),L € G1((4,5))}
Mi ={(\,(1,4,5) | i €G1((4,5)}

My = {(\1,(2,3) ® W) | Vi € G1((4,5))}

ME = {(Vi, L ® (4,5)) | L € G1((2,3)), Vi € G1((4,5))}
ME = {(Vvi, (D@L W) | L€ Gi((2,3)), Vi € G1((4,5)}
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A={(ew, -, €in, VK1 (€41, - - -, €inyany )Kr - - - s G €in s iy JK)
|11 <1< <ip, <M, 1 <ipyp1 < -0 <lpymo SN, 000,
1 <intodn i+ < 0 < Ipytogn, SN,
#{t, ..., fpptdn, F =M1+ -+ 1}

ERRICHRD. TZT,eq,...,en ld K" OEEEKETHS.
(2)

n!
nilno,! - - -nT!nr,«H!

cZL, npsr=n— (i 4+ - 4+ ny).

#F(Fnl ..... nr(Kn)) —

2022 £ 12 H9H 31/37

Remark

K=C®h&ZE, Fo, . n (K ICIXEICED, T = (Z2)" DMIC
tH, [ =2, Z(Gx) BRED—RILEINz s BENLASZ. IhHD
—flEEhic s BEFE—MRICIEER DD, BANEESIT—HT 3.
BAREESIE SU(N + 1) D Weyl BEOHEE RS,

I 512, Sanchez DIFREEHEBZ ERDRERFS.

A\

Corollary
nl!
F K")) =
#l‘( ni,..., 'n,q»( )) n]_anI L. n'r!n'r‘—l—l!
— d|m H*(Fnl ,,,,, nT(K’n)y ZQ)

A\
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SO(n)/SO(n — 2) DBA

Ki/H

I

Ko/H—— G/H ——— G /K>

N

G/K:

2022 £ 12 H9H 33/37

SO(n)/SO(n—2) Do :=e(KiNKy) [MEEEEEZ 5.
gz 1 SO(n)/SO(n —2) —» SO(n)/SO(n —1) IZ>
WT, m(o) #2&L SO(n)/SO(n — 1) = S ! oKXW EES
&, {mi(0), m1(0)}.

7':7"5[/, o = IQ’n_Q - K1 N K>

#->T, SO(n)/SO(n —2) ® o 5L WEEESIL,

71 ({m1(0), m(0)}) = K1 -oU L, ,(Ki) - 0

DERES.
F(po(62), G/K1 N Kz) Nmy H({m1(0), m1(0')}) = {0, 0'}
THHHH, SO(n)/SO(n —2) D o #E5UHEEEIX, {0, 0'}
ICEEN5.
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G/Kz3+——Ki/H

Ky/H—— G/H ———— G/ K>

G/Ki—Ks3/H

AEET 2022 £ 12 H9H 35 /37

GQ (RS) — GQ (R4)

RP2 — F12(R%) —— G3(R®)

RP* ——— RP?
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Quandles and Symmetric Spaces 2022 129

o —fRibINi s ZRIEADDLE

o FHMY

o ZMWEZEZTDEEDNDEL
o WEEE L MROY—DEIR
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130 OCAMI Reports Vol. 9 (2022)

Symmetric Clifford systems and quandle structures
on real Grassmannian manifolds

Shinobu FUJIIL

ABSTRACT. In this article, we introduce subspace arrangements associated
with symmetric Clifford systems. We show some properties of these arrange-
ments and quandles generated by the arrangements.

1 Symmetric Clifford systems

We denote by Sym,, (R) a set of real symmetric matrices of degree 2n.

Definition 1.1. Let m and n be positive integers. A symmetric Clifford system on R?"
is a finite subset { Py, P, ..., Pn} € Sym,, (R) satisfying

P,P; + P;P; = 2§;j15, forany i and j e {0,1,...,m}. (1.1)

It is known that there exists a one-to-one correspondence between symmetric Clifford
systems and representations of real Clifford algebras (cf. Cecil [1]).

Definition 1.2. Let P = {Fy, Py,..., P} and Q = {Qo, @1, ..., Qm} € Sym,,(R) be
symmetric Clifford systems on R?".

1. P and Q are said to be algebraically equivalent if there exists an orthogonal trans-
formation A € O(2n) such that Q; = AP;*A for every i € {0,1,...,m},

2. P and Q are said to be geometrically equivalent if there exists an orthogonal trans-
formation B € O(span{ Py, P, ..., Py,}) such that BP is algebraically equivalent to
Q. Here, BP := {BFy,BP,,...,BP,}.

2 Quandle structures on real Grassmannian manifolds

For a set X, Map(X, X) denotes a set of all maps from X to X.

Definition 2.1. For a set X, a map s : X — Map(X, X), z — s, is called a quandle
structure on X if it satisfies that

1. sy(x) = x for any z € X,
2. s, is bijective for any =z € X,
3. 5,08, = Ss,(y) © S, for any x and y € X.

Then, a pair (X, s) is called a quandle simply.
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Let (R*",(—, —),,) be the standard Euclidean space of dimension 2n, and Gr>"(R)
be a real Grassmannian manifold of all linear subspaces of dimension n in R**. For any
V € Gr’(R), we denote its orthogonal complement by ¥+, and an orthogonal projections
to V by my : R*™ — V. Then, a reflection at V oy : R*™ — R?" is defined by a linear
transformation which acts on V as the identity and acts on V+ as multiplication by —1,
that is,

oy =idy —idyt . (2.1)

For any V € Gr?"(R), the reflection oy at V induces a symmetry sy on Gr2"(R) at V in
natural way. Thus, sy : Gr2"(R) — Gr2"(R) can be written as

sv i Gr'(R) = Gr,"(R); - W = sy (W), (2.2)
where sy (W) is a linear subspace in R?" defined by
sy(W) = {ov(w) [we W}. (2.3)
Then, a map s : Gr2"(R) — Map(Gr2"(R), Gr>"(R)); V + sy gives a quandle structure
on GrX*(R).
3 Clifford arrangements
In this section, we consider the case of a standard inner product for R?".

Definition 3.1 (F. [2]). Let n and m be positive integers.

1. A finite subset {Vo, Vi,..., Vin} € Gr2"(R) is called a Clifford arrangement in R*"
if we have sy, (V;) = V;* for i # j.

2. Two Clifford arrangements {Vp, V1,...,V,,} and {Wy, Wy, ..., W,,} in R?" are said
to be equivalent if there exists an orthogonal transformation A € O(2n) such that
W; = AV for every i € {0,1,...,m}.

Example 3.2. We consider a Clifford arrangement in R? with the standard inner product
(-,-)5. Let {e1, e2} be the orthonormal basis of R?. We define two lines ¢, and ¢; as follows:

Uy = spang{e1}, (1 =spang{e; + e2}. (3.1)
Then, £ := {{y, ¢, } is a Clifford arrangement in R?.

Example 3.3. We consider a Clifford arrangement in R* with the standard inner product
(-,-),- Let {e1,ea,e3,e4} be the orthonormal basis of R*. We define three subspaces V;,
V1 and V4 in R* of dimension two as follows:

Vo = spang{e, e}, Vi =spang{e; +e3,es+ €4}, Vo =spang{e; — ey, ea +e3}. (3.2)
Then, V := {V;, V1, V,} is a Clifford arrangement in R?.

Theorem 3.4 (F. [2]). Let V = {Vy,Vi,...,Vin} be a Clifford arrangement in R*". For
each i € {0,1,...,m}, we define P; as a 2n X 2n-matriz corresponding to reflection oy,
with respect to the fized orthonormal basis of R?". Then, we have
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1. P:={Py,P,...,P,} is a symmetric Clifford system on R*".

2. Another Clifford arrangement W = {Wy, W1, ..., Wy} in R* is equivalent to V if
and only if the corresponding Clifford systems are algebraically equivalent.

For a Clifford arrangement V' in R?", we consider as V C Gr2"*(R). And we define V*
by
vi={V'|V eV} G R). (3.3)

Moreover, we write Q(V) := V U VL. Note that, for all V and W € Q(V), we have

sV(W)—{W ifWoe {V, Vi, (5.4)

Wt otherwise.

Hence, for the quandle structure s on Gr2*(R), a map sy|ow) : @(V) — Q(V) is well-
defined for each V' € Q(V). Then, the following is obtained:

Theorem 3.5 (F. [2]). For a Clifford arrangement V in R?*", Q(V) is a subquandle in
Gr?*(R).

4 QOur expectation for s-commutative subsets in oriented real
Grassmannian manifolds

Definition of s-commutative subsets in quandles are introduced by Nagashiki [3].
Definition 4.1 (Nagashiki [3]). Let (X, s) be a quandle.

1. A subset A C X is said to be s-commutative if it holds that s, o s, = s, 0 s, for
every x, y € A.

2. An s-commutative subset A C X is said to be mazimal if A is maximal for inclusion.

Nagashiki [3] studied on maximal s-commutative subsets in oriented real Grassmann-
nian manifolds Grj(R)~ := {V C R" | V is an oriented subspace of dimension k}. More-
over she determined maximal s-commutative subsets in Gr} (R)™ for the following cases:

1. n # 2k,
2. kis odd and n = 2k,
3. k=2and n=4 (i.e. n =2k).

The following proposition gives us expectation that Clifford arrangements are related to
maximal s-commutative subsets in Gr?"(R) and Gr2"(R)™ for the cases that & is even and
n = 2k:

~

Proposition 4.2 (F.). A mazimal s-commutative subset in Gry(R)™ can be obtained from
quandles generated by Clifford arrangements explained in Example 3.3.
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YFR Clifford 32 & 3E Grassmann ZER{ED

A RIVIEE
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o ¥I¥R Clifford RIIEXITHTHIDERE,
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o { EXIFITH }/X3FF1TF ~ 3 Grassmann ZFk(E
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SHOEDKREH RN

o Clifford (XD RIRIC(IHET BN T=HECE
(Clifford iCi&) ZE&R S B,

o Clifford E2iEH* 5 Clifford (KO RIIMNETTIND
CC%&ZRY,

o Clifford EZi& % Grassmann ZR{EDH > KILIEED
HRah S5Bke 3,
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¥I#5 Clifford R IcDWT
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Clifford XD EE

—HgIC,
o V: BIRRITHIFRIZER,
oq:V XV = R: VD20,

(V, q) IC{3FE 3 Clifford 1$%2
CI(V, Q) = T(V)/Iq

o T(V):= P THV): TVVILRE,
k

o Iy := (v ®v + q(v) ‘ CAS V>bi—sided: mfll 7
7.

BH B (RIUTREHEK - ET) ¥ Clifford & Grassmann Z1&{% 2022 £12 A9 H 8/45
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Clifford XD EE

(V, q) |\Z{3BET B Clifford 1X&X
Cl(V,q) :=T(V)/I,

o T(V) := P THV): TVVILRE,
k

o Iy :==(v@v+q(v,v) [vE V), Ly ARTT
7.

MUF, V=R"1 q=(—,—): Euclid B, £ 7 3.
CI(V,q) = Cl,,,_; £ RY.
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Clifford X% Cl,,,_; ® n X&KRIHR
def

— R-AHKERE p:Cl,,_; - M,(R) D L.
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o M, (R) := {n XREFRKIEHTTI},
o RHERBI I, UTFHEDIIDZL:
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Clifford XD FRIT
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Clifford D FRIT
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&
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XI#5 Clifford %

o p:Cl,,_y - M,(R): &R,
o {E,Es,...,E,,_1}: p ICfHFET S Clifford %,

:0)(\:.3, P(), Plv Pz,...,Pm C Symzn(R) %.LX-FOJ
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{P(), Pl, ) Pm} 2n ;Xo)s(q‘j-ﬁ]-\ Clifford %
def
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X3 #5 Clifford 3 Hh* 5 Clifford RZ KT 5

2n RO FEE Clifford % { Py, Py, . . ., Py} D5 Clifford
RZEBRTDENTES.

D) (BHETE1T)
o & P, DEEIEIF £1 D&,
o & P, DEEBZERMIE n KT,
o V1= {vER%‘PO'v:v}’:R",
o Vi, E; := PPy,
o {Ei,...,E, 1} & Clifford %.

B B (RITFRmEEKA - ET) XFF Clifford ¥ Grassmann EZE30 2022 % 12 H9H

XI#5 Clifford % & Clifford ERE

BH B (RIUTREHRK - ET) ¥ Clifford 32 & Grassmann Z1&{% 2022 £12 A9 H
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x3#1 Clifford 32 & Clifford EXTE

o Sym,, (R) EORTE (—, —) ZA T TESR:

1

(P,Q) = ~Tr(PQ) for P,Q € Sym,,(R),

o P = {P09P19°°°9Pm} - Symzn(R): POE
Clifford %,

° L(P) = SpanR{POa P17 R Pm} g Symzn(R)’

Clifford 3XE (P) := {P € L(P) | ||P| = 1}.

B B (RITFRmEEKA - ET) XFF Clifford ¥ Grassmann EZE30 2022 £ 12 B 9 H 17 /45

SXH#R Clifford 3 & Clifford ERE

Clifford Bk X(P) IZL T, VP € B(P), P? = L,

CDEFEHRDIID.
3 C Sym,, (R): BBSES s.t.

o P2=1,, for "P € ¥,

o 3 C spang(X): EIEKME,
— spang (X)) OEEDIEREREEREIIXIFN
Clifford .

¥I#5 Clifford %13 Clifford EREI TR E B!

BH B (RIUTREHEK - ET) ¥ Clifford & Grassmann Z1&{% 2022 £12 A9 H 18 /45
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Clifford BRI & Grassmann ZFk{&

Clifford Kl ~ C Sym,,,(R) IZDWT
o P X, P DEEEIZ £1 OH,
o "P X, PO (+1)-EEZERED (—1)-AEEMED
n JRTT,
—
F2E

Clifford Bk & Grassmann %ﬁﬁs

Imear

BEIMRD DD B H?

v

BH B (RUTEEHEK - EBT) %i#F Clifford 2¥ Grassmann Z#k{E 2022 12 A9 H 19 /45

Clifford B & Grassmann ZFk{&

Clifford K > C Sym,, (R) & Grassmann ZEk{E
Gr2"(R) D& & BiELREFRNH 3.
#pR8 (Wang (1990), Wolf (1963))
fs: 32 — Gr2"(R) ZIA T TES:

> > P PO (+1)-BEHZM € Gr2*(R).
CDOLE, fxXEABEIEDHAAT, €OBRITSABMBY
BRE.

WIS, Gr2*(R) WOLAMAYEREIE, Clifford EREID
fs DIRELTESNS.

f=(X) IZ isoclinic sphere LI INS.

BH B (RIUTREHEK - ET) XI5 Clifford & & Grassmann Z#k{f 2022 £ 12 B9 H 20/ 45
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Clifford BEEE D EH

B B (RIATFRmEEKA - ET) XFF Clifford ¥ Grassmann EZE 30 2022 £ 12 A 9 H 21/45

Clifford EC &

o P={Py, P,..., P} C Sym,,(R): XIFh
Clifford &,

o X: P ICfdFET B Clifford B,

o fz : ¥ — Gr?"(R): Wang DEEDER.

pr—

V;:= fs(P) LtEDHB L,
fs(P) = {Vo, Vi,..., Vi} € Gr2*(R) I3ED & 5%
HEZH > IBRBOEED?

BH B (RIUTREHEK - ET) ¥ Clifford & Grassmann Z1&{% 2022 £12 A9 H 22 /45
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HEFZERT & LTOD Gr2(R)

EFHE

Riemann ZEk{K (M, g) H* (Riemann) XJH5ZE R
L NEPED.Y g Aut(M), = — s, (R¥FR) s.t.
@ "rec M, x & s, DIMILEFER,

@ Vx € M, s, 0 s, = idyy,

@ "r € M, s, IIFREH.

Gr2"(R) DIFE, 'V € Gr2*(R) IR L T,

sy : Gr’"(R) — Gr2*(R) ZIA FTES:

W — sy (W) = {ny(w) — mye(w) | w € W}.
=1ZL, V& V OERMHZER, myv: V ADEIREE.

BH B (DIITHEEEAK BT ¥#5 Clifford ¥ Grassmann EZ530S 2022 €12 H9H 23 /45

Clifford E2i& & Grassmann Z k(&

o R*" DIFHEREEZERIC—HEVERE,

o P ={Py,..., Py} C Sym,,(R):
Clifford R DRIRH 5B & 15 ¥ F1 Clifford 3,

o 3 C Sym,, (R): Clifford EKm,

o fs: X — Gr2"(R): Wang DEEDELR,

Vai= () = €x). wim () [« € 2]

Vizz{(Em )‘wER"} (i=2,...,m).

i—1

fned (F., in preparation)
. . 4
i # j = sy (V;) = Vj~.

BH B (RIUTREHEK - ET) ¥}#5 Clifford & Grassmann EZ2530 2022 £ 12 B9 H 24 /45




146 OCAMI Reports Vol. 9 (2022)

Clifford BC&H* 5 X3 #5 Clifford R Z 8K T 3

EIZ (F., in preparation)

UTDOEEEBLETY = {V,...,Vi} C Gr’"(R) &
FEICE B:

{w,zv;- (i # j),

sv;(Vj) = V= (i # j)-
Vi € {0,1,...,£} IZRL T, P, € Sym,,(R) %
P; := sy, DRI
LERTDEE, {P, Py, ..., P} I35 Clifford %.

BH B (DIITHEEEAK BT ¥I#5 Clifford ¥ Grassmann ZHk{k 2022 €12 H9H LY

Clifford EZ&H* 5 51 ¥5 Clifford RZ &K T 3

CD) (BIR&7E1T)
o Vi, P; |$BH S DMIXIFRITH,
o Vi, P? = I, I£0.K.,
0oi#j —> P,P;+ P;P, =0 HhmEME TV,
() REFREIELL:

Ve € R*™, sy o0 sv,(x) + sy, o sy, () = 0.

HEORHT sy,(V)) = V' &,

BH B (RIUTREHEK - ET) XI5 Clifford & & Grassmann Z#k{f 2022 £ 12 B9 H 26 /45
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Clifford ECi &

EECF)
VY = {V,..., Vo}: R* AD Clifford B2 E
def
o V; C R?™: n RICIRBLERS 22/,
ooy, (V) =V, - if i#j.

v

LTI, R A Clifford BtE { V4, ..., Vi} & CLF
ERY.

B B (RITFRmEEKA - ET) XFF Clifford ¥ Grassmann EZE30 2022 £ 12 B 9 H 27 /45

Clifford EBEDHI: €D 1

o=y

R? ADIEHR Lo, £, =

EO:y:O,
bi:x—y=20

EFBLE, {0, 0) Id
Clifford Bidi&.

R? DIRERETRI L
20 = Rel, £1 = ]R(el + 62).

BH B (RIUTREHEK - ET) ¥ Clifford & Grassmann Z1&{% 2022 £12 A9 H 28 /45
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Clifford EcEDHI: €D 2

Bl (n = 2)
R* AD 2 RTHEBEBIZEM Vo, Vi, Vo &

Vo := {t(m,y,0,0) | LY ER}?
V= {t(wayamay) | LY GR}a
Vy i= {t(wa Y Y, _m) | T,y € R}

E9HET, {Vb, Vi, ‘/2} |3 Clifford BE&.
R* DIZEEETRI &
Vo = spang {617 62} , V1 = spang {61 + e3, ez + 64} :

Vo, = spang {€; — e4, €2 + €3} .

B B (RITFRmEEKA - ET) XI5 Clifford & Grassmann EZ2530 2022 £ 12 B9 H 29 /45

Clifford EEE D4 &

BH B (RIUTREHRK - ET) ¥ Clifford 32 & Grassmann Z1&{% 2022 £12 A9 H 30/45
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Clifford ECIED1E#

feied

TEEICIRNS V = CF FAaERLTLWBDH?

YWEEE S TRV CIXEEICHD S.
) S: wEEs <L Vo, Yy e S, s.(y) = .

fned (F., in preparation)

CerITHLT, () = {Vi|VvecHtsa
L&,
Say (W) 0 Sy = sy osw for YV,YW € Cer L (Cer) ™.

LoO&mEIF s B Q(Cey) :=ceru(Ce)T EDAVE
IIBEZEHD L 2EKT 5.

BH B (DIITHEEEAK BT ¥I#5 Clifford ¥ Grassmann ZHk{k 2022 €12 H9H 31/45

h> RIIEBEDES

E# (by Tamaru (2013))
o X: &8,
os: X — Map(X,X), z— s,: BIf,
sHX EDHY RILEEE (or (X,s): AV RIL) &
0 'z € X, s,(x) =z,
0 'z € X, s, |32HG,

o Yz, vy € X, S5 (y) O 8¢ = Sz O Sy.

—iRIC, EHE Riemann WIRZERISH Y RILBEZ D
(RXIH B Y RILEE).

BH B (RIUTREHEK - ET) XI5 Clifford & & Grassmann Z#k{f 2022 £ 12 B9 H 32/45
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Clifford EdEICfIREIT S H > KIL

e ...
(X,8), (X',8): AV,

B f: X > X' DAY FILEFE <d:ef>
Y € X, fOSmZS}(w)of_

v

EIZ (F., in preparation)
o V ={V; € Gr*(R) | VitV s, (m)=Vi* (£},
o VI :i={V+ |V eV}
CDLE,
o EHFZQ(V) i= VU VL A RILIEE,
0 @3E& .: Q(V) — Gr’"(R) IdH > FILERE. J

BH B (QITmiHEK - ET) ®#5 Clifford & Grassmann ZHR{%

2022 £ 12 B9 H 33/45

Clifford BB EIC{IRET A H > RILDOME

o SN—1 C RN: H{yEKm,
o SN1DAY RIIEE: s.(y) :=2(xz,y)x — v,
o AN := {+ey,...,+en} C SN,

CDrE, AN 13 SN B, FE, IBERLHIREE
BTHhYEIL.

fnea (F., in preparation)

HYRILELT Q(CLr) ~ AL,

o
o

@D F:Q(Cey) —» A %
f(Vi) :=eitq, F(Vi5) i= —eip1 EEDHNIZRL.

BH B (QITmEHEK-ET) ¥ Clifford & Grassmann Z1&{%

2022 £ 12 5 9 A 34/ 45
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A RILD s-v]#21%

BH A (RiUTmAEA - ET) ¥#5 Clifford ¥ Grassmann Z#k{k 2022 £ 12 59H 35 /45

(X,s): A EIL.

def
x,y € X: s-Aff & 5,058, = 85,0 s,.

o S C X: Bp&Ra,
S: s—Aff: < Ve, Yy e S, x &y h s—ai

o TBA s ES
& SEERICEVWTIEAR s—aRSBSES,

o LS — s—ARINES,

o TBA s—TAREPES — HAHYKRIL.

BH B (RIUTREHEK - ET) ¥ Clifford & Grassmann Z1&{% 2022 £12 A9 H 36 /45



152 OCAMI Reports Vol. 9 (2022)

&\ Grassmann ZE(ADIBK s—A[EERDER

F =X (cf. Nagashiki-Tamaru)

k, n BT DIZE, R Grassmann ZKE Gr} (R)™
DEEDIBK s—AREDEST

{:I:spanR{eil,...,eik} ‘ 1< <... < 1 Sn}

ICO(n)-EATEME:
Q0 n # 2k,
0 k: B, n = 2k.

BH B (DIITHEEEAK BT ¥I#5 Clifford ¥ Grassmann ZHk{k 2022 €12 H9H 37 /45

£ R Grassmann ZEEDE K s—AIEDES

F =X (cf. Nagashiki-Tamaru)
B Grassmann Z#%E Gry(R)~ OBK s—aJ#EE5
g5

o £ spang{e;,e;} (1 <i<j<A4),

o + spang{e; + e;, er & es}

1<1<3<4,1<k<tL4)

DPEBBIERICOQ)IEHTERLBHDDH. |
k> 4: B8, n = 2k D &, BMF Grassmann ZHk{K

Grk(R)™~ OIEA s—AHEHAESIEE <D o TL
A,

BH B (RIUTREHEK - ET) XI5 Clifford & & Grassmann Z#k{f 2022 £ 12 B9 H 38 /45
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&\ Grassmann ZE(ADIBK s—A[EERDER

F =X (cf. Nagashiki-Tamaru)

B[ Grassmann Z#{E Gry(R)~ OBK s—aJ#EE5
£85I
o kspang{e;,e;} (1 <1< j<4),
o +spang{e; + e;, e £ es}
(1<i<j<41<k<t<A4)

H 574 BERICO(4)—EATERLEDDDH. )
LERT 36 WD 2 RITIHZRIN 5K 3 ERBHED.

BH B (QITmiHEK - ET) F#5 Clifford & Grassmann Z1%{% 2022 £ 12 B9 H 39 /45

£ R Grassmann ZEEDE K s—AIEDES

A Grassmann XK Gry(R)~ OWEK s—FJ#ERS
£451% R* RO full Z: Clifford BEEBH SHERRBIEETH 3.

R* A full % Clifford BELE I T DOE B ZEMD 54 %:

Vo = spang{ey, ez},
V1 = spang{e; + e3, ex + ey},

Vo, = spang{e; + ey, €2 — €e3}.

BH B (RIUTREHEK - ET) XI5 Clifford & & Grassmann Z#k{f 2022 £ 12 B9 H 40 /45
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&\ Grassmann ZE(ADIBK s—A[EERDER

A M Grassmann Z#k{E Gry(R)~ OEK s—AI#ES
£4513 R* WD full % Clifford BB H SHERARETH 3.

1%88 | e1,e2 | €1 + es,ea+ ey | €1 + eq,€2 — €3
2#8HE | e1,e3 | e1 + es,e2+e3 | €1 + ez, e3 — ey
3:%HE €1,.€64 | €7 —|—€2, 63—|—€4 €1 —|—€3, €y — €4

o FICEIFT-BETESLSND 2 RtZER: 9 ¥,
o TNHSDEAMZER: 9 &,
° ﬁg%%,,%\ 2 ED

B B (RITFRmEEKA - ET) XFF Clifford ¥ Grassmann EZE30 2022 % 12 H9H

FEH & SROFE

%

BH B (RIUTREHRK - ET) ¥ Clifford 32 & Grassmann Z1&{% 2022 £12 A9 H
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=Rl

o Clifford KR DRIRIC(IET 280 EMECEZ ERHR
L7z,

o Clifford BE&H* 5 X3#1 Clifford RHETTENB &
ZzmLT,

o Clifford E2&|d Grassmann ZREDEDH > FIL %
¥mdsdccERLE,

o Clifford B2i& |3 [ Grassmann ZFR{ADFRK s—A]
BRESCEFREHDES B ZESEL 1.

BH B (DIITHEEEAK BT ¥I#5 Clifford ¥ Grassmann ZHk{k 2022 €12 H9H 43 /45

B ZEREEDSH =D S
on ZEIEY D LDFEMELEDI: FHEF.
o Hilbert ZIAT: Derksen DEEBHI S B RICFHE
o] BE.
o EH%: AHA.

AV B, MEESOERN S

on € 47, DIZFEDIEAK s-ElHBREE & DR,

EDDERRD 5

o OT-FKM B!ZHEZEhm & DBR.

BH B (RIUTREHEK - ET) ¥#5 Clifford ¥ Grassmann Sk 2022 £ 12 59 H 44 /45
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Thank you for your attention!

BH A (RiUTmAEA - ET) ®#5 Clifford & Grassmann Z1R{K 2022 £12 A9 H 45 /45



