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Preface

The workshop “Quandles and Symmetric Spaces” has been held annually since
2018 in order to encourage the cross-pollination among topology (knot theory),
differential geometry (symmetric spaces), and other areas through quandles. In this
volume the abstracts and the slides of the talks in the conference “Quandles and
Symmetric Spaces 2021”7 are collected. For the talks in 2019 and 2020, one can refer
to the previous volume (OCAMI Reports Vol. 4).

A quandle, introduced by Joyce and Matveev independently in 1982, is an ab-
stract algebra whose axioms are motivated by the three Reidemeister moves, and it
has played important roles in knot theory. On the other hand, quandles frequently
appear in various fields other than knot theory. For instance, there is a relationship
between “symmetry” and (involutory) quandles. Indeed, symmetric spaces can be
defined as differentiable manifolds equipped with a certain involutory quandle oper-
ation. It would be interesting and important to investigate quandles and knots via
symmetric space theory.

The series of workshops was organized by experts of knot theory (Kamada and
Oshiro) and symmetric spaces (Kubo, Okuda, Tamaru, Tanaka and Tasaki), and
the talks consisted of some instructive talks by experts and presentations by young
researchers in addition to usual talks. There have been many presenters and par-
ticipants from various fields, not only topology and differential geometry but also
combinatorics, etc. The conference was held in a hybrid format, and during or after
the talks, they exchanged their ideas and information, and discussed possible per-
spectives actively. One of the instructive talks is open to the public via OCAMI
YouTube. The organizers are convinced that the workshops would disseminate quan-
dles, and be effective for further developments of the theory of quandles.

January 2022

On behalf of the organizers:
Akira Kubo

Takayuki Okuda

Hiroshi Tamaru



Quandles and Symmetric Spaces 2021

11

Organizers

Seiichi Kamada

Department of Mathematics, Graduate School of Science, Osaka University,
1-1 Machikaneyama, Toyonaka, Osaka 560-0043, Japan

Email address: kamada@math.sci.osaka-u.ac. jp

Akira Kubo

Department of Food Sciences and Biotechnology, Hiroshima Institute of Technology,
2-1-1 Miyake, Saeki-ku, Hiroshima, 731-5193, Japan

Email address: a.kubo.3r@cc.it-hiroshima.ac.jp

Takayuki Okuda

Graduate School of Advanced Science and Engineering, Hiroshima University,
1-3-1 Kagamiyama, Higashi-Hiroshima, 739-8526, Japan

Email address: okudatak@hiroshima-u.ac. jp

Kanako Oshiro

Deparment of Information and Communication Sciences, Sophia University,
7-1 Kioicho, Chiyoda-ku Tokyo, 102-8554, Japan

Email address: oshirok@sophia.ac.jp

Hiroshi Tamaru
Department of Mathematics, Graduate School of Science, Osaka City University,
3-3-138, Sugimoto, Sumiyoshi-ku, Osaka, 558-8585, Japan

Email address: tamaru@sci.osaka-cu.ac.jp

Makiko Sumi Tanaka

Department of Mathematics, Faculty of Science and Technology,
Tokyo University of Science, Noda, Chiba, 278-8510, Japan

Email address: tanaka makiko@ma.noda.tus.ac.jp

Hiroyuki Tasaki

Department of Mathematics, Faculty of Pure and Applied Sciences,
University of Tsukuba, Tsukuba, Ibaraki, 305-8571, Japan

Email address: tasaki@math.tsukuba.ac.jp



iv OCAMI Reports Vol. 9 (2021)

Contents

Hirotake Kurihara
Homogeneous quandles arising from finite groups . . . . . . . . . .. 1

Yuuki Sasaki
Mazimal antipodal sets of Eg and some compact symmetric spaces . . 15

Hiroyuki Tasaki
Mazimal antipodal sets of compact symmetric spaces . . . . . . . .. 42

Yuta Taniguchi
f-twisted Alexander matrices of connected quandles . . . . . . . . .. 59

Katsumi Ishikawa
Ezxtended quandle spaces and their applications . . . . . . . . . . .. 69

Shosaku Matsuzaki
Multiple group racks and cocycle invariants of surfaces in the 3-sphere 84

Hiroshi Tamaru
Quandles form the viewpoint of symmetric spaces - a survey . . . . . 100



Quandles and Symmetric Spaces 2021 1

Homogeneous quandles arising from finite groups

Hirotake Kurihara

ABSTRACT. The contents of this talk is based on a joint work Akihiro Hi-
gashitani. Quandle is an algebraic system with one binary operation, but it
is quite different from a group. In this talk, we investigate a special kind of
quandles, called generalized Alexander quandles. We develop the quandle in-
variants for generalized Alexander quandles using “connected components” of
quandles. As a results, we can solve some classification problems.

1 introduction

Originally, quandles were introduced by Joyce [3] in the context of the knot
theory. We call a set @) a quandle if () is equipped with a binary operation x
satisfying the following three axioms:

(Ql) x*xx = x for any z € Q;
(Q2) for any z,y € @, there exists a unique z € @) such that z x y = z;
(Q3) for any z,y,z € @, we have (zxy) %z = (z * 2) * (y * 2).

These axioms are derived from the Reidemeister moves appearing in the knot theory.
We can rephrase this definition of quandles in terms of “globally defined maps” as
follows. For a set () and each element x € @), the map s, : ) — @ satisfying the
following three axioms (Q17)—(Q3’) is called a point symmetry at x:

(QL) sz(x) =z for any x € Q;
(Q2’) s, is a bijection on @) for any x € Q;
(Q3") 5508, = 5,,(y) © Sz holds for any z,y € Q.

It is straightforward to check that definitions of * and {s,}.cq are equivalent by
setting s,(-) = (+) *x x for each x € Q. We can see from this definition that every
symmetric space has a quandle structure (cf. [3]). There are many studies of quandles
from the viewpoint of theory of symmetric spaces (cf. Ishihara—Tamaru [2]). In these
studies, homogeneous quandles are the main object.

Let (Q,s) and (@', s’) be quandles. A map f : @ — Q' is called a quandle
1somorphism if f is bijective and satisfies

fos,=8pof foranyzec@Q.
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If there is a quandle automorphism between @ and ', then we say that ) and ()’ are
isomorphic as quandles, denoted by @ =, Q'. Let Aut(Q, s) (or Aut(Q), for short)
be the set of quandle automorphisms from (@, s) to (Q, s) itself, which is called the
automorphism group of (). Remark that s, € Aut(Q) for any = € Q. Let Inn(Q, s)
(or Inn(Q), for short) be the subgroup of Aut(Q) generated by {s, : € Q}, which
is called the inner automorphism group of ). We say that Q) is homogeneous if
Aut(Q) acts transitively on @, i.e., for any =,y € Q, there exists f € Aut(Q) such
that f(z) =v.

We can obtain many examples of homogeneous quandles using groups and those
automorphisms. For a finite group G and an automorphism ¢ € Aut(G), we define
a binary operation x by

g*h:=hy(h~tg) for g,h €.

Then (G, x) becomes a homogeneous quandle. This quandle is called a generalized
Alezander quandle, denoted by Q(G, ). Note that in the case G is abelian, Q(G, )
is called an Alexander quandle (see Nelson [4]).

Given a finite group G, let Q(G) be the set of quandle isomorphic classes of

Q(G,¥)’s, i.e.,
Q(G) ={Q(G.¥) : ¥ € Aut(G)}/ Zqu -

The following problem naturally arises.
Problem 1.1. Determine Q(G) for a given group G.

We write ¢ =conj ' when ¢, 9" € Aut(G) are conjugate. If ¢ =¢op; ¢, then we
can show Q(G, ) =g Q(G,¢'). Thus, the following map

Aut(G)/ Zconj — Q(G); ¥ = Q(G, )

is well-defined and surjective. In general, the map is not injective. In fact, when G
is a cyclic group C,, for some n, the map Aut(C,)/ =conj— Q(C,) is not injective

(cf. [4]).

2 Main results

Towards a solution of Problem 1.1, we established some quandle invariants for

Q(G, ).

Theorem 2.1 (Higashitani-Kurihara [1]). Let ¢, ¢’ € Aut(G) and let Q = Q(G, )
and Ql - Q(G7 1/}/> IfQ gqu Q/7 then

(1) ordaut(a) ¥ = ordauc) ¥';
(2) |G :Fix(v,G)] =[G : Fix(¢¥', G)], i.e., | Fix(¢, G)| = | Fix(¢¥/', G)|;
(3) Inn(Q) =g Inn(Q’);
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(4) Q(Ga ¢Z) gqu Q(G7 wlz) fOT any (S Z>07
where ordaw(e) ¥ s the order of v, Fix(,G) :={g € G : ¥(g) = g} and G =4 G
means that G and G’ are isomorphic as groups.

Using Theorem 2.1, for a finite group G of small size, we can solve Problem 1.1.
On the other hand, for a finite group G of large size, there are generalized Alexander
quandles that we cannot distinguish by only Theorem 2.1.

Recently, we obtained results following Higashitani-Kurihara [1]. Let G be a
finite group with the identity element e and ¢ € Aut(G) with ¢ # Id. For Q =
Q(G, 1), define Py by the orbit of e by Inn(Q), i.e.,

Po={r€G:32,2,...,50€Gst. v =5, 05,0---05, (e)}.
Theorem 2.2. We have the following:
(1) Pg is a subquandle of Q;

(2) Y|p, is a quandle automorphism on Pg;

(3) Pg is a normal subgroup of G.

Theorem 2.3. For,¢' € Aut(G), put Q = Q(G,v), Q' = Q(G,y') and P = Py,
P' = Pgy. We assume Q(G,¢) Zqu Q(G, ) and let f: Q(G,¢) = Q(G,v{') be a

quandle isomorphism with f(e) = e. then we have the following:
(1) flp is a quandle isomorphism between P and P’', i.e., P =, P';

>~

(2) flp is a group isomorphism between P and P', i.e., P =, P’;
(3) W'|pro flp = flpot|p holds.

Corollary 2.4. If G is a finite simple group, there exists a one-to-one correspon-
dence between Q(G) and Aut(G)/ =conj-

Corollary 2.5. If G is a symmetric group &, there exists a one-to-one correspon-

dence between Q(6,,) and Aut(S,,)/ =conj-
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AYEILL

A2 RILIE Joyce ICK > THRUBERDORANSEASNI-TIEEEZ
HOEETH B,

Definition 1
EEQrIEER « DMUTOERMGEBLTEE. (Q,x) ZAVFILL
LS

(Ql) forVr € Q, x xx = x;
(Q2) forVr,y € Q, Nz € Q s.t. zxy=ux;
(Q3) forVx,y,z € Q, (x*y)*2z=(z*2)*(y=*2).

CORBIZSATIAAZ—BENIHEHELTWS (LW, —A. COD
NEBIIWETEROMEEERESEHTEF S,

v

H. Kurihara (Yamaguchi Univ.)

LT TR TR e EE el iy [ = el o5 Quandles and Symmetric spaces 3/22

A2 RILOB

o A =7t ZFHO—7 U ZEAR

e Q. AMNE

0 2,y CQICLT. oxy:=to+ (1 -t)y LED Do

o (Q,x) I EXAYERILTHD., COAVRILETLFHA—HAUFR
WS,

Remark 2

Q ZILEICRT 3B LRI,  BERIZT—NILEE Q DBECFAEER
ERS3ZLHTES, (COEBUESTS)

H. Kurihara (Yamaguchi Univ.)
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AVERIL2
A RILOEE (Bi8)
(Q1) forVz € Q, x xx = x;
(Q2) forVz,y e Q, Iz € Q st. zxy=ux;
(Q3) for Vx,y,z € Q, (z*y) * 2 = (T * 2) * (y * 2).

s:(y) =yx2 B s, Q> QEBRXD,

Definition 3
(Q1’) forVx € Q, sy(x) = x;
(Q2') forVx € Q, s, | HE},
(Q3’) forVz,y € Q, 8308y = S5, (y) © Sz

Remark 4

PHRZERE (M, {52 }eem) 1 (QL')-(Q3') ZHT=T o > THMERMIZH >
RILTHB.

v
im] =T - - 4 N Kol
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A2 RILERER

Definition 5
(Q,5) & (Q,s) ZAVERILLT B
e B f:Q - QW HhUFINERETHDEIIREZH T L .

fos, =5, of foranyz € Q.
f(=)

oI fHLEFOEEIR. fZ2hY FILAREEHEWS,

o (Q,5) & (Q.s) DEICHAY FIAREGHHZILE. CNEZHY
FILEZEZ WL, Q &, Q' TR,

o Aut(Q,s) (or Aut(Q)) Zh> FILBECEZEELT S,

Rem: (Q3') sz 08y = 55,() © 52 & D 5, € Aut(Q, s)o

Definition 6

{s.:x€Q} TEMINS Aut(Q,s) DEBRBEZ 1 > FILAZE 2 EE
B LW, Inn(Q, s) (or Inn(Q)) TR,

™ = = = Ty

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlestfrom finite groups  [OIET T[St BV T S el E e 6/22




Quandles and Symmetric Spaces 2021

Definition 7
(Q,s)Zh>RILELT B,
o FED 2,y c QICXHLT. f(z) =y &RB f € Aut(Q) BEET S
LEQEFELWVS,

o FED 2,y c QICXHLT. f(z) =y &HD f c Inn(Q) BEET S
EE QEERFEWVS,

Definition 8

GEBLL. ¥ c Aut(G) €T3, (G, K, ) BAYRIL=DTHB L
¥, ®BI L K CFix(¢,G):={g€G:¢(g) =gl

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlesfrom finite groups  [SIEL T[St BV T IS A eloR T E el 7/22

AVRIL=DHEFEEAVFIL

Example 9
AYRILV=D8 (G, K, ¢) ICRHLT. QZ G/K ={[g]: g€ G} & L.

sigl([]) = lgeo(g™"h)]
LEDBL. (Q,s) BEEAVRILICERSZ. ThE QG K, ¢) th<o

v

Proposition 10

BEOZFEAYVRILQICOWT, IAYRIL=DM (G, K, ) st.
Zaqu G/ Ko

C C FTOFEIED L D WIFERODEEISEV, DT, AVKRILD “1)—
B AT-WEBDHRICHE D,
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—RIE7LExH A —h2RIL
GEBLL. el3GOBMUTLT 3. K = {} LT FED
b € Aut(Q) IEDWT (G, {e},v) IBh Y RIL=DIC% 3,

Definition 11

Q(G,{e},v) Z—MRILT LB A=A RILZWV, S Q(G, )
eh <o

Rem: D& D, Q(G,v) DREXIIRIE s4(h) := gyp(g~th) THH. GHT—
NIVEDBZEIRTLFH A —HVRILTH S,

Proposition 12

¥, € Aut(G), K = Fix(¢, G), K' = Fix(¢/,G) £ $3, dL
Q(G, V) =qu Q(G, ) BBIE. Q(G, K, ) =qu Q(G,K', ") B’ D LD,

Lo T Q(G, ) I& "U—B H=WEHDT. ZEHY RILOD "B
F rBEx3,
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0(G) DIRFERIE

BGIZHLT. Q) % QG,4) DABREL T3, $hbb
Q(G) = {Q(G,¥) : ¢ € Aut(G)}/ Zqu -

Problem 13
BGlLIiCoG) ZREE & }

FTIZEDBL: 1, € Aut(G) B’HIZ (DFD 37 € Aut(Q) s.t.

Y =yT =1 oo, GBY =con; ¥ EEL) BHEIE

Q(G,v) =qu Q(G,¥') THBo

L7ehi 2T Aut(G)/ =Zconj— Q(G): [¥] — Q(G, ) 1& well-defined %2254
THd. LHL. BFHESH (TAHEDSE Aut(G)/ =conj & Q(G) B'—
=BT BIHEDID) TG ICEKD. REBEFICHSBUVFILEET 3.
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C, DiZE

Remark 14 (Nelson, 2003 )

G=C,DEEIF. QG) # (Aut(G) DHEIRER) TH 3,
o Aut(Cy) =g U(Cy) :={a € Cy : ged(a,n) =1}, z — az.

° N(n.a) = gami—a)

o Q(Ch,a) 2 Q(Cp, b) DEMERMIIUATZFH-I L !
N(n,a) = N(n,b)
a=b (mod N(n,a))
o T RIF. Q(Co,4) 2qu Q(Co,7) THB (N(9,4) = N(9,7) =35D
D4 =7 (mod 3) FH5)e U(C,) I& Abel BEfEH 5. HRHEIZ
U, BETH%.

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIIEL (ST BN ) S el oRS s E e 12 /22
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RRABAEE

Problem 13 Zf#2 < EiBE : ¢ ICBAT B3 H Y RILAZEEZ < TARDITT.
Aut(G) OHZBOHRERZR 3,

Theorem 15 (Higashitani—K., arXiv:2005.12057)

GIZEREL LT, ¢,¢ € Aut(G), Q =Q(G,v), Q' =Q(G,¢) &
ERCT

0 wl Econj /I,Z) 7&5‘;“\ Q gqu Q, T%%O
Q Q= Q ZRETBERMEDID:

ordau(q) ¥ = ordauya) ¥’

[G : Fix(¢, G)] = [G : Fix(¢',G)], i.e, |Fix(y,G)| = |Fix(¢', G)|,
Inn(Q) o Inn(Q’); .

Q(G,¥") Zqu Q(G,y") for any i € Zo.

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlesfrom finite groups (OIEL T[S BN TN S e[l s E el 13 /22

Theorem 15 DN

B G OBDNETWVIEEIE. Theorem 15 DAY RILFAZEETE1TT. X7
HOE. O(G) BRETES, LD L. B G DUBMPARE< LB L.
Theorem 15 72T TIIXBTET A< K B,

Example 1

G := &5 (15 R¥FREE)

Aut(G) = 615 (RERECEEZITH 5K B)

S5 DHEIZEE « ERDE « FHOMD 15 BOY >V ITEHF
T, m € G15 ZENETNEN (9,32),(9,3,1%) THRIEHRLT S,
v, Zm DOEFDINBECABEERLE TS, (i=1,2)

e Q(G,v¢1) & Q(G,19) & Theorem 15 DAREEEITTIXXRTE R
Lo (+RIBEMBTERTIZHD Y RILFEEDH BN, ZNTH
A X)

v

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIIEL (ST BN ) S el oRS s E e 14 /22
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Y RIVRZEE P,
U G ISBR#ZIRET 5.

Definition 16

Q(G,Y) B—BIETLEY Y E—HY RILET B, Po % Inn(Q) Ick 3
BT e DMEL T 3. THDS

Po:={r€G:day,...,ap €EG st. x=54,0---085g,(e)}.

Proposition 17
Q Q(Po,v|p,) & Q(G, ) DERZH Y FILICTE B
Q Y|p, IE P LDAY FILBEEARERTH S,
0 Py 13 G DERBAETSH .

Remark 18

Q(G,v) DAY RILEEEBWT. G/ IcbhY RILIBENERICHSE
INBH. G/Po IREBEAY RILICE S,

.
H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIIEL (ST BN ) S el oRS s E e 16 /22
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Ay RILARY P,

Y, € Aut(G) IR LT, Q :=Q(G,¥). Q =Q(G,v) £ BL., %1=
P .= PQ\ P/ = PQ/ th‘(o

Theorem 19

Q=% Q ZRETS. [:Q—>Q % fle)=cZmlcIhYFILARE
B3, QPQ RBFEENYRILBDOTEDELSE fIZVTFET D)

Q f(P)=P THO. flpld P~ P E5Z 3,
Q flpld P— P DHEEREZES5X %, >T P, P,
Q flpow|p=1'|p o flpo TP =P FEE p|p & Y|p IFHR

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlesfrom finite groups (OIEL T[S BN TN S e[l s E el 17 /22

Theorems 17, 19 D i FAHI

Corollary 20
GH (BRR) BMBEEDOLE. O(G) ¥ Aut(G)/ =conj E—H—XIET B,

v

Proof.

o ¥ =idg DBEIF. Q(G,idg) IFEBAAYRILTHD. ¢ #idg &5
£ Q(G,v) IEFEBAY RILICESHEWV, Leh>Ty, ¢ € Aut(G)
13,y #idg ZIRET %o

o Q(G,¢) % Q(G, ) ZIRET %o

o GHEMBLZNT, TEB17T3) D P=P =GTH3,

o FI19 (2) &b fec Aut(G) THOH. FE193) LD W of = forp
THD. LIED 2T Y =con ¥ 21850

[

o

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIIEL (ST BN ) S el oRS s E e 18 /22
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Corollary 20 DA

Corollary 21
G=6, & 9(G) ¥ Aut(GQ)/ =conj E—R—XIHT B,

Proof.
on=34DCFIIXTEE IS5 TRIEHNTETEZDT. n>5%KE
ERCE

o Y, £id THB 1,9 € Aut(S,) ICRHLT. Q = Q(S,, ),
Q =Q(6,,y) &H<,
o G, DIEHARIEREBLEEI A, LHIBVDT, P P A, I8 D,
0 Q2w Q ZREITD . EHE19 (1) &b
QAn, Plar,) Zqu QRn, V' |2r,) THBDo
o A, IFBREMBELDR 20D 5. ¢Y]a, =conj ¥']a1,0
o &, &, DERDS. ¢ =conj ¥ 21530

]

v

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlesfrom finite groups (OIEL T[S BN TN S e[l s E el 19/22

7—=NILEDIZE

o GET—NRILEEL T B,

o GIRT—RIBBDT, € Aut(G) IR LT, ¢ DERBER
p:=id —y BEX 3,

e Q(G, ) ICDWVWT, P=Imp THBZhbh 3,

Theorem 22 (Nelson DFERDBEZIEL)
GG ET—RILBE L. ¢ c Aut(G). o € Aut(Q) £ B0
Q=Q(G,¥)s Q=0Q(G,¢)IIx L TRIZFE :

0 Q=@

@ |G| = |G| 1D P = P D P =, Plo

UEEDT7LFH A=A RILICEWVWTIE. P OBEHRIAETHARE!
LHhL—IE7L xS >4 —h>2 RILTIE. P OBHREITTIRFA+9S

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIIEL (ST BN ) S el oRS s E e 20/22
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—HABEDES

e D, :={rc":e=0,1, i € C,} (ZHEKE)

0 acClbeC,ITHLT g p(re0?) i= 7604 T LEDB L.
Aut(Dy,) = {pap:a € C),be Cplo

e g:=gcd(l —a,n) &H<,

o Aut(Dy)/ =conj = {(a,b):a e C) bl&g D¥IE }

Theorem 23 (Q(D,,) MRFE)

Q - Q(Dna Spa,b)\ Q — Q(Dn, (Pa’,b’) ‘:i“j. L'CRH:IETI’E 5
o Q gqu Q/
Q@ P =y PPHD P =y P DD |Fix(pap, Dn)| = | Fix(a iy, Dn)lo

v

Remark 24

P =y, P B2 P = P' DD |Fix(¢ap, Dn)| = | Fix(¢a v, Dn)| DM
I a,b,9,d, b, g DBERINE T TERBATRE,

v

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlesfrom finite groups (OIEL T[S BN TN S e[l s E el 21/22

Ch 5 DR

o HoX—MRDE G IR LT, 9Q(G) DRE-

o EBBGINLTH., — L7 LFH A —hUFILELTIRER
ERBBDHEET %o

» Bl) Q(Cop,a) 2y Q(Dy,a’,—k), where a’ = a if 1 <a <n and
a=a—nifn<a<2n.

CHDESBIRKRHMBALTLELLY,
CEREHOHESTEVELE

H. Kurihara (Yamaguchi Univ.) Homogeneous quandlessfrom finite groups (OIEN (ST BN S el oRS s E e 22/22
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Maximal antipodal sets of £ and some compact
symmetric spaces

Yuuki Sasaki

ABSTRACT. In this article we give a survey of our studies on Maximal antipo-
dal sets of the exceptional compact Lie group Fg and the compact symmetric
space of EII type. Moreover, we introduce a realization of FII type as a
Grassmannian.

1 Introduction

Let M be a compact Riemannian symmetric space and denote the geodesic sym-
metry at © € M by s,. In this paper, we assume that M is connected. If s,(y) =y
for two points x,y € M, we say that x,y are antipodal. A subset S of M is an
antipodal set, if any two points of S are antipodal. The 2-number #,M of M is the
maximum of the cardinalities of antipodal sets of M. We call an antipodal set S in
M great if #5 = #oM. An antipodal set S is called maximal if there are no antipo-
dal sets including S properly. These notions were introduced by Chen-Nagano [1].
In general, any antipodal set of any Riemannian symmetric space of noncompact
type is a one-point set, so we consider only compact symmetric spaces in this paper.
It is known that antipodal sets are finite sets and 2-number is finite [1] [7].

Maximal antipodal sets are considered as an important object in studying sym-
metric spaces and various mathematicians study maximal antipodal sets. In particu-
lar, it is known that maximal antipodal sets are related to the topology of symmetric
spaces. Let M be a compact symmetric space and x(M) be the Euler number of M.
Then, x(M) < #oM [1]. Moreover, let M be a symmetric R-space (for example,
spheres, real or complex or quaternion Grassmannians, SO(n),U(n), Sp(n)). Then,
#oM = . dim H;(M;Zs) [6]. Thus, it is considered that antipodal sets have some
informatioms about topologies of compact symmetric spaces.

However, there are compact symmetric spaces whose maximal antipodal sets
are not classified and constructed. The exceptional compact Lie group Fg and the
compact symmetric space of FII type are such examples. In Fy, the classfication is
finished by Griess by using the method of algebraic groups [3], but the construction
is not complete. In the present paper, we observe the classification in Eg which is
based on a different method from Griess and construct by using Spin(8). In EI1
type, for describing maximal antipodal sets explicitly we give a realization of EII
type by using the complex exceptional Jordan algebra and observe the classification
and construction of maximal antipodal sets.
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2 Preparation

Let M be a compact symmetric space and A, B be subsets of M. If there
is an element ¢ contained in the identity component of the isometry group of M
such that g(A) = B, then we call A and B are congruent. We consider congruent
classes of maximal antipodal sets of Fg and EII type. In this section, we observe
some strategies to classify congruent classes of maximal antipodal sets. Let G be a
connected compact symmetric space. Then, it is known that G with a biinvariant
metric becomes a compact symmetric space and the geodesic symmetry s, at g € G
is given by s,(h) = gh™'g (h € G). A maximal antipodal set of G containing the
unit element e € G become a maximal elementary abelian 2-group. We call such
a maximal antipodal set a maximal antipodal subgroup. In G, the classification of
congruent classes of maximal antipodal sets reduces to the classfication of conjugate
classes of maximal antipodal subgroups. In the following, we consider maximal
antipodal subgroups.

Definition 2.1. [2] Let M be a compact symmetric space and p € M. Then, each
component of F(s,, M) :={x € M ; s,(x) = p} is called a polar of p. In particular,
if a polar is a one-point set, then we call this polar a pole. We call {p} a trivial pole.

In G, since s.(g) = g~!, we obtain F(s.,G) :={g € G; g-' = g}. Polars of e
is given by conjugate orbits in F(s.,G). Let My = {e} and M, (k=1,--- ,n) be
all polars of e and o, € M,". Then, M, = Ugee gorg ' Set G ={g € G ; goj =
org}. Let A be a maximal antipodal subgroup of G. Then,

A={efU(ANMNHU---U(ANM)).

Lemma 2.2. A is conjugate to a maximal antipodal subgroup of G°% if and only if
ANM #¢.

In Ejg, we set

M ={g € Es; g~' = g, the multiplicity of the eigenvalue +1 of ¢ is 15},
M ={g € E¢; g~' = g, the multiplicity of the eigenvalue +1 of ¢ is 11},

where we consider the complex exceptional Jordan algebra as a representation space
of Es. Then, F(s;, Eg) = {I} U M;" L M5 for the unit element I € Es. For each
o1 € My, it is known that E§* = Sp(1) x SU(6)/{+£(I, Is)}, where I,, be the n x n
unit matrix [9]. We denote Sp(1) x SU(6)/{%(11,Is)} by Sp(1)-SU(6). In Eg, any
maximal antipodal subgroup A satisfies AN M;" # ¢ [4]. Thus, A is conjugate to
a maximal antipodal subgroup of Eg'. Therefore, we consider maximal antipodal
subgroups of Sp(1) - SU(6) . Let 7w : Sp(1) x SU(6) — Sp(1) - SU(6) be the natural
projection. Moreover, set subgroups S1, S of Sp(1) x SU(6) as follows:

Si= ({£1} x AH) U ({Fer} x iAg)
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{( :I:L(Jl N J3>); Ji:i((l) (1)> U {(:I:eL(Jl Tz J3>)§Ji:|:i((1) 31)
U {(:I:eg, (Jl T JS));Jizi(_Ol (1)) U {(:I:es, (Jl Ja JS));Jizii(? é)

Lemma 2.3. [}] 7(S1),7(S2) are mazimal antipodal subgroups of Sp(1) - SU(6)
and not conjugate to each other. Moreover, any mazimal antipodal subgroup of
Sp(1) - SU(6) are conjugate to one of them. #m(S1) = 64 and #m(Sz) = 32. Thus,
#55p(1) - SU(6) = 64.

SQI

3 Maximal antipodal sets of Fj

In this section, we observe maximal antipodal sets of Fg. Let O = @z:o Re;
be the octonions. The multiplicity of O is defined satisfying following: (1) eq is

the unit element of this multiplicity, (2) e} = —ep and e;e; = —eje; for any 1 <
i # 7 <7, (3) the multiplicity satisfies the distributive law, (4) the multiplicity
among eq,--- ,e7 is defined by Figure 1 (for example, ejes = e3,e9e3 = €1 and

ese; = e3). Remark that the associative law does not follow in the octonions. For

Figure 1:

€,

93 eS e6

each x = Z::o zie; € O (x; € R), we set the conjugation T = zgeg — 23:1 x;e; of

x. Let y = 3. wie: € O (y; € R). Then, the standard inner product ( , )o of
O is defined by (z,9)0 = 1,2y Let SO(Q) be the set of all isometric linear
automorphisms of @ whose determinant is 1. Then, the triality principle of SO(Q)
is well known.

Proposition 3.1 (The triality principle of SO(Q)). For any g, € SO(Q) there are
92,93 € SO(Q) such that

(912)(920) = g3(7y),  (922)(g3y) = 91(TY),  (937)(91y) = 92(TY).
Moreover, such (ga, g3) are (g2, 93) or (—gz, —gs)-
Definition 3.2 ([9], section 1.16). Set D as follows:

D :={(g1,92,93) € SO(Q)* ; g1, g2, g3 satisfy the triality principle of SO(Q)}.
Then, D is isomorphic to Spin(8), so we denote D to Spin(8).
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Let M(3,0) be the set of all 3 x 3 matrices whose components are octonions.
Set J:={X € M(3,0) ; ‘X = X}. We call J a exceptional Jordan algebra. Each
element X of J is given by as follows:

&1 =3 T2

X = <f3 52 IB1> (& eR, 2, €0, = 172,3)
z2 T1 &3

The Jordan multiplicity o is defined by X oY = %(XY +YX) for any X,Y € J.

The inner product ( , ) is defined by (X,Y) = tr(X oY) for any X,Y € J. We

define the Freudenthal multiplicity as follows.

XxY = %(XY FYX = tr(X)Y — tr(Y)X + (te(X)tr(Y) — (X, Y))[3>.

for X,Y € J. Let J© be the complexification of J. We call J© the complex ex-
ceptional Jordan algebra. Extend the Jordan multiplicity, the inner product and
the Freudenthal multiplicity to J© satisfying the complex linearity. These expan-
sions are denoted to the same symbols. Let 7 be the complex conjugation with
respect to J. Set (X,Y) = (X,7(Y)) for any X,Y € JC. Then, (, ) is an Hermi-
tian inner product. We see 7(X x Y) = 7(X) x 7(Y) for any X,Y € J©. Define
X*xY =7(XxY).

Definition 3.3 ([9], section 3.1). We define the exceptional compact Lie group Fjg
as the set of all linear automorphisms f of J© satisfying f(X *Y) = f(X) * f(Y)
and (f(X), f(Y)) = (X,Y) for any X,Y € J°.

Let o : O — OF ; ZZ:O XTi€; Z?:o i€ — 2;4 zje; (z; € C). Define 0 € Eg

as follows:
& m3 a2 & o(z3) o(x2) C
o T3 &2 11 = | o(x3) & o(z1) (5 € (C, x; € O )
x2 #1 &3 o(x2) o(z1) &3

Then, o is involutive and the multiplicity of the eigenvalue +1 is 15. Thus, o € M;"
and EJ = Sp(1) - SU(6), where E§ is the centralizer of ¢ in Eg. The isomorphic
map ¢ : Sp(l)-SU(6) — EY is constructed explicitly ([9], section 3.11). By Lemma
2.3, ¢(51) and ¢(S2) are maximal antipodal subgroup of Ef. Denote Ax(Es) =
#(Sy) (k = 1,2). By studying An(Es) N M;" (k = 1,2) we see that there are
no g € Eg such that gAy(Fg)g™' = A;(Es) [4]. Summarizing these arguments we
obatin Theorem 3.4.

Theorem 3.4. Ay(Eg) (k = 1,2) are mazimal antipodal subgroups of Eg and not
conjugate to each other. Moreover, any mazimal antipodal subgroup of Eg is conju-
gate to one of them. #A1(Eg) = 64 and #As(Fg) = 32. In particular, #2E¢ = 64.

Moreover, A;(Eg) is conjugate to a maximal antipodal subgroup of a maximal
torus and Ay(FEg) is conjugate to a maximal antipodal subgroup of Fy C Fg. Next,
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we construct Ax(Es) by using Spin(8). Set L;(z) = ez, Ri(x) = xze; (1 <1< 7) for
any * € Q% and T; = L; o R;. The following f; (i = 0,---,3) are totally geodesic

embeddings.
x3 &1 gsm3z  goxa
fo : Spin(8) — Es,  fo(g1,92,93) &2 331 = (g3 & g1z,
1 go2T2  g1T1 &3
z3 igz o Ri(z3)  1ig2 0 Li1(22)
f1:Spin(8) — Es,  f1(91,92,93) & ig3 o R1 (23) —&2 —g10T1(21)
z1 iga o Li(22) —g10Ti(21) —&3
23 =& iggoLi(zsz) —g20Ti(22)
f2: Spin(8) — Es, f2(g1,92,93) &2 igs o L1(23) &2 ig1o Ri(z1) |
z1 —g2oTi(z ig1 o Ri(#1) —£3
23 —&1 —gsoTi(z3) ig20 Ri(22)
f3 : Spin(8) = Ee, f3(g1,92,93) Zs & =1 | = —gz30Ti(23) —&2 ig1oLi(z1) |,
22 71 &3 ig2 o Ry (22) g1 © Ll(zl) &3

where (g1, g2,93) € Spin(8) and & € C, 2z, € OF for k = 1,2,3. Moreover, let
Ly, =LioL,,, Ry, = RoR,,,T,,=T,0T,, for1 <l,m <7. We set for any § € R

6) ° Rl(_0)7

T; o T(cos fe;—sin fej)-

L;(0) = cosOLg + sin0L;,
L;;(0) = cos@Lgy + sinOL;j,

R;(0) = cosORy +sinbR;, T;(0) = L;(—
R;;(0) = cosORg +sinbR;;, T;;(0) =

Let (8) = (Ti(6), Li(8), Ri(8)) and gun(6) = (Tis(8), Lim(6), Ri(6) for amy 1 <
I,m <7, 6 € R. Then, ¢1(6p), g23(61), 9ga5(02), ge7(05) € Spin(8) are com-
mutative to each other for any 6, € R (k = 0,---,3). The group generated by
91(60), g23(01), ga5(62), ger(f3) is a maximal torus of Spin(8). This maximal torus
is denoted to T [4]. Then,

(97 -9 _g)v
(=9.—9,9)

(9,9,9),
(=9,9,—9),

A(h) = { ;J=0,---,3,g€ {I©7R1237R1457R167}}

is a maximal antipodal subgroup of T;. Moreover,

Riys,
R3ar7,

Ri67,
R3s56

Ri23,
Ros7,

I®7
Rage,

(g’ -9 _g),
(_97 _gvg)

(9,9,9),

A(spin(s)) = { oo, H

is a maximal antipodal subgroup of Spin(8) and it is known that any maximal
antipodal subgroup is congruent to A(Spin(8)) [5].

7]:07737g€{

Theorem 3.5. [/] The following are true.

3

B =JA(AM),  As(E) = fo( ASpin(3))).
=0

4 Maximal antipodal subsets of FI] type

It is known that M,  is a compact symmetric space of EIT type. The following
properties about maximal antipodal sets of polars are obvious.
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Lemma 4.1. Let G be a connected compact Lie group and M™ be a polar of the
unit element e. Then, for any mazimal antipodal set A of M™, there is a mazximal
antipodal subgroup B such that A= BN MT.

Then, we see that there are no g € Fg such that gAy(M™)g™' C A (M™) [4].

Theorem 4.2. [}] An(M;") (k = 1,2) are mazimal antipodal sets of M;" and not
congruent to each other. Moreover, any mazximal antipodal set of M is congruent
to one of them. #A; (M) = 36 and #Ay(M;") = 28. In particular, #,E1 = 36.

We construct maximal antipodal sets of E'I] type by using oriented real Grass-
mannians. We consider a realization of EII type. Let V be a complex subspace
of @, If V is a subalgebra with respect to *, then we call V a *-subspace. For
example, Hz(H)® := {X € M(3,H) ; 'X = X} is a x-subspace. We denote to g
and (, )g the restrictions of {, ) and x to H3(H)®. We call V a H-subspace if there
is f : H3(H)® — V such that (X, Y)y = (f(X), f(Y)) and f(X*gY) = f(X)*f(Y)
for any X,Y € H3(H)C. We denote to G (JC) the set of all H-subspaces. We easily
see that Eg acts on Gy (J®) by the definition of Eg. Then, we obtain Theorem 4.3.

Theorem 4.3. [}/ The action of Es on Gu(JC) is transitive. The isotropy subgroup
at H3(H)® € Gu(3°) is EZ and Gu(JI®) = Es/Sp(1) - SU(6). In particular, Gy (J©)
18 a compact symmetric space of EI1I type.

The following map is an isomorphism as symmetric spaces between M;" and
GH(‘NjC)Z
My>p—= V= {X €3 p(X) =X} € Gu@@).
The image of Ag(M;") by this map is denoted to Ax(Gu(J°)) (k = 1,2). Next, we

consider some Grassmannians. Let G,,(Q) be the set of all n-dimensional subspaces
of O.

Lemma 4.4. [}/ For any Vi, € G4(Q0), there are V3, Vs € G4(0) such that
Tty € Vs, muz e Vi, wureVy (v eVi, i=1,23).
Moreover, (Va, V3) is (Va, V3) or (Vi Vib).

If (V1, Vo, V3) € G4(0)3 satisfies the condition of Lemma 4.4, we say that (V7, Vs, V3)
satisfies the triality principle of G4(Q). For exmaple, (H, H, H) satisfies the trial-
ity principle of G4(0). We denote to G4(Q) the set of all (Vi, Vs, V3) € G4(0)3
which satisfies the triality principle of G4(Q). It is easily seen that Spin(8) acts
on G4(0) i.e. for any (g1, 92, 93) € Spin(8) and (V1, V5, V3) € G4(Q) it is true that
(1V1, g2Va, g3V3) € G4L(0). Let GOR(R™) be the set of all oriented k-dimensional
subspaces of R3.
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Lemma 4.5. [}] The action of Spin(8) on G(Q) is transitive. The isotropy
subgroup at each point of G4(Q) is isomorphic to Spin(4) x Spin(4)/Zs. Thus,
G4(0) = GPH(R®).

Let GE(QF) be the set of all complex k-dimensional subspaces of Q€. Set X Ji =
eg; £iegjr1 (7 =0,1,2,3). We define

GL(0%) = {V € G;;(0%) ; 7(V) C V} = G,(0),

Gi(0%) ={V e G{(0"); 7(V) =V},

G71(Q%)" : the connected component of G (OF) containing CX, @ Z CX,,
k=2,4,6

G71(0%)™ : the connected component of G (OF) containing CX;™ @ Z CX, .
k=2,4,6

Lemma 4.6. [{] For any V; € G§(Q%), there are Vo € G+(Q%) and V3 € G+(QF)
such that

T(0s) € Vs, T(02v3) € Vi, T(v301) € Vo (v €V, i=1,2,3).
Moreover, (Va, V3) is (Va, V3) or (V55 V).

If (V1, Va, V3) € G5(OF) x G (0%)* x G (QF)~ satisfies the condition of Lemma
4.6, we say that (V4, V5, V3) satisfies the triality principle of Gg(Q). For example,
(UL, UL URY) satisfies the triality principle of Gg(Q), where Uzi', U ", U" are the
eigenspaces of 11, Ly, Ry corresponding to the eigenvalues +1, —i, +i. We denote to
GL(O) the set of all (V;, Vs, V3) € G5(OF) x GH(O%)* x G (O%)~ which satisfies the
triality principle of Gg(Q). It is easily seen that Spin(8) acts on G5(0).

Lemma 4.7. [4] The action of Spin(8) on G§(Q) is transitive. The isotropy sub-
group is isomorphic to Spin(2) x Spin(6)/Zy. Thus, G5(0) = GOR(R?).

Let E;; be the 3 x 3 matrix whose (4, j)-component is 1 and the others are 0 and
Fl(l') = ZL’E23 + EE32, FQ((L’) = fElg + ZEE31,F3<JZ> = QL’E12 —+ fEQl for any r < @C.
Moreover, for any subset V' C QF we define F;(V) = {Fi(v) ; v € V} for each
i =1,2,3. The following gy, - - , g3 are totally geodesic embeddings [4].

3
g : GY(0) = Gu(¥) 5 (Vi,Va,Vs) = CEw © CEx» © CEs3 ® P Fi(Vi),
k=1
g1 Gé(@) — GH@C) ; (Vi, Vo, V3) = CEy @ Fi (V) @ Fo(Va) & F5(V3),
g2+ GG0) = Gu(I®) 3 (Vi,Va, V) = CEy @ Fi(V3) ® Fo(V1) @ F3(Va),
gs : GLO) = Gu(FC) ; (Vi,Va, V3) = CEss @ Fi(Va) @ Fy(Vs) @ F5(V4).
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Then, the following A(G%(0)) is a maximal antipodal set of G%(Q) and any maximal
antipodal set is congruent to A(G4(Q)) [8].

V.,V .,V Ceo ® Ce1 @ Cez @ Cez, Ceg @ Ceq @ Cey @ Ces,
t o (Vv vt vh, | Cep @ Ce1 @ Ceg @ Cey, Ceg @ Cez @ Ceyq @ Ceg,
A(GL(0)) =< ey vty 5V EQ CeooCondCon s Cor Ceog b Con & Cos  Con. :
(VJ‘,VJ‘,V ) Cep @ Cesz @ Ces @ Ceg

Moreover, the following A(G4(QF)) is a maximal antipodal set of G5(Q%) and any
maximal antipodal subset is congruent to A(GL(Q)) [7].

E((Ceoeacel)L UL_ Vg, %

t rC\Y V1, Va , V3 ), . (Cea @ Cez)* s U_ldy

A(GHO")) = ¢ GIE) 5 (W, Ve, 1) e{ (e g ey o™ o) }
( (Ceg & Cer)t, 257 Ug(;)

Further, we set AI(GZ(@)) = {(‘/1 N Ul, ‘/2 N UQ, ‘/3 N Ug) 3 (‘/1, ‘/2, ‘/:g), (Ul, UQ, Ug) S
A(GE(Q)), Vi # U} Then, A(G4(0)) € GL(0) and A’'(G4(Q)) is an antipodal set
of G4(0) which is not maximal. In particular, A'(G%(Q)) is given by as follows:

Ceo @ Cey @ Ceg @ Ces
V.,V V), (V,vi v, 0 ,

A/(Gé<@(c)> f— EVL v VL)) EVL VL v ; ; V E C60®C61 @C54®C€5, .
) k) k] ) k] (Ce() EB(CB] @Ceﬁ @C67,

Theorem 4.8. [}] The following are true.

A1(Ga(3%) = g0 (A(G4(0)) U U J(acy).
A3(Ga(3) = g0 (A<Gli(@)))-
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Sy & x ICB T B RHR & ML,

fEerk B (RREF) MAS of Eg 4/38
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I EEER A

E# 1.2 (1988, Chen-Nagano)
M %R ZEE & 5.
o M DBHES S HREES L5 s, () =y (Vx,y€S)
o RENRARDONHESZ ANEES & .
KAEEADEEE M D 2-number & WY, #,M &EH K.

MK AREOERERICEL TBAREDEZ, BAMBESE WD,

o LT, NHEEIZIA /NI NTHDERET S.
o WHEASIIEICHRESIZARY, 2-number IZBIETH 5.

ek B (RREE) MAS of Eg 5/38

B : BRmE S

epeS?2&L, Lip) b ok pEBEDHERET 5.

° pICBIT BRI s, 1 L(p) ZEEsEHE L7 180 EEERE 745,

o {xe€S5%; sp(x)=x}={p,—p} THY, s,=5_, BDT s_,(p) =p.
&oT, {p,—p}d S> DRHBEEEERY, #,52=2.

kek @ (RRAR) MAS of Eg 6/38
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Bl : 3>y N —EF

GZAVIRIN)—FET 5.

o IV M) —8 G ICIEHEAREFENFAELT, 2/ bMRERICA
ZZEPMBENTWS.

e ZDEZE, ge GITHIT B AR
sg:G—G; h gh'g.
o BIZIE, 2=4VE U(n) IKBLTIX

+1
€ U(n)
+1

DAMEEESEH>TWD. &<IT, #,U(n) =2" &7 5.

xR B (RR5%) MAS of Eg 7/38

NERES DR

WNEERICOWT, UTOLS AMEIMMONTWS.

@ 2-number (FT /XY NRFFEEOAREETH 5.
THRHE, 2-number AR B 2 DDV /NY MRIFFEREIZERIC A S AW
(Chen-Nagano, 1988).

o MZEIV/NNY MRMEREL, (M) ZE M DAA5—8ETB. DEE,
X(M) < #,M B Y 32D (Chen-Nagano, 1988).

o MEXM REBETNIEX, MDZ FEREOY —BHONY FHIT #.M &
—39 % (Takeuchi, 1989).

s L LR s, £T0I VAT MIRZERTEDOBRNHEESH O - BN
SNTWVWBDIF TR,

kek @ (RRAR) MAS of Eg 8/38
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BIANBICH T BIRNA

BIABIO DN NHFFEBE L TROEIBREDHH .
o BINBIEMI O /N N —BF
G, Fa, Ee | E; Eg
o G ICKBaAVNRY bMHER: G H
o Flck v /Ry MidFRZER . FI B, FII B
o Eickzavsiamen: |[HE B enz, Evm

o 5 Ick B8 NFRZER - - EVII B
o B lc&zav sy paifnzers - [ENES BN

B o= s RER,
L SEIRERLTVWAA, BRIERER.

ARARTIE, Ec LV El, - EIV BDBRNEESDIE - #BHE2ITo .
ANEHETE, EE BLTEINBIIBIT2HRREBNT 5.

ik B (RRHE) MAS of Eg 9/38

Eg DIBANEEESDIIR - M

1. EEDBANHEGDDIA - 18K

kek @ (RRAR) MAS of Eg 10/ 38
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Eg DIBANEEEA DR - R

DIAE

Ex 2.1
WHZERE M DEREE A BHPEWVICERTHZ E1E, MOEREBEDOEAE
ERIDTT g Tg(A) =B AEBLTHONEFET B L.

o BANFESDERREERS.

o G:EFEAVYNIN)—B, ec G: BfITT
GBI E5EZHIE, MABHLATEIONS.

i 2.2
G DBEATZEECHBANEES L, STOMEAD 2 DT —NIVEICLRS. J

o BT STBANMERS 2B ANHMMOE L L.

(BANEESOAREOHE )| — (BANEBIHORZEOHE]

xR B (RR5%) MAS of Eg 11 /38

Eg DIBANEEESDIIR - M

%% 2.3 (1)

HHEE M DR p I LT, KM s, DRERESE F(sp, M) DEEFEKRD &8
e,

o GIZBLWTHENT e ICH T2 mHMIE, se(g) =g ! £27T,

F(se,G)={geG; g=g '}

® q € F(se, G) ZBTMmIBIL, U,cp, gqg l &1 B,
00, (1<i<n)€F(se,G) EIEBAT, M= Ugecga,-g*1 EB< &

F(se,G)= {e} U M U M U --- U M

terk B (RRAE®) MAS of Eg 12/38
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Eg DIBANEEEA DR - R

o A% G DIBANERNMETS. ACF(s.,G) THBDT,
A= {e} U (AnM) U (AnMS) U -~ U (ANM)
0 Gi={gcG;goi=0oigl(1<i<n)&s<,
A 2.4
A% G DBANIRERZEFE 5.

ANMY £¢ = AW G” OEAHEEEAE & 1%

(C DBAHEHAHONE) — (7 b DBANBEBHBEHDOHHE)

ek B (RREE) MAS of Eg 13 /38

Eg DIBANEEESDIIR - M

Es B4

o FICBEWT,

Mi={geck;gl=g, gOEHEE+1 OEHREFIS} = EIE
My ={gcE;gl=g, gOBEHEE+1OEREFI} = ENIE

DEDICEDDE, Bt/ € B ITRHLT
F(si,Es) ={I} U M} U M

7R 2.5
Esc DEEDBAREES AL, ANM # ¢ w7, J

e o€ M IZHRLT, EZ = Sp(1) - SU(6) &£725.

(B OBANESAHONE] — (Sp(1) - SU(6) DBANBBHBONIE)

terk B (RRAE®) MAS of Eg 14 /38
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Eg DIBANEEEA DR - R

Sp(1) - SU(6) DA XS BEER 2B
o I & nREMFNETS. ROLIREARLTYEELS.
71 Sp(1) x SU(6) — (sp(1) x SU(6))/{i(ll, Is)}
T I & B&% Sp(1)- SU(6) £52F. (Chen-Nagano AMBA L7 Ky M)

o ERNEE 51, S C Sp(l) X 5U(6) HRTEDD.

S1=({£1} x Ag) U ({£e} x iAg)

5 2.6 (S)

7(51), m(S2) & Sp(1) - SU(6) DIBRIBEEB D EEIC/R Y, ERDOBAN 2B
ZOWTFhh & HZICK S,

ek B (RREE) MAS of Eg 15 /38

Eg DIBANEEESDIIR - M

NTEICDOWT

0 0=Y1  Re EATHET S, BIRDEDICEESNS.

(1) e BHEDEATET S, BIC1 LB,

€,
Q&1L iAjLTIZDWVT,
e,.2 = —1,eef = —¢je;. e, €
€,
(3) BIXDBEERE B L TWS.
(4) EORICL WHEEED D, €; €s e,

(B : e1er = €3, 184 = es5)
o N\TTH O T, FEHRDY L7320,
@ X = Xp€y + Z’?:l xie ISR LT, #£1& X = x0e0 — Zl?:l X; €; ZEDHD.

o x = Z,?:o xiej, y= ZLO yiei DRIE (x,y) = 27:0 Xy EEDB.

kek @ (RRAR) MAS of Eg 16 / 38
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Eg DIBANEEEA DR - R

Spin(8) ICDWT

%38 2.7 (SO(0)-3 HIEE)
EED g € SO(0) ICH LT, g,83 € SO(0) T

(gix)(gir1y) = gira(xy)  (x,y € O,/ RZAFIE mod3)

EW/ITEDNFEETS. LIS, EDEIM g0, g3 BRASERVWT—ETH 3.

W

£ 2.8
SO(0)® OEBHEE Spin(8) ZRTED .

Spin(8) := {(&1, &2, 83) € SO(0)° ; (g1x)(g2y) = &3(x¥)  (x,y € 0)}.

ik B (RRHE) MAS of Eg 17/ 38

Eg DIBANEEESDIIR - M

Jordan KEICDWT
M(3,0) TREAH O ORTHB &S B 3 REFFISHKE 5.

EE 2.9
M(3,0) D422

_ &1 x5 X
JZZ{XEM(?),@); tXX}{X(f,X) ()?3 & X1> ;& eR, X,'E@}

x2 X1 &

A 54 Jordan S5 & MR,

o M (,) BRTEDS : (X,Y) = 3tr(XY + YX)
o Freudenthal & x ZRD LD ICED S.

XxY= %(XY FYX = tr(X)Y — tr(Y)X + (te(X)tx(Y) — (X, Y))E)

2L, E (FEBAITH.

kek @ (RRAR) MAS of Eg 18 /38
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Eg DIBANEEEA DR - R

B Jordan KK J DERILEEZBM Jordan £E JC &1,
e MH& (, ), Freudenthal % BFRGHICHLRT 5.
o JICAT 2HERHREBAE T EBE, BxE2RTEDS.

XxY =1(XxY)=1Xx1Y (X,Y €3
e TILI— MR (, ) ZRDLIICEDS.
(X, Y)=(X,7Y) (X,Y €39
£ 2.10
ERBIN Jordan RE IJ© O|PESEE F T, X,Y e JCICHLT
(1) FX)+F(YV)=F(XxY),  (2) (FX),F(V)=(X,Y) (X,Y eI

EHTODRKRICE D% £ EEDD.

ek B (RREE) MAS of Eg 19 /38

Eg DIBANEEESDIIR - M

Sp(1) - SU(6) C Eg ICDWT

e 0:0¢—0OF; Z?:o ziej Z?:o ziej — Z;:4zjej (zieC) &9 5.
@ RDEDICo e B HEDS.

1 x3 X &1 o(xs) o(x)
o )?3 52 X1 = O'(X3) 52 O'(Xl)
x2 X1 &3 o(x2) o(x1) &3

0 02=1tRBDTHENTHS. E ={gcE; go=o0g} &£H5K.

o DEPERE ¢ : Sp(1) x SU(6) — EZ M EIET 5. & < I Kerg = {£(h, Is)}
1Y, EZ = Sp(1)- SU(6).

kek @ (RRAR) MAS of Eg 20/ 38
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Eg DIBANEEEA DR - R

o LEH>T, Sp(l) x SU(6) DEBHEE S, S, D ¢ Ic & B1&
A1(Es) :== ¢(51), Az(Es) := ¢(S2)
18 ES OB RIS BEI RS,

o Ex DBARWEEERDEEIE, Ef DBANEEERES & Hi%
° #Al(E6) =64 HD #AQ(E@) =32 &5,
° gAz(Es)g71 C Al(Eﬁ) il gek IFEELRLV.

EIR 2.11 (S)

Ai(Es) (i = 1,2) & Es DBAREBABOABEORRTTHS. &<,
HoFs =64 £33,

L A]_(Eﬁ) & E@ @*“Ej( F—?Z@@ﬁﬁﬂfﬁ%ﬂﬁﬁ
o Ay(Es) & Es DERDEE Fy DB AT BELRABEC A > TV 5.

xR B (RR5%) MAS of Eg 21/38

Eg DIBANEEESDIIR - M

EF 2.12
o WHZEM M DENES S M s I} TH 2

& FBED pge SITHLT SpSq = SqSp DRV ILD.

o WHZZR M ORAHTERS Z A L DMAES S B° (L, M)-s TRTH 3.

S S L Ds AHRESHD M D s ATRES.

o BEBRICELTHBATHS (L, M)-s AIHRESE, (L, M)4BkA s THES L
W,

o WHEERIIMN ST s AIRESTH D, WIT—RRICIXMY IL/=70,
o BIAIL, EFHEBMRPTICSIFTRBAMN—FATICEALT, TOsAHRES
ET LE RP"D s AIBERICARD EIER S,

terk B (RRAE®) MAS of Eg 2/ 38
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Eg DIBANEEEA DR - R

Spin(8) H* 5 DIERK,

Spin(8) IRDES LT, Es ~RAMBHIC 458 Y ICEHAZNS.

&1 o3 X &1 o gixe
fo: Spin(8) — Es, fo(g1,&,23) | % &2 X1 =legxs & ax],

X2 X X2 gixi &3
ig3x3 igrxo
ig3 X3 —& —-gix1 |,
ig2xa  —gix —&3
igsx3  —gaxe
ig; X3 &2 igix1 |,
—gx2  igix —&3

—g3x3 g
=& igix |,

lgzxz igrx &3

&
fi : Spin(8) = Es, flgi,&,23) R &
X2 X

X2 X1

&1 X3
f; : Spin(8) — Es, f3(g1,82,23) & X1

x X &

&1 x3
f2: 5pin(8) — Es, fae1,82,23) | B &2

ik B (RRHE) MAS of Eg 23/38

Eg DIBANEEESDIIR - M

Spin(8) DHEDIERTER BNB.
{ I = (/@7 I@) /@)7 /1 = (I©7 _I@7 _l@)7 }
I2 = (_l@)l@a_l@)a l3 = (—I@);—/@,I@)

o T % Spin(8) DIBKRK~—ZR& L, BEBEAMTEEL (T,Spin(8))-1BK s A
HESET 5.

e Bii={geB; g’=1I} (0<i<3)&BKE, &B & T OBANIEES
<, B:U?:OB,'.

o A% Spin(8) DIBANIEER DB E T 5.
EHE 2.13 (9)
U?:o fi(Bi) & A1(Ee) &, f(A) & Ax(Ep) & Eo-H1&TH 5. J

kek @ (RRAR) MAS of Eg 24 /38
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Ell DIBABEERE DR - #K

2. Ell DIBRNPEEREDOLE - 1B

ik B (RRHE) MAS of Eg 25 /38

Ell DIBARXBERE DDA - #EK

Ell BICEAL T

o Es MEfIT {/} ICEWT
F(S/,E@):{I} L M;r L M2+
THY, M IZEIBETHS. A,“:A,-(Eﬁ)ﬁMlJr (i=1,2) &£6XK.

e 3.1

M* &N N)—B GC ORUTICE T 2BhEdT 2. MT OEBRDIBX
WHEES AL LT, G DHZBRNPEERIE B IMEFELT, A=BnM*.

o Mt ILB I3 AREHRIE G ORBIERTH 5.
o #A! =36, #A) =28 TH 3.
o gAllg=l c All %3%7-¥ g € Es BEELAL.

I 3.2 (S)
Al (i =1,2) 1& M)t OBAREEADARBORERTTHY, #2E/l = 36. J

kek @ (RRAR) MAS of Eg 26/ 38
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Ell DIBABEERE DR - #K

Ell D% aIByER

o JC DEHLRE V AT « DENRETHDEE, V & «BOEBEWVD.

o Hy(H)® :={X € M(3,H) ; tX = X}C i& «- A LETH 3.
Wx BLVIILI— bATZ HS(H)C ANFIRL7=HED% *y, (, ) &5B7.

EE 3.3
«- BB 2R V C 3C A H-BAEMTH B &1, HERE F: H3(H)C - V T

(1) £ (Hs(H), () = (Vs ()lv) BER,
(2) F(Xi #u Xo) = F(X1) % F(Xo) (X1, Xo € H3(H)C)

/T EDONFEET DI L.

ik B (RRHE) MAS of Eg 27 /38

Ell DIBARXBERE DDA - #EK

IO HBAEELEICE DT ATV EREE, H-UV ATV ERIFEEFAT,

EFE 3.4
Gu(3°) 5T J

(] E6 o)ﬂﬂi%b"a;

._ smm . ~C . ~C . F(XxY)=F(X)xf(Y)
E6._{.%7?ﬁ/ﬁiif.‘5 3% e }

ThHad, FBOV c Gy(I%),g€ B Icxt LT g(V) € Gu(3°) &4 5.
Thbbt, Eid Gu(JC) AMEALTWS.

kek @ (RRAR) MAS of Eg 28/ 38
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Ell DIBABEERE DR - #K

FIE 3.5 (S)

Es D Gu(J°) ~DERIGHBITH S, &<, Gu(J%) = E/Sp(1) - SU(6) TH
YW, Gu(J°) & Ell B FRZeRE.

o Ell BRHZEO=DORE M) = U, gog ' & Gu(3C) 2B

o M & Gu(3°) DHIEE LTRIH .
Mfsp —  ViTe G ).

2L, Vit ik p @ +1 BEEMRE.

o ZORIKICL D M DBAKESES Al (i=1,2) otRALES Al TRET.

ik B (RRHE) MAS of Eg 20 /38

Ell DIBARXBERE DDA - #EK

Gi(0) D 3 R

o G(0) TO D k REHBH L hERT.

& 3.6 (S)

FED Vi € G4(@) IZR LT, Vo, V3 € G4(@) TREB-TEDOIEET S.
Vivii1 € Vi (Vvi € Vi, RAFIE mod 3)

THIC, TDEIR Vo, V3 (Vo, V3) & (V5 V3 oaTH S.

[+ (Vl, Vg, V3) yiN ViVitl € \/i+2 HiE=d & =, SHREBAF T EWND.

o FUTH H M\ O OFAaRETHB 2 &n 5, (H,H,H) & 3 RE%
7=LTW3.

[} Gt(@3) = {(Vl, Vz, V3) < G4(@)3 ; (\/17 V2, V3) X 3NREAH/AT }
G:(03) % 3T S AT U Skik L IER.

kek @ (RRAR) MAS of Eg 30 /38
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Ell DIBABEERE DR - #K

o EED g = (g1,8,8) € Spin(8) BL UV V = (Vy, Vo, V3) € G,(03%) ICEAL
T, g(V) = (a1, Vo, 53V3) EED B &,

(g1v1)(g2v2) = g3(viv2) € g3(V3)
THHDT, g(V)e G(0%). &<, Spin(8) I G(Q%) NMERLTW53.
£8 3.7 (S)

Spin(8) IZ& % G(Q°) ~NDIERIIEBHTH D, &< IS, BRICHITZMY hOE—EI
Spin(4) x Spin(4)/Z, £ BB &4, G.(0°) = Spin(8)/(Spin(4) x Spin(4)/Z>).

o GOR(R") & R" @ k REMEMEMHYLEMLBET DL, G(0°) = GOF(R?).

ek B (RREE) MAS of Eg 31/ 38

Ell DIBARFEEEE DR - R

GI(OF) x GH(OF)* x GH(0°)~ d 3 R

ROEDICEBBEZEDS.
o GS(OF) : O° DEH k RTBAZEMEREICL D7 5 AT Y ZHkiE
0o 7:0CICHBITHOICETBHE
GI(0%) :={V € GE(OF) ; 7(V) C V} =2 S0(8)/S(0(k) x O(8 — k))

e G;H(O% ={V e GL°); 7(V) LV}

GL(O)* : GH(OF) @ Ly @ +i EAEMASTERLES (= SO(8)/U(4))
GL(0%)~ : GH(OF) @ R, @ +i EAEmMASTERLES (= SO(8)/U(4))

kek @ (RRAR) MAS of Eg 32/ 38
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Ell DIBABEERE DR - #K

7(Vivis1) € Vi (Vv; € Vi, &®AFIE mod 3)

EHETEDONEET S, SHICIDEOR Vo, V3 & (VQ, V3) & (V2J‘, V3J‘) @D H
Thb.

o LREWLT (11, Vo, V3) EWRIWRBLHLT LS.
° (T]_, Ly, Rl) S Spln(8) ICELT,

7
Vi i={Xe0; Ty(X) =X} =PCe,
k=2

Vo = {X 0", L1(X)=iX}=C(e —ie1) @ C(ej — iej11),
j=2,4,6
Vs :={Xec0%; R(X)=—iX}=C(e +ier) @ C(ej — fejy1),
j=2,4,6
cThE, (Vi, Vo, V3),(Va, V5h, V5h) IR 3T RE A L TW5.
MAS of Eg /3%

Ell DIBARFEEEE DR - R

(Vi Vo, Vs) RIER SRR AL T |
GO((OC)?) A ERI WY 5 AT Y SRR & IR,

°o FED g = (g1,42,8) € Spin(8) LV (Vi, Vo, V3) € GE((O°)3) IcBAL T,
gV)=(aVi,&Vo,g3V3) EED B &,

7((g1v1)(g212)) = 7(g3(viv2)) = g3(7(iv2)) € g3(V53)
1Y, g(V) e GO(OC)3). &< I, Spin(8) & GE((OC)3) ~EMT .

#% 3.9 ()

Spin(8) & GE((OF)3) AHBMICHERT 2. 515, ERICHITZMY hOE—E
i& Spin(6) x Spin(2)/Zy &Y, G8((QF)3) = Spin(8)/(Spin(6) x Spin(2)/Z>).

o &£<IZ, GO((OC)) = GOR(R®) £#4 5.

kek @ (RRAR) MAS of Eg 34/ 38
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Ell DIBABEERE DR - #K

o G(0%) = GOR(RE) A5 Ell BFFRZR Gu(3C) ~ D2 RIHAIDIAH

3 ~C X1 vz W v € Vi,
f: Gt(@ )—> GH(J ) ; (Vl, Vs, \/3) — ioxe v x €C, vweW,

V2 vioX3 vz € V3
o GS((0°)3) = GOR(R®) » & Ell BINFRZERE Gy (JC) ~NDLRHhAIRHIAH

. ~60(C)\3 ~Cy . , A MW,
gth((@))%GH(‘j ), (Vl,VQ,\/g)l—) 0 v x€EC, eV o,

%) Vi 0 v € \/,;

6 C\3 ~C (_J V2 Vi vi € Vi,
g G ((07)) = Gu(3): (Vi,Vo, V5) = q (2 x w)ix€C wevey,

vi 70 vz € V3

0 vy V3 vi1 € Vi,
83 Gtﬁ((@c)3) — GH(:}(C) ; (Vl, Vs, \/3) — {(\71 0 Vz) i x€eC, we Vz,} R

V3 Va X vi € V3

ek B (RREE) MAS of Eg 35/ 38

Ell DIBARXBERE DDA - #EK

o GOR(R®) DIBANES B £RTED .

B — { + @k:u,a(cek © Cery1), =+ @k:OA,G(Cek ® Ceyy1), }
+ @Dr02,6(Cex ® Cerr1), EDyg24(Cex ® Ceria),

o B :={+(VinVWy); Vi,Vh € B, dim(V1 N Vo) =4} C GPR(R®) &&<.
B' 1 GPR(R®) oBEEE L AD. (BRTIRAWL)
o A: GPR(R®) ABANEES LT .
I 3.10 (S)

Gu(3C) DEANEES A (i =1,2) BZhZh f(B)UUL, &(B), f(A) L AR
1278 %.

kek @ (RRAR) MAS of Eg 36 /38
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Ell DIBABEERE DR - #K

AEDXED

o Ec 8LV Ell BADBARNIEES D
DHR - B ZERBT LT,

o Es DIBARNIEEADERIRIL2
L]
o MK h—3 XDIBAIHEES
o ROEF Fu DEBANEEES

o Es Tl& Spin(8) % W AB KX B
EEDEBRHBN L.

o Ell HOBANMESDERRIL 2
EE]

o Ell BITIXFBMBMEY S AT VKK
ERWBANIEES DEBK B
NL7=.

ek B (RREH) MAS of Eg

Ell DIBARXBERE DDA - #EK

EEHYNESTINVELR ]

terk B (RRAE®) MAS of Eg

37 /38

38 /38
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Maximal antipodal sets
of compact symmetric spaces

Hiroyuki Tasaki

ABSTRACT. We explain our joint study with Makiko Sumi Tanaka on the
classification of maximal antipodal sets in compact symmetric spaces.

In this note, we limit our explanation to the achievements related to the unitary
group U(n). Refer to [2], [3], [4], [5] and our future publications for the results in
the other cases.

1 Definitions and Notations

Let M be a compact Riemannian symmetric space. We denote by s, the geodesic
symmetry at x in M. A subset S of M is called an antipodal set, if s,(y) = y for
any x,y € S. We define

#oM = max{|A| | A : antipodal in M }.

If an antipodal set A in M attains #,M, we call A a great antipodal set. If an
antipodal set A is strictly included in no antipodal set, we call A a maximal antipodal
set. A great antipodal set is a maximal antipodal set, however a maximal antipodal
set is not a great antipodal set in general. These are introduced by Chen-Nagano
in [1].

Let X be aset and f: X — X be a map. We define the fixed point set by

F(f,X) ={z e X | f(z) = x}.

In a compact Riemannian symmetric space M we take a point o. We call each
connected component of F(s,, M) a polar and a polar consisting of a single point a
pole. It is known that a polar is a totally geodesic submanifold, in particular it is
a compact symmetric space. If p is a pole of o, we denote by C(o,p) the set of the
midpoints of geodesics joining o and p. We call C(o,p) the centrosome for o and p
and each connected component of C'(o,p) a centriole. It is known that a centriole
is a totally geodesic submanifold, so it is a compact symmetric space. Polars and
centrioles are orbits of the isotropy action and it is useful for the classification of
maximal antipodal sets of compact symmetric spaces realized as polars or centrioles.
Taking advantage of these, we have been conducting research on the classification.

This work was supported by JSPS KAKENHI Grant Number JP21K03218.
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2 Compact Lie groups

Let G be a compact Lie group. There exists a biinvariant Riemannian metric on
G and G is a Riemannian symmetric space with respect to a biinvariant Riemannian
metric. In the identity component of G, the geodesic symmetry is described as

s.(y) =y~ tw.

The right hand side has meaning not only in the identity component but in the
whole GG. So this is adopted as the geodesic symmetry in the whole G. We denote
by e the identity element of G. If A is a maximal antipodal set containing e, then
A is a subgroup of GG. Moreover A is isomorphic to Zy X --- X Zs. It is enough to
classify maximal antipodal subgroups in compact Lie groups.

In [2] we classified maximal antipodal subgroups of some compact classical Lie
groups. We define some symbols in order to describe the classification of maximal
antipodal subgroups. The set of all diagonal matrices of degree n whose diagonal
components are +1 is denoted by A,,. We can see that A, is a maximal antipodal
subgroup of O(n). We denote by 1,, the indentity matrix of degree n. We define

-1 0 0 -1 0 1
Il_|:0 1:|7 Jl_[l O:|7 K1_|:1 O:|7
D[4] = {£1y,+1,,£J1, £K,} : the dihedral group.

For a natural number n we decompose it into n = 2* - [, where [ is an odd number.
For 0 < s < k we define

D(s,n) = {dl I ®d5®d0 ‘ dl S D[4] (1 S ) S S),do € An/gs},
PD(s,n) ={d € D(s,n) | d> = 1,,},
ND(s,n) ={d € D(s,n) | d* = —1,}.
The following theorem is easy to prove.
Theorem 2.1. A mazimal antipodal subgroup of U(n) is U(n)-conjugate to A,,.

We take a natural number p and put Z, = {z1,, | 2# = 1}. Let 6 be a primitive
2p-th root of 1. We denote by 7, : U(n) — U(n)/Z, the natural projection.

Theorem 2.2 ([2] Theorem 5.1). For a natural number n we decompose it into
n = 2% .1, where | is an odd number. A mazimal antipodal subgroup of U(n)/Z,, is
U(n)/7Z,-conjugate to one of the following.

(1) In the case where n or p is odd,
m({1,0}D(0,n)) = m,({1,0}A,).
(2) In the case where both n and p are even,
m({1,0}D(s,n)) (0 <s<k),

where the case (s,n) = (k —1,2%) is excluded.
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3 Maximal antipodal sets of polars

Our policy of classifying the maximal antipodal sets in a compact symmetric
space realized as a polar in a compact Lie group is as follows. Let G be a compact
Lie group and M be a polar of the identity element e in G. We take an antipodal set
A of M. Then AU {e} is an antipodal set of G because A C M C F(s.,G). We can
take a maximal antipodal subgroup A of G which contains A U {e}. Furthermore,
if A is a maximal antipodal set of M, we obtain A = M N A. We denote by
Gy the identity component of G' and let By, ..., By be representatives of each G-
conjugacy class of maximal antipodal subgroups of G. Then A is Go-conjugate to
one of them and there exist s € {0,...,k} and g € Gy such that A = 1,(By), where
I,(x) = gxg™"'. Since M is an orbit of the conjugate action of Gy,

A=MnA=MnI,(B,) =I,(MnNB,).

It is known that Io(M) = {Iy|m | g € Go}, so A is Io(M)-congruent to M N Bs.
This implies that a representative of Io(M)-congruence class of maximal antipodal
sets of M is one of the following:

MNBy,...,MnN B

We check which of these are actually maximal antipodal sets.

4 Complex Grassmann manifolds and their quotient spaces
For 1 <k <n—1 we denote by G\(C") the Grassmann manifold consisting of
k dimensional subspaces in C". We can imbed G(C") in U(n) by Gx(C") 3 V

ly — 1y € U(n), whose image is a polar.

Theorem 4.1. A mazimal antipodal set of G(C"™) is U(n)-congruent to G(C")NA,,
={(es,...,€;,) |1 <i3 <--- <ip <n}, where ey,...,e, is the standard unitary

basis of C* and (e, ..., €;,) is the subspace spanned by e, ..., e;,.

In the quotient group U(2m)* = U(2m)/{=%1s,,} the quotient space G,,(C*™)* =
G (C*™) /{£1s,,} is a polar. Using the classification of maximal antipodal sub-
groups of U(2m)* we can obtain the following theorem.

Theorem 4.2. For a natural number m we decompose 2m into 2m = 2F - [, where
[ is an odd number. A mazimal antipodal set of G,,,(C*™)* is U(2m)*-congruent to
one of the following.

Tom({d1 ® -+ - @ ds @ dy € PD(s,2m) | 3d; (0 <1i <'s) Trd; = 0}
UV—=1ND(s,2m)) (0<s<k),

where the case of (s,2m) = (k — 1,2%) is excluded and when m = 2, m4({dy €
PD(0,4) | Trdy = 0}) is also excluded.
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5 A maximal torus of a disconnected compact Lie group

Let G be a connected compact Lie group and 7" be a maximal torus of G. It is
known that

G = U gTg™".

geG

Let ¢ be an involutive automorphism of G and denote by (o) the subgroup of Aut(G)
generated by o. The semidirect product G x (o) has two connected components
(G,1) and (G,0). We take a maximal torus 7" of F(o,G). As an application of
Hermann action we obtain

(G,o) = U g(T/7 U)g_l'

geG

This description is useful for treating the connected component (G, o).

6 Ul(n) and its quotient spaces
We define an involutive automorphim o of U(n) by

or(g) =9 (9€U(n))

and define a compact symmetric space UI(n) by

Ul(n) ={g € U(n)|or(g) =g} =U(n)/OM).

Ul(n) is not realized in any connected compact Lie group as a polar, however it
is realized in the semidirect product U(n) x (o) as a polar. We denote by é the
identity element of U(n) x (o). We have

F(s,U(n) x (o1)) = | (G-(C™), 1) U(UI(n),0r).

0<r<n
Using these we obtain the following theorems.

Theorem 6.1. A mazimal antipodal subgroup of U(n) x (o) is U(n)-conjugate to
An b <0’[>.

Theorem 6.2. A mazimal antipodal set of UI(n) is U(n)-congruent to A,,.
We denote by 7, : U(n) x (o;) = U(n) % (or)/Z, the natural projection.

Theorem 6.3. For a natural number n we decompose it into n = 2.1, where l is an
odd number. A maximal antipodal subgroup of U(n)x(or)/Z,, is U(n)/Z,-conjugate
to one of the following.

(1) In the case where y is odd, m,(A, % {(o7)).
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(2) In the case where p is even, w,({1,0}D(s,n) x (o7)) (0 < s < k), where the
case (s,n) = (k — 1,2%) is excluded.

Theorem 6.4. For a natural number n we decompose it into n = 2% - 1, where | is
an odd number. A mazimal antipodal set of UI(n)/Z, is U(n)/Z,-congruent to one
of the following.

(1) In the case where y is odd, m,(A,).
(2) In the case where u is even, m,({1,0}PD(s,n)) (0 < s < k), where the case
(s,n) = (k —1,2%) is excluded.

7 Ull(n) and its quotient spaces

We set J, = J; ® 1, € SO(2n). We define an involutive automorphim oy; of
U(2n) by
orr(g) = JugJ,! (g € U(2n))

and define a compact symmetric space UII(n) by
UIl(n) ={g € U(2n) | o11(g) = g~} = U(2n)/Sp(n).

UlI(n) is not realized in any connected compact Lie group as a polar, however it
is realized in the semidirect product U(2n) x (o) as a polar. We denote by é the
identity element of U(2n) x (o). We have

F(se,U(2n) x (o)) = | (GA(C*™), 1) U(UII(n),011).

0<r<2n
Using these we obtain the following theorems.

Theorem 7.1. A mazimal antipodal subgroup of U(2n) x (o) is U(2n)-conjugate
to (Agn, ].) or (12 ®An) X <O']]>.

Theorem 7.2. A mazimal antipodal set of UII(n) is U(2n)-congruent to 1o @ A,,.

wo-((s 4

We denote by 7o, : U(2n) x (o11) — U(2n) x (011)/Z,, the natural projection.

We set

dl,dQ S An} C O(QTL)

Theorem 7.3. For a natural number n we decompose it into n = 2% - 1, where | is
an odd number. A mazimal antipodal subgroup of U(2n) % (o;r)/Z, is U(2n)/Z,-
conjugate to one of the following.

(1) In the case where p is odd, mo, (Ao, 1), mon((1la ® Ay) X {(o71)).
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(2) In the case where y is even,

7T2n(({17 Q}AQM 1) U ({17 Q}E(n)7 UU))?
Ton({1,0}D(s + 1,2n) x (or7)) (0<s<k),

where the case (s,n) = (k —1,2%) is excluded.

Theorem 7.4. For a natural number n we decompose it into n = 2% - 1, where | is
an odd number. A maximal antipodal of UII(n)/Z,, is U(2n)/Z,-congruent to one
of the following.

(1) In the case where p is odd, mo, (1o ® A,).

(2) In the case where y is even,
mon({1,0} (1o ® PD(s,n) U {1, J1, K1} ® ND(s,n))) (0<s<k),

where the case (s,n) = (k —1,2%) is excluded.
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f-twisted Alexander matrices of connected
quandles

Yuta Taniguchi

ABSTRACT. Ishii and Oshiro introduced the notion of an f-twisted Alexander
matrix. They showed that the cokernel of an f-twisted Alexander matrix is
an invariant of a pair of a finitely presentable quandle and a quandle homom-
rophism. We determine the cokernel of an f-twisted Alexander matrix for a
connected quandle using a certain Alexander pair.

1 f-twisted Alexander matrices

Let X = (X, *) be a quandle and R be a ring with unity 1. A pair f = (f1, f2)
of maps fi,fo : X? — R is an Alexander pair if f; and f, satisfy the following
conditions ([2]):

e For any x € X, we have fi(z,z) + fo(x,x) = 1.
e For any =,y € X, fi(x,y) is a unit of R.

e For any z,y, 2 € X, we have

filexy,2) fi(z,y) = fi(z* 2,y * 2) fi(z, 2),
filzxy,2) folz,y) = folz * 2,y % 2) fi(y, 2),and
folzxy,2) = fi(z x 2,y * 2) faw, 2) + falx * 2,y % 2) fa(y, 2).

Let @ be a quandle with a finite presentation (z1,...,z, | r1,...,7m), X be a quan-
dle, p : @ — X be a quandle homomorphism and f = (f1, f2) be an Alexander pair.
We can define the f-twisted Alezander matriz with respect to the presentation which
is denoted by A(Q, p; f1, f2) ([2]). The f-twisted Alexander matrix A(Q, p; f1, f2) is
the m x n matrix whose (7, j) component is an element of R. Let us define a linear
map YaQ.ppif) - B™ = B by Yaen.p(a) = aA(Q, p; f1, fo) for any a € R™.
We denote the cokernel of 1 4(q pp,..) by Coker(A(Q, p; f1, f2)).
In [2], Ishii and Oshiro showed the following theorem.

Theorem 1.1 ([2]). Let Q' be a quandle with a finite presentation (x},...,x., |

... ). If there exists a quandle isomorphism 1 = Q" — @, then Coker(A(Q, p; fi1, f2))
is R-module isomorphic to Coker(A(Q', pov; f1, f2)).

Thus, Coker(A(Q, p; f1, f2)) is an invariant of a pair of a quandle and a quandle
homomorphism.

This work was partly supported by JSPS KAKENHI Grant Number 21J21482.
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2 Main result

Let X be a quandle and A be an abelian group. Here, the operation of an
abelian group is written multiplicatively. A map 6 : X? — A is a quandle 2-cocycle
if 0 satisfies the following conditions ([1]):

e For any = € X, we have 0(x,z) = e4, where e, is the identity element of A.
e For any x,y,z € X, we have O(x xy, 2)0(x,y) = 0(x * 2,y * 2)0(z, 2).

Let 6 : X2 — A be a quandle 2-cocycle. We denote the linear extension of 6 by
the same symbol 6 : Z[X?] — A, where Z[X?] is a free abelian group whose basis
is X2. Then, the linear extension 6 is a 2-cocycle of the quandle cochain complex
which was introduced in [1]. Using a 2-cocycle, we have the group homomorphism
from the second quandle homology group HQQ(X; Z), which was defined in [1], to A.
We also denote this group homomorphism by the same symbol 6 : HQQ (X;7Z) — A.

Let Z[A] be the group ring over the integral domain Z. Let us define maps
fo,0: X? — Z[A] by

f@(x7y) :19<I7y)7 0<I,y) = 0.
Lemma 2.1 ([3]). The pair (fp,0) is an Alezander pair.
We determine the Z[A]-module Coker(A(Q, p; fy,0)) for a connected quandle Q.

Theorem 2.2. Let () be a connected quandle with a finite presentation, X be a
quandle, A be an abelian group, p : Q@ — X be a quandle homomorphism and
0 : X? — A be a quandle 2-cocycle. Then, Coker(A(Q, p; fy,0)) is Z[A]-module
isomorphic to the quotient module Z[A] by the ideal generated by {1-x —1-e4 | x €
Im(0 o p,)}, where p, : HS(Q;Z) — HY(X;7Z) is the induced homomorphism by p.
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K t K' 2l & Fp: 83 — S5 (| H07R) MEZROMAM st. p(K) =K'
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DAZERDPRERL LT,
.
o HAMN Y FIL QK).
o FEL.
o IV RNLaAVA INARER.
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Introduction
0®0000

Quandle

JEFe (Joyce, Matveev, 1982)

X: 88, «: X2 > X: 2 THEA.

X = (X,*): AZ FIL (quandle)

& o« BUT OS2
Q@ "reX, zxx =1
Q@ "ye X,xy: X = X;x— xxy IXRHE
Q "ry,2€X, (xxy)xz=(x*2)*(y*2).

Ex.
G: B, xxy:=y lay (z,y € G), Conj(G) = (G,*): G ® H&H > K.

XY: BYEL, p: X =Y DBAVRILERE < o,y € X, p(zxy) = p(z) * p(y).

Introduction
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Alexander pair

TEZE (Ishii-Oshiro (cf. Andruskiewitsch-Grafia, 2003))
X: AV P, R B, 1, f2: X2 — R: B&.
f = (f1, f2): Alexander pair
o "z e X, fi(z,x) + fo(z,z) = 1.
o Yz,y € X, fi(x,y) 1& R DHIL.
o "z,y,2 € X,
filzxy,2)fi(z,y) = filz * 2,y * 2) f(z, 2),
Hi(zxy, 2)fa(@,y) = folw * 2,y * 2) f1(y, 2) D
folx xy,2) = fi(z * 2,y * 2) fa(x, 2) + folx * 2,9 * 2) fo(y, 2)-




Quandles and Symmetric Spaces 2021 63

Introduction
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SENIROBERITESE Y TS,

’f—twisted Alexander matrix‘

Q = <I1,...,.73‘n | 11 =T12,+++,Tml1l = T’m2>7XZ A R,
p:Q — X: YRR R: R

f = (f1, f2): Alexander pair (f1, f2: X? — R).

~ A(Q, p; f1, f2) € M(m,n; R): f-twisted Alexander matrix.
~ Coker(R™ > a — aA(Q, p; f1, f2) € R") 1% (Q, p) DTER.

JEH (Ishii-Oshiro)

SLAYRAAR ¢ Q' — Q (T%bB ¢ BEHEHHOH ¥ FAMERE) HEFET
2RGIBEEDOH Y FAMERR 5. Q — X I LT
Coker(a — aA(Q, p; f1, [2)) 2Rr—mod Coker(a — aA(Q', po; f1, f2)) DD LD,

DEDETOHY FVERRE p:.Q - X #EZNIE Q DILEETHS.

Introduction
000080

I 1
Alexander pair (f1, f2) 2352 b7z & =, Coker(a — aA(Q, p; f1, f2)) ZREE X.

.

f1, fo: X% Z[til] Z filz,y) =t fo(z,y) =1—1 TEDZ M (f1, f2) &
Alexander pair TH 5.

K % S3 NOEUOHE 25k Coker(a — aA(Q(K), p; f1, f2)) & K DFIZERH DR
KEgED 1 Xkt Y —Ef (Alexander REE) & Z[tY ] OEFTH 5.

il 2

E A% Alexander pair (fy, fo) 2o T % & BIKZFEWVFERIE S5 D,
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As: {HYEN) o (BE) LS BETESFEL, AU TFOWE % Ho:

o Conj: {Bf} - { >} OfEFTH 2.

o K % S° MOBIIEOH LT3 L As(Q(K)) = m1(S3\K).
Fox @ free derivative & FiWVT (AIRFERATEEZR) BEICH S % Alexander 1741215
DPERTES. DF DU TOMNTITY (L TER) 21855 Z KD,

(HRFRATAER) # > KL 25 (HIRFURATAER) B S, £77)

FOFRIRBFZDEEICDHDIRETE 3.
PR L ZOHER L As(Q) Zp AS(Q') Zili7=T Q,Q ZEHITE L.

fieE 2’

As(Q) Zrp As(Q') Ziifi7z T Q,Q % f-twisted Alexander matrix 2 51% 505+
ZBETRXHITE %20

Main result
©00000000

18 2 1t 5 7 T o —F

" ¥ ROVHRD Alexander pair’ ZFHW2 & RWDTIERWEEA S ».

ZE - AVRIL 2.3 A )L 6 ~ Alexander pair (fp,0).
A: (RIEHY) 7 —~VEE.

EF% (Carter-Jelsovsky-Kamada-Lamgford-Saito, 2003)

0: X2 A: hYRIL 2-aY1 )L
& 0 WFROEMET- 3

e "z e X, 0(x,x) =ey.
0 x,y,z € X, 0(xxy,2)0(z,y) = 0(x * 2,y * 2)0(, 2).

0 % Z[X?] (X? OueREL 2 BHMEE) ISR L7254 0 : Z[X?]) — A
BAhHYRvaFoAf VEERD 2ROV 4 Ik S,
WEFECERL X D BRERM HY(X:Z) —» A BME5N 2. COMWEREG ¢ v E#L
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Main result
0®0000000

0:X%2— A AV RV 2-a%4 7). Z[A]: BR.
fo: X% = 7Z[A],0: X2 = Z[A] ERTED 3

fo(z,y) ==1-6(z,y), O(z,y):=0.

i (T
(fo,0) 032 Alexander pair T»H 5.

fl,f Alexander pair = xy,zGXflac*y, Vfi(z,y) = filexz,yx2) f
LAY RN 2-aY AT = Va iy, 2 € X, 0(x xy, 2)0(z,y) = 0(x * 2, y*z)@(x z).

Main result
008000000

QA AInn(Q) ={*x¢:Q—=>Q|qeQ}) C{p: X = X | pldH ¥ FLFEE }
Q: EfE o Q ~ Inn(Q) DHERERY.

ER A (T.)

Q=(x1,...,%n | 711 =T12,. .., "1 = Tm2): EAGRA 2 FIL
X: AV R, p:Q— X: A1 ¥ ROVHEFEAY,

Ar 7—~LEE 0: X2 5 A AV RV 2-a¥ 4 7.

T DY ERHD D!

Coker(a — aA(Q, p; f9,0)) 2 Z[A]/({1- 2 —1-e4 | x € Im(f o pi))}),

ZZT ,0* X p OFEEINS S Y FLkEn Y —HEO M OHERE
: HY(Q;Z) — HS(X;Z) TH 5.
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Main result

000®@00000

K: S? NOIEEARFECH.
QK): K 0FAN > K. HE(QK)) =7 = ([K]) (K] & K OEAR).

X: AV BRI, p:Q(K) = X: h ¥ FAUEREL
A 7—~OLEE 0: X2 5 A AV E 22a% 4 7.

DL ZERHD ILD:

Coker(a — aA(Q(K), p; f5,0)) = ZIA]/(1- 00 p.([K]) — 1 - e4)})

Oop([K]) BETD p ITHLTHZ LT 72dDE2AY RIILAYAVIILFTEE L LR

D% D f-twisted Alexander matrix 225 4 ¥ Kl a$ 4 Z AAEEDERME SN D
ZEenbhrb.

Main result
000080000

° Q(Kl) %qdle Q(KQ)
o m(S°\K1) Zgrp m(SP\K2) (e As(Q(K1)) = As(Q(K>)))

s 2 (Fi4E)

As(Q) 2 As(Q)) Zimi/z3 Q,Q % f-twisted Alexander matrix 2> 515 505 F~E
B CXRITZ %2,
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Main result
000008000

o K1 £ Kb lduyyFa—F2fl5 L XHITE % (Fox, Waldhausen,. . .).
o IV RNaANA IAAZRIFEIHOR Y P F 2 — FDfHE (Eisermann, 2007).
o f-twisted Alexander matrix & > FLa¥ 4 Z VAL REIZERT 2 (EH B).

~s f-twisted Alexander matrix Z 2% > T K| & Ky ZXB|ITE 37551
~ BARRNZ X AT E % Alexander pair (fy,0) %5 2 72 (arXiv: 2107.0656).
(EARM 7251 arXiv: 2107.06561 % ZH7)

iR 2’ (F4E)

As(Q) =2 As(Q)) Zii/z3 Q,Q" % f-twisted Alexander matrix 2> 515 51 5 F~E
HTXHITZ 22

A. Yes!

Main result
000000800

(EBL A OFEFHDOMENE) ¢ € Q ZEET 5.
ROFRERFOME As(Q) &< (2 (2 €Q) [y tay(zxy) ™! (z,y €Q)).
Q -~ As(Q) DHARIZIFIEL Stab(q) :={g € As(Q) | ¢-g=¢q} LEX.
DY ZRHLD ILO:
o HY(Q:7Z) = ([As(Q), As(Q)] N Stab(g))ap (Eisermann).
o Q MHRFRAMAELHIX Q DXL LT
<$1,...,$n71,q | X191 =¢qy---,Tpn-1"9Gn-1 =949 " Gn =4q,...,4 " Gm :q>
EWOSEIRDEND (1721 ¢ € F[S)).
Coker ZZZ WA 2T Z & TLORRA /LN B1T5]D Coker &
1-00p([gn]) —1-€a
: D Coker L[AMITHZ WD Z b 5.
1-00pi(lgm]) —1-ea
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Main result
0000000@0

8 2 (Fi8)
E A5 Alexander pair (fy, fo) 2o T % & BIKFEWFERIE S5 D,

il 2"
f-twisted Alexander matrix 225 ¥ D X 57 ¥ FALDEHRME S5 5.

HE
HEE 72 > BV Q 1F ([As(Q), As(Q)], [As(Q), As(Q)] N Stab(q), o) &\ 5 FRREH
D, 727U oy 1 As(Q) >z — ¢ lzg € As(Q) EHHIR L7514
o ([As(Q), As(Q)] N Stab(q))ay = H5 (s 2).
o K Z#UHE T2 ¥ [As(Q(K)), As(Q(K))] \JHERR K [ml 4 78 22 ] D FEAEE.
~ ([As(Q(K)), As(Q(K))))ab % 0f DIEFFTETE 2729 D2 Alexander
.

R HSATHER R 513 [Alexander R4 R) + THY(Q;Z)) TRE20...7

Main result
000000008

TIEHEH DR S TXNVWE LT
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Extended quandle spaces and their applications

Katsumi Ishikawa

ABSTRACT. We show the homotopy equivalence of the extended quandle
space BX and a covering space of the quandle space BX of a quandle X.
As applications, we introduce a spectral sequence on quandle homology and
examine the relation of quandle homology invariants for knots.

1 Quandles and quandle spaces
A set X equipped with a binary operation * is called a quandle if

(Ql) zxx =z for any = € X,
(Q2) exx: X — X is bijective for any = € X, and
(Q3) (z*y)xz=(r*z2)x(yx*z) for any z,y,2 € X.

For example, the dihedral quandle Ry of order k is the cyclic group Zj, with * defined
by xxy =2y —x (x,y € Zx). For a group G and an automorphism ¢ of G the
generalized Alexander quandle Qg4 = (G, *) is defined by x xy = ¢(zy ')y (z,y €
G). If G is commutative, Q¢ 4 is simply called an Alezander quandle.

The associated group As(X) of a quandle X is the group which has the presen-
tation (e, (v € X) | exey = €yeuuy (x,y € X)). A set Y with a right action of As(X)
is called an X-set; e.g., X is an X-set by x-e, =z xy (x,y € X) and so is Z by
a-e; =a+1(a €Z,x e X). If the action of As(X) on X is transitive, X is said
to be connected.

For a quandle X, the rack chain complex (CE(X),0) and the quandle chain
complex (C2(X), ) are defined, and the rack space BX is introduced as a geometric
realization of CF(X): BX = | ]>2,[0,1]" x X"/ ~p for some relation ~p. See [§]
for definitions. The quandle space B®X is the quotient space BX/ ~p, where ~p
is the equivalent relation generated by

. Iy .
(tla s 7tnax17' e 7xn) ~D (th- .. ati—lati7ti+17ti+27- .. 7tn7x17' e 71771)

if x; = x40 and t; + ;41 = t; +t;,,. For an X-set Y we have the covering space
BZX of BOX associated to Y since m(B?X) = As(X). A well defined action of
S~ R/Z on BgX is given by

te(ty, ..ty my, .o xy) = (Gt oot @@, 2, ., ),

where we regard BYX as a quotient of | | [0,1]" x X x X", and then we call the
quotient ngX/S1 the extended quandle space and denote it by BX. By definitions,
we have H,(BX) = H¥(X), H,(BYX) = H?(X), and H,(BX) = H,?H(X).

This work was supported by JSPS KAKENHI Grant Number JP2014309.
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Remark 1.1. ' Rack/quandle spaces BX, B9X, BX were introduced in [4], [7], [9],
respectively, though the original definitions of B2X and BX are slightly different
from ours and our definition of B2X is due to [6]. Also, we should note that the
covering space Bx X of BX associated to X is called the extended rack space, e.g.,
in [4]; remark that the extended quandle space here is not BgX but BX , a quotient
of the covering space BYX.

2 Key homeomorphisms

In the definition of BX, the action of S is free and then BgX is an S'-bundle.
The following theorem claims that it is trivial.

Theorem 2.1. Let X be a quandle. Then, we have the following commutative
diagram, whose rows are homeomorphic:

o

BY X R x BX
BYX —= -5 x BX

Corollary 2.2. H,(BS X) = H?. ,(X).

Remark 2.3. By this corollary, the covering map induces a degree-(—1) homomor-
phism Hgﬂ(X ) — H?(X) of quandle homology groups. In fact, this is equal to the
one induced by the shifting chain map algebraically introduced in [5].

3 Spectral sequences on quandle homology

Let us apply the Cartan-Leray spectral sequence (see, e.g., [1]), which is valid for
a regular covering, to ng X — BPX. Unfortunately, this covering is not always
regular. However, any generalized Alexander quandle satisfies this condition (in
fact, this is necessary and sufficient in the connected cases) and we have

Theorem 3.1. Let X be a connected generalized Alexander quandle Q¢ . Then,
there exists a spectral sequence {E;jq} of the form

E? = H,(Z xsG; HY

o(X)) = Y

p+q

(X),

where the actions of Z X4 G on the coefficient groups are trivial and Ej, = 0 for
p =2

For example, quandle homology groups of connected Alexander quandles are calcu-
lated as follows:

1The author would like to thank Professor Seiichi Kamada for the valuable comments on the
history of rack spaces.
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e (Alexander quandles Qg,) For any a € Q\{0, 1}, we have HY (Qga) = H?(Qqg.0) =
Z and H?(Qg,) = 0 (n > 2). In fact, the extended quandle space BQq, is
contractible and hence the quandle space BYX is a K(Z x Q,1)-space.

e (Dihedral quandles R;) Let & > 1 be an odd. Then, we have HY(Ry) =
HP(Ry) = Z and HQ(Ry) = Zi" (n > 2), where 7, is the delayed Fibonacci
sequence defined by r1 =1 = 0,73 = 1,7, =11 + 13 (n > 4).

We also have a non-connected version of Theorem 3.1: We consider a connected
component X, of a quandle X and the covering map BY, 1, X — B9X. If this is
regular, we can obtain a spectral sequence on quandle homology as above. We here
just state results of computation of quandle homology groups:

o (Free quandles FQy; cf.[3]) Let FQx denote the free quandle of k generators
(see, e.g., [8] for definition). Then, we have HZ(FQy) = Z, HY(FQy) = ZF,
and HY(FQy) = 0 (n > 2). In fact, the quandle space BFQy, is a K (Fj, 1)
(Fy is the free group of k generators), i.e., homotopy equivalent to the bouquet
of k circles.

e (Dihedral quandles Ryy,) For an odd k > 1, we have H2(Ry,) = (Za Z1" P2,

4 Relation and efficiency of knot invariants

For an oriented link L in S* the fundamental quandle Q(L) is defined and a
homomorphism Q(L) — X to a quandle X is called an X -coloring. An X-coloring
C can be described by a colored diagram in S?, and then a homotopy class Z(C) €
my(B9X), called the quandle homotopy invariant, is defined and independent of the
choice of a diagram; see [7] for details. Specifying a connected component (usually
by a “shadow coloring”) if necessary, we obtain homology classes ®,(C) € HS(X) =
Hy(BX) and ®x(C) € HY(X,X) := Hy(BYX) as the images of Z(C) under the
Hurewicz homomorphisms. Furthermore, we set ®5(C) = 7,(®x(C)) € HI(X) =
Hy(BX), where 7 : BYX — BX is the quotient map.

Let ¢ : H2(X) — HZ(X, X) denote the composite

HE(X) = Hy(BX) = Hy(BY,  X) — Hy(BEX) = HY(X, X)

of the homotopy equivalence and the covering map. The following proposition means
that the invariants ® x and P35 are equivalent.

Proposition 4.1. For any (shadow) X-coloring C of any link, q¢(®3(C)) = ®x(C).

Next, let us review a non-abelian invariant briefly. For simplicity, we consider an
oriented knot K (with a single component) and assume a quandle X to be connected.
Let C be an X-coloring of K. Since “As” is a functor and As(Q(K)) is isomorphic to
the knot group g, we have a group homomorphism As(C) : mx — As(X). Taking
a meridian-longitude pair (m, (), we set g = C(m) € X and A(C) = (As(C))(¢) €
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As(X). In fact, A(C) is contained in the fundamental group m (X, zo) of X defined
by m (X, z0) = {9 € As(X) | e(9) =0, xo-g = o}, where ¢ : As(X) — Z is the
group homomorphism taking e, € As(X) to 1 € Z (x € X). It is known [2] that
the abelianization m (X )a, is isomorphic to HZ(X), and under this identification
AC)as = B3(C).

Thus, both of the invariants ®3 and A have the universality to ®,, i.e., p, o
q(P3(C)) = A(C)ap = P2(C) holds for any coloring C, where p : BYX — B9X is the
covering map. The following theorem examines the relation and possible values of
these two invariants. Here, a homology class ¢ € HE?(X ) is realizable if it is in the
kernel of the classifying homomorphism HZ(X) = Hy(BX) — Hy(mi(X)), where
we can easily check that m (X) = m (BX).

Theorem 4.2. Let X be a connected quandle and take zo € X. For ¢ € HY(X)
and N\ € m(X,xg), there exists a pair (K,C) of an oriented knot K and an X -
coloring C of K such that ®3(C) = ¢ and A(C) = X if and only if ¢ is realizable and

P« 0q(9) = Aab.
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Extended quandle spaces and their applications

Katsumi Ishikawa

RIMS, Kyoto Univ.

1/18

Motivation: Calculation of H*Q(X).

the quandle space: H,(B9X) = HZ(X)
the extended qdle sp.:  H,(BX) = HgH(X)

2/18
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Motivation: Calculation of HE(X).

the quandle space: H,(B9X) = HZ(X)
the extended qdle sp.:  H,(BX) = HgH(X)

Main result

BY X — BYX = B9X : cov.maps
Il R
Rx BX — S!'xBX
Applications

@ CL spectral sequences on quandle homology.

@ Relation and efficiency of quandle homology invariants.

2/18

Contents

@ Quandles and quandle spaces
@ Definitions
@ Main theorem — key homeomorphisms on quandle spaces

© Spectral sequences on quandle homology
o Computations of H?(X)

© Relation and efficiency of knot invariants
@ 2- vs. 3-cocycle invariants
o Efficiency of invariants

3/18
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Quandles

= (X, %) is a quandle

)
(Ql) zxx ==,
def (Q2) the map s, : X 2 a+ axx € X is a bijection,
(Q3) (mxy)*z=(zx2)*(y*2),
for Vo, y,z € X.
Ex.

e dihedral quandle Ry = (Z/kZ, ).

Txy =2y —.
. G : a group
e generalized Alexander quandle Q¢ 4 = (G, *) 6 € Aut(G)
zxy=(ry)y.
4/18
Quandle homology
Def X : a quandle.
o The rack homology HF(X) = H,(CE(X),0) :
CR(X) = free ab. grp. generated by X",
ox = Z(—l)n((l’l, ey Lig—1,Lj415 - - - ,In)
i=1
— (T % Ty oo W1 K Ty, Ty, ,SL’n))-

o CP(X) =span{(z1,...,2,) € CE(X) | 2; = z441 for some i}.
@ The quandle homology:

CR(X) = CHX)/CP(X),  HI(X) = Ho(CP(X),0).

5/18
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Quandle spaces

oo
@ The rack space BX = |_| [0, 1]™ x X”/ ~R -

n=0
.’E*y
T
Q vh (z,y) fv
°
X
0-cell 1-cells 2-cells

rem Ho(BX) = HJY(X),

6/18

Quandle spaces

@ The rack space BX = |_| [0,1]" x X”/ ~R .

n=0

e The quandle space BYX = BX/ ~p, where

SRS /#3807 S DU 17 NS/ 17 S .
( ) z, / iy g ) Ifti+ti+1:t;+té+1-
ND(...,ti7ti+1,...;...7xi,xi,...)
Ty €z
X ,%
Q Y (x,y) Y r 08}{'2 r
[ J
z x
0-cell 1-cells 2-cells (z, )

rem Ho(BX)2~ HE(X), H.(B9X)~HZX).

6/18
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Quandle spaces

Y :an “X-set”. eg, X, ZxX,...
o0
oBgX:U[O,l]”xYxX”/NR,ND. < a cov. sp. of BYX.
n=0
(x*2,yx*z)
~ )
(SE,y) \z{“ (ZL',y,Z) “;é
*—>—20 <
z Ty (2,y)
0-cells 1-cells 2-cells

7/18

Quandle spaces
Y :an “X-set”. eg, X, Zx X,...

0
o BIX = | |[0,1]" x Y x X"/ ~p,~p. 4 acov. sp. of BAX.
n=0

o ' = (R/Z) ~ BLX is defined by

te(ty, ..ty @21, .o mn) = (Gt .ty oy, @y, ., Tp).

~~ The extended quandle space BX = B%X/Sl.

(z* 2,y % 2) T kY zxy
— 0 o
(x, y) :» (SC, Y, Z) ; identify
~ 83
*—>—=0 N
x Ty (z,y) . .
0-cells 1-cells 2-cells (x,x,y)

rem  H,(BX)=H?,(X) (n>0).

7/18
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Key homeomorphisms

Theorem A

There exist homeomorphisms as follows:

Q = |
BY X R x BX

| |

BYX —= >3 x BX

Corollary

H, (B, x(X)) = HZ (X)  (n>0).

Prop H?, ,(X) = H,(BY, «X) — H,(B9X) = H?(X)

is equal to the shifting homomorphism by Hashimoto-Tanaka.

Spectral sequences

X: a connected quandle.

Lem The covering BZQXxX — BRX is regular & X is gen. Alex.

Theorem B
X = Qqg,¢ : a connected generalized Alexander quandle.

= There exists a spectral sequence {E} ,} s.t.

B2, = Hy(Z wy G HZ (X)) = HY,

p—l—q(X)a

where Z x , G HqQ+1(X) is trivial.

Furthermore, we have £ = 0 for p > 2.

8/18

9/18
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Examples

Alexander quandles Qg (@ € Q\{0,1})
HY(Qua) = HE(Qua) =Z,  HP(Qga) =0 (n>2).

Corollary

BQq,. is contractible and B®Qqq is a K(Z x Q, 1).

Dihedral quandles Ry
If £ > 1 is an odd, we have

HY(Ry) = HY(Ry) =2, HS(Ry) =Z" (n>2),

where 7, is defined as follows:

ri=re=0, r3=1, rp=rp_1+7n-3 (n>4).

10/18

Spectral sequences

X : a quandle, Xop C X a connected component.

Def X is quasi-Alexander C}g the cov. map ngXOX — B9X is regular.

Lem A generalized Alexander quandle is quasi-Alexander.

Theorem B’

X : a quandle, Xy : a quasi-Alexander connected component.

= There exists a spectral sequence {E} ,} s.t.

E? = Hy(Go; HY (X)) = HZ

p—}-q(X)a

07q(

Gy : the cov. trfm. gp. of BZQXx X — BYX,
where 0 . ¢
Go ~ Hy, (X): trivial.

IfVf e Stabpu,(x)(®) (z € X) has a f.p. in Xo, E;S =0 forp>2.

v

11/18
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Examples
Trivial quandle T},

H(Ty,) = 2",

Free quandle F'Q;. (cf. Farinati)

HE(FQy) =7, HE(FQp)=7F, H2(FQ) =0 (n>2).
In fact, BRFQy, is a K(Fj, 1), i.e.,, BRFQ, ~ \/F S

Alexander quandle )z 4

H(Qz-1) 27, HYQz-1)=Z® (n>1).

Dihedral quandles Ry
If K> 1 is an odd, we have

HO(Ray) = (Z @ Z,E2n/5j)2 .

12/18

Quandle coloring

X :aquandle D : an oriented link diag.
@ A map C : {arcs of D} — X is an X-coloring

def

Y
E Cl)*Cy)=C(z) at <L l Z .

Rem X = G : conj. quandle (z xy =y~ lzy);
= X-col. = grp. rep. 1, — G.

Rem Reidemeister moves induce bijections of Colx (D) = {X-col. of D}.
~» #Colx (D) is an invariant for links.

13/18
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The quandle homotopy invariant (Fenn-Rourke-Sanderson, Nosaka):
C:an X-col. ~ Z(C) € m(BYX)

link diags.
w/ X-col.

( )a ~ ' C> <a - \"/a
/"\a

@ Quandle (shadow) cocycle invariants ®,, are recovered from Z:

Fact mo(B9X) 2 ITy(X) := { }/RI, RII, R, ~;

m (B, X) 2 HA(X(,Y)) 22 4
=(C) B(C): ,(C)

(1>

@ (S.Y.Yang) We can define shadow homotopy inv. Z(C) € ma(BX).

14/18

2- vs. 3-cocycle invariants

There are 3 basic quandle homology (cocycle) invs.:

o Oy(C) € HQQ(X) ~~ 2-cocycle invs.
e Ox(C) € HZQ(X,X) ~= shadow 2-cocycle invs.
e O3(C) € HZ?(X) ~+ 3-cocycle invs.

Rem The cov. map p: BgX — B?X induces
pe t H2(X,X) 3 ©x(C) — 05(C) € HY(X).

Proposition
X: quandle

= 3¢: HY(X) —» HZ(X,X) st YK,YC, q(®3(C)) = ®x(C).

Prf.

Q ~ Thm
q: HO(X) = Hy(BX) =

Hy(BY, «X) =5 Hy(BYX) = HY(X, X).

15/18
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Def  X: a connected quandle.

@ The associated group As(X) :=(x € X | zy = y(z * y)).

@ The fundamental group 71 (X, zp) := As(X),, N Ker e.
(e:As(X) = Z, z+— 1 forx € X)

@ C:an X-col. of aknot 1z € X : the color of an arc (3 bs. pt.).

The non-abelian cycle invariant

A(C) = Ia ik, yil - -yf{l € 7T1(X, Io)/conj.(change of bs.pt.)

Y1

— e

xo Yn

Fact (Eisermann) X :conn. = m(X,x0)ap = HQQ(X).

16/18

Efficiency of invariants

o m(X,z0) € m(BX,20). ~ BX -5 K(m(X),1).
o ¢ € H2(X) is realizable & ¢ € Ker[e, : H2(X) — Hy(m (X))].
Theorem C

X: aconn. qdle, ¢¢€ H:?(X), A€ mi(X,xo).
=

3| K: aknot, ; ®3(C) = ¢, ¢ is realizable,
{ C € Colx(K) }s. { AC)= A } < { P 0 q(P) = Aap- }

Remind: p,oq: H3Q(X) — HQQ(X) is the shifting homomorphism.

17/18
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Future directions

@ Quandle homology of non-Alexander, gen. Alex. quandles.
@ Quandle homology of quandles which are not generalized Alexander.
o Relation between BX and BYX (or BX).

@ Topological (or homotopical) definition of quandle/rack homology.

18/18
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Multiple group racks and cocycle invariants of
surfaces in the 3-sphere

Shosaku Matsuzaki

ABSTRACT. A multiple group rack was introduced for colorings of ori-
ented compact surfaces in S3, which yields isotopy invariants. We introduce
(co)homology theory of multiple group racks and cocycle invariants of oriented
compact surfaces in S°.

This is a joint work with Tomo Murao (Waseda University).

1 A oriented spatial surface

An oriented spatial surface is an oriented compact surface embedded in the 3-
sphere S% = R3 U {co}. Two oriented spatial surfaces F' and F’ are equivalent if
there is an orientation-preserving self-homeomorphism % of S* such that h(F) = F”
and h respects the orientations of F' and F”.

In this manuscript, we suppose the following conditions:

e cach component of any oriented spatial surface F' has non-empty boundary,
e [ has no disk components and has no annuli components.

A spatial graph is a finite graph embedded in S3. Let D be a diagram of a spatial
trivalent graph. We obtain an oriented spatial surface F' from D by taking a regular
neighborhood of D in S? = R? U {oo} and perturbing it around all crossings of D
according to its over/under information, and we give an orientation so that the front
side of F' faces into the positive direction of the z-axis of R? (see Fig. 1). Then we
call D a diagram of F. Any oriented spatial surface is equivalent to an oriented
spatial surface obtained by the process (see

Figure 1: The process for obtaining an oriented spatial surface.

Theorem 1.1 ([5]). Two oriented spatial surfaces are equivalent if and only if their
diagrams are related by finitely many Reidemeister moves on S? depicted in Fig. 2.
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Dwd|w =P Lw H

Figure 2: The Reidemeister moves for oriented spatial surfaces.

A Y-orientation of a trivalent graph G is a direction of all edges of G satisfying
that every vertex of G is both the initial vertex of a directed edge and the terminal
vertex of a directed edge (see Fig. 3).

Let D be a diagram of a Y-oriented spatial trivalent graph G. We have the
oriented spatial surface F' obtained from D by forgetting the Y-orientation. Then
we call D a Y-oriented diagram of F. It is known that any oriented spatial surface
is represented by some Y-oriented diagram. Y-oriented Reidemeister moves are the
moves depicted in Fig. 2 between two diagrams with Y-orientations.

Theorem 1.2. Two oriented spatial surfaces are equivalent if and only if their Y-
oriented diagrams are related by finitely many Y-oriented Reidemeister moves on

52,

2 A multiple group rack and a coloring of oriented spatial
surfaces

A rack [1] is a non-empty set ) with a binary operation * : Q* — @ satisfying
the following axioms:

e For any a € @), the map S, : Q — @ defined by S,(z) = = * a is bijective.
e For any a,b,c € Q, (axb)xc=(axc)x(bxc).
A rack @ = (Q, %) is a quandle [4, 6] if a x a = a for any a € Q.

Definition 2.1 ([3]). A multiple group rack X = ||,., G\ is a disjoint union of
groups Gy (A € A) with a binary operation * : X? — X satisfying the following
axioms:

(1) For any x € X and yy1,y2 € Gy, o % (y1y2) = (2 *y1) xy2 and = x ey = x, where
ey is the identity of G).

(2) For any z,y,z € X, (z*xy)x 2= (v *2) % (y * 2).

(3) For any 1,29 € G and y € X, (x122) *y = (1 * y)(x * y), where x1 x v,
zy xy € G, for some p € A.
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A multiple group rack is a rack with the binary operation *. A multiple group
rack X = | | ., G\ is called a multiple conjugation quandle [2] if 1 * 35 = 23 @129
for any A € A and x1, 29 € G\. A multiple conjugation quandle, which is a multiple
group rack, is introduced to define coloring invariants for handlebody-knots.

An X-set of a multiple group rack X = | |, , G» is a non-empty set Y equipped
with a map x: Y x X — Y satisfying the following axioms.

(1) Forany v € Y, A € A and x1,29 € Gy, vxey =v, v*(r122) = (V*T1) * X,
where e, is the identity of G.

(2) Foranyv € Y and z,y € X, (v*z)*xy = (vxy) * (x xy).

Let X = | ], G be a multiple group rack and let D be a Y-oriented diagram
of an oriented spatial surface. We denote by A(D) the set of arcs of D, where an
arc is a piece of a curve each of whose endpoints is an undercrossing or a vertex.
We denote by R(D) the set of complementary regions of D.

An X-coloring of D is a map ¢ : A(D) — X satisfying the conditions (i), (ii)
and (iii) depicted in Fig. 3 at each crossing and vertex of D. We denote by Colx (D)
the set of all X-colorings of D. An Xy-coloring is a map ¢ : A(D) UR(D) —» X
such that the restriction c|4(p) is an X-coloring of D, and that the condition (iv)
in Fig. 3 is satisfied at any region of D. We denote by Colx(D)y the set of all
Xy-colorings of D.

L1 T

>/ \\)L/ VKT

(i (i) (i) (iv)

Figure 3: Rules of a coloring, where v € Y, z,y € X and x1, 2, € G,.

Theorem 2.2. Let X = | |,.\ G\ be a multiple group rack and Y an X-set. If
Y-oriented diagram D and D’ represent equivalent oriented spatial surfaces, then

# Cle(D)y = # COIX (D,)y.

3 (Co)homology of a multiple group rack

In this section, we suppose that X = |, ., G» is a multiple group rack, and that
Y is an X-set.
We define a free abelian group C,(X)y by

k
U rI1(Ue)
ni+-+np=n i=1 “eA

0 (n S Z<0).

Z

Co(X)y = (n € Zo),
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Here, Z[S] means the free abelian group generated by a set S, and the indices
ni, ..., N, in the disjoint union run over all the partitions of n. We represent

. . . n n
(V3105 s Timgs e e 3 Tkl e ooy Thomy,) € Y X |_|G>\ LX e X |_|G,\ ’“
AEA AEA

by the noncommutative multiplication form (v)(z11,. .., Z10,)  (Th1, - Thomy)-

Let « be a sequence xq,...,x,, of elements of G,. For x € X, the sequence
T1*T,. .., T, *xx is denoted by @*x. For (v)(xy) -+ (@g) € Y x| |GY x -+ x| | GYF,
the notation (v){(xy) - (k) * x means (v *x)(xy * ) (T} * T).

For (x) = (xy,...,2,), where xy,...,x,, is a sequence of elements of G for
some A € A, we define an operator 5(:13> by
Of) = a1 (x") + > _(—1)'(x').

i=1

Here, x' is the sequence w1, ..., T 1, ..., T, for any i with 0 < i < m, x° is the
sequence Ty, . .., Ty, and ™ is the sequence z1, ..., T, 1. We set (%) = (z) = ()
it m=1.

We denote by |z| the length of ® = xq,...,2,, that is, || = m and set
(V) (@) - - ()| = || + -+ + |xk|. We define the boundary homomorphism
8n : Cn(X)y — Cn_l(X)y by

<_1)|<’U><wl>'-~<wi71>|<U><w1> Oy - {my) (0 € Zso)

E

On ((V)(®1) - (@) = §

o
Il

(n € Z<o),
where (v){(x;) - - (xg) is a generator of C,,(X)y.
Proposition 3.1. C.(X)y := (Ch(X)y, On)nez s a chain complex.

We call C,(X)y the multiple group rack chain complex of X with Y. We denote
by H,(X)y the n-th homology group of C,(X)y. For an abelian group A, the
cochain complex C*(X; A)y := (C"(X; A)y, 0n)nez is defined in the ordinary way.

For an Xy-coloring ¢ of a Y-oriented diagram D of an oriented spatial surface, we
define the local weight w(x;c) € Co(X)y at any x € U(D) UV (D) of D as depicted
in Fig. 4, where U(D) (resp. V(D)) is the set of crossings (resp. vertices) of D.

We define a 2-cocycle W(D;c) € Cy(X)y by

W(D;e)= Y. wieo).

x€U(D)UV (D)

Proposition 3.2. Suppose that D is a Y-oriented diagram of an oriented spatial
surface, and that D' is a Y-oriented diagram obtained by applying one of Y-oriented
Reidemeister moves on S? to D once. For any Xy -coloring ¢ of D and the corre-
sponding Xy -coloring ¢ of D', [W(D;c)] = [W(D';)] in He(X)y, where [W] the
homology class that contains W for a 2-cycle W € Co(X)y .
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x y y o 2

2
\ I’)( X1 X9

(V) (z)(y) —(u)(z)(y) (V) (z1,T2) —(v)(w1, 72)

Figure 4: Local chains for a crossing or a vertex Y.

For a Y-oriented diagram D, we define the following multisets:

H(D) = {[W(D,C)] € HQ(X)Y | cec Cle(D)y},
By(D) = {6(W(D;c)) | ¢ € Coly(D)y} .

Theorem 3.3. The multisets H(D) and ®o(D) are invariants of oriented spatial
surfaces, respectively.
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Multiple group racks and cocycle invariants

of surfaces in the 3-sphere

g = (RAIREE)
joint work with

ME 8 (FHHKRY)

§1 Spatial surfaces, knots and handlebody-knots
§2 Colorings and (Co)homology theory
§3 Constructions of multiple group rack cocycles

11 A 26 H (&) 15:00 - 16:00
A FILEXIFRZER 2021

§1 spatial surfaces, knots and handlebody-knots

A spatial surface is a compact surface F C S3 s.t.

0C # () for any connected component C of F.

1/21
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There are injections:
@ {knots} — {handlebody-knots}; K — Nb(K),
@ {handlebody-knots} < {1-comp. closed surfaces in S3}; H — OH,

@ {1-comp. closed surfaces in S} — {spatial surfaces}; F — F\ (open disk).

/—| spatial surfaces I ~
unorientable
handlebody-knots
7

Today, | will talk about oriented spatial surfaces.
2/21

Any oriented spatial surface F is presented
by a diagram D of spatial trivalent graph s.t. F =% F(D).

<j§~) N # (FL v o) p
! AR E % DT 5 K5

Theorem (M, oriented ver)

D, D': diagrams of oriented spatial surfaces F, F'. Then,

F* F' «— D and D' are related by

IR A e P S S

DU EDZER TR ED, HIAihm o A2,

3/21
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§2 Colorings and (Co)homology theory
Process to obtain cocycle invariants

X: quande, Colx(D)y: the set of colorings, H(D): invariant
Y: X-set. |~ . ~ .
; C«(X;Z)y: chain complex (multiset)
(BtoiEE)
H i

®y(D): cocycle invariant

V0: 2-cocycle | ~ (multiset)

[Carter-Jelsovsky-Kamada-Langford-Saito ‘03], [Fenn-Rourke-Sanderson‘95]
X: quandle (resp. rack) = ®y(D): inv. of links (framed links)

[Carter-Ishii-Saito- Tanaka ‘17]
X: multiple conjugation quandle = ®y(D): inv. of handlebody-links

[M-Murao]
X: multiple group rack = ®g(D): inv. of oriented spatial surfaces

4/21

Definition (Fenn—Rourke '92)
A set (Q,*) with a binary operation x is a rack if Va, b, c € Q,

@ xa: Q — Q; g— g=x*a: bijective.
@ (axb)xc=(axc)*(bxc).

A rack (@, *) is a quandle if ax a = a for any a € Q.

Aset (Y, ) withamapx:Y x Q — Y isa Q-set of a rack Q if
Va,be Q,"veY

@ xa: Y —Y,; y— yx*a: bijective,
o (vxa)xb=(vxb)x(axb).

A map c : {arcs of D} U {regons of D} — Q is an Qy-coloring of D if

ayb av*a
\a*b

5/21
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Definition (Ishii-M—Murao ’20)
X = |_| Gy, where {G)}xen : a family of groups.

AEN
(X, %) : multiple group rack if Vx,y,z € X, ¥x1,x2 € Gy,

@ xx(x1x2) = (x % x1) * x2, X % €\, = X,

o (xxy)xz=(x*xz)*(y=*2),
o (x1x2) * x = (x1 * x) (x2 * x).
CHYICHEICHEICH
X = L_J G

Ae{1,2,3,4}
group  group group  group

Aset (Y,x)withamap*x:Y xX —= Yis
an X-set of a multiple group rack if Yv €'Y,

Q@ vxey=v, v*(x1x2) = (v*x1)*x2,

Q@ (vxx)xy=(vkxy)*(x*y).

6/21

Hereafter, any diagram of oriented spatial surfaces has Y-orientation:

edge DM =X
\\l‘/ OK Beh s HIIED Si;*‘/ NG)/AQ)ilrce
EERRETIA T

A map c : {arcs of D} LI {regons of D} — Q is an Qy-coloring of D, if

T1To x

x Y x1 T2
T *Y X129 X )

Colx(D)y := {Xy-colorings of D}.
Proposition (Ishii-M-Murao‘20)

D: a diag, D’ a diag. obtained from D by one Reidemeister move.
— 7 a bijection f : Colx(D)y — Colx(D")y s.t.

Reidemeister move DMTHOMN TSN TIE D & D’ 3R C¥ .
Therefore, # Colg(D)y is an invariant of oriented spatial surfaces.

7721
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Sketch of Proof (X-set Y 278 trivial ® 5&

(z1Z2) * x = (T1* T) (T2 * T)

T xT
r1x
142 1%
i) R5 T2
<«
—1-
T
1 1 T1*xT
__/
—1-
D D’

Y y

) X1, Xo VXA U B Gy KRS 5.

8/21

Sketch of Proof (X-set Y 79 trivial @ 58&

(z*x1) * T3 = T * (T122)
T r. T

T1X2 T1T2

T2 D — Z2

T x1

D/

D y

8 -

(%) X1, X2 W E U B Gy WET 5.

9/21
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Sketch of Proof (X-set Y 278 trivial ® 5&

T1X2
T2T3

.732.733 .731562

v
($1x2)$3 =T (:32:173)

(JE) x1, x, x3 XFEIUCH G\ ITET 5.

10/21

Chain complex of multiple group racks
For a multiple group rack X = |_| Gy, we define C,(X)y by

AEN
z| || YXH <|_| GA"’) (n € Z>0),
Ca(X)y = L+~»+nk n AEA

0 (n € Z<O)
(EX.) C3(X)y
=7 <Y>< |_|GA>< |_|ka |_|G)\)|_|<Y>< |_|ka |_|GA2>

AEN AEA AEA AEA AEN
|_|(Y>< |_| G2 x |_| G>\> |_|<Y>< |_| G,\3)]
AEA AEN AEA

—z[&wumwa Yok tU{ @t | SEN X 6

AEN, x1,x0 € Gy

veY,yeX, vEY,NEN,
}u{@mw%>mwweﬁ}}

11/21

LI { )6 )
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We define the boundary hom 0, : C,(X)y — C,—1(X)y by

k

Z(_1)|<U><Xl>”'<xi—1>|<U><X1> X)) (X)) (n € Zso)

On (V) (x1) - -+ (X)) = {,1
0 (FIEZSO)

m

where 5<X1, ceys Xm) = *x1(X2, ...y Xm) + Z(—l)i<x1, ey XiXit1s ey Xm)-
i=1

(Ex.)

A ((v) (x)(y¥)(2)) = (v *x)(y)(2) + (V) {x)(2) + (v * Z)(x * 2){y * 2)

= () y)(2) = (Ur y)(xx y)(z) = (V) (x)(y).
93((v) (x)(y1,¥2)) = (V* x)(y1,y2) + (V)(x){y1y2)

— ()1, y2) = (U r y) (xx y1)(y2) — (V) (x){y1)-
A3 ((V)(x1, x2, x3)) = (U * x1) (X2, x3) + (V) (x1, X2X3)

— (V) (x1x2, x3) — (V) (x1, X2).

Proposition (M-Murao)

Ce(X)y = (Ca(X)y, On)nez is a chain complex.
The cochain complex C*(X; A)y := (C"(X; A)y, 0n)nez is also defined.12

¢ : Xy-coloring of a diagram D of an oriented spatial surf F,
we define local weight w(x; c) € Co(X)y at any crossing or vertex x:

{v)(z)(v) —(v)(=)() (v)(z1,22) —(v)(z1,22)

And we set W(D;c) := Z w(x; ¢), which is a cycle.
X
Theorem (M-Murao)
@ The multiset H(D) is an inv. of oriented spatial surfaces.
H(D) = {[W(D, C)] € H2(X)Y | Cc € Cle(D)y}
@ For 0 : C(X)y — A (Abelian group) : a 2-cocycle of C*(X;A)y,
the multiset ®g(D) is inv.of oriented spatial surfaces:
®y(D) :={0(W(D;c)) | c € Colx(D)y}. )

13/21
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D: a diag, D’ a diag. obtained from D by one Reidemeister move.
f: Colx(D)y — Colx(D')y :a bijection s.t.
Reidemeister move 23TON I MANTIE D & D' I3[F CEHA.
(v) (@122, T3)

129 T3

— (U)(T1,22) x5

T

W(D'; f(c)) — W(D;c)
= (U * x1)(x2,x3) + (V) (x1, x2x3) — (V) (X1 X2, X3) — (V) (X1, X2)
= 03({v) (x1, %2, x3))

Then, [W(D'; f(c))] = [W(D: c)].

14/21

CNFETEELY:
@ multiple group rack @ 7 v 7 a%4 71X 2 Rohiug,
oriented spatial surfaces DAEENFHNS.

§3 Constructions of multiple group rack cocycles.

@ 73 Z 3 multiple group rack @ EARHIIX ?
@ multiple group rack 23®H -7 LT, a¥ A4 7V ESEZ2D0?
— (—D®D%&Z) rack cocycle 2H1ES.

15/21
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Q: a finite rack, Y: a finite Q-set, A: an Aberian group,

ax"b=a (Ya,beQ),
vx"c=v (VUE Y, vCEQ).

0 : C2R(Q; A)y — A: a 2-cocycle of @ with Y.
Proposition (Ishii-M-Murao)
Put | |,co({a} x Zs) = Q X Z, where x: a multiple of type Qy.

type Qy := min { neN

Q (Q x Zy,%): a multiple group rack if i € Z and Ya, b € Q,
(a [)* (b, [[]) == (a* b, [1]), (a [i])(a, [i]) := (a, [i +j])-
Q (Y,%): an (Q x Z,;)-set with the mapx: Y x (Q X Zs) — Y by
vx(a,[i]) =v+ a.

Proposition (M-Murao)
The following 2-cochain © : G, (Q X L)y — A is cocycle
© ({v)((a, [M) (b, 1)) 229 v*P "t axT71 b)(a 5971 b)(b)),

p=1 g=1
© ((v)((a,[), (a, [N)) =0, where1 <i<k 1<j<k.

if © ((v){(a, [s])){(b, [1]))) = © ({v){(a, [1)){(b, [5]))) =0 ("v € Y, Ya,b € Q). |

16 /21
® ® ® -
(b’ [J]) a axb ax’b . ax b :
[oxTa] [[oxTaxd] | [pxiTaxb] [oxTax—T10]
13 y . 9 -1
a. |2 a *] b 2 a axb ax*b - ax’"th :
( ’ [ ]) ( ’ [ ]) \Q/v © [v*%axTb] [ ¥ a1t [v*"ax"Th]
b ax*b axi"th
Q @ a a * e
v *J b [1;*1 ax! b] [z,-*l ax* b] lv wag =t b]
* 2b ax’~1h 3
@ a axb a* .
vk? b

b b b b

(a, [i]) (a, [4]) o

17/21
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Corollary

Zp: the cyclic group of order p.
k= p - type Qy.
The following 2-cochain © : G, (Q X L)y — Lp is cocycle

O ((w){(a, [N){(b, [1]))) ZZ@ ((v*P~L ax971 b)(a 971 b)(b)),
O (0)((, 1), (&, 1)) = 0, where1<i<r 1<) <r

Next, we give a way to obtain rack cocycles from “other” rack cocycles.

18/21

Q: a finite rack, Y: a finite Q-set A: an Aberian group,
CE{(Q;A)Y — A: a rach 2-cocycle of @ with Y.

Proposition (Ishii-M-Murao'20)

e1,...,em€{-1,1}, i,...,im€{1,...,n}, where m,n € N. Then,

Q" is a rack with the binary operation defined by
(31,...,3,,) * (bl,...,bn) = (al %61 b,'1 2 .. xCm b,-m,...,a,,*el b,'1 €2 ... xEm b,‘m).

And, Y is also a Q"-set with the map defined by
vx(a1,...,8n) = UK by k2 .k by |

Proposition (M-Murao)

The following 2-cochain 0 : C 2(Q” )y — A is a cocycle.

6 ((v){(a, ... an)){(b1,...,by))) = Zzepeq (Up.g)(ap,q)(bi,)), where
p=1 g=1

. € o, 46 ... 41 7. —0(ep,—1) 5. L€ f. 1€ ...1€6—1 h. —d(eq,—1) R.
Up,g := U 3 % *xP-la (e )a,p* bi, x xCa=1 b | * C )b,q,

— 0. %€ b % ... x8—1 b, —d(eq,—1) p.
apq ‘= aj, * bj, * *€q b,q_l* (& )b,q.

.q

19/21
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(b1,02)

(a1,a2)
\ > ‘\\\
Iwzl*bl*_lbl*bg*bl,ag*bl*_lbl*bg*bl) \\\\\\
’U*bl*_lbl*bg*bl‘ j/

°
ANe) \

\ aq % by 71 by x by x by
\ ag % by x 1 by % by % by

al*bl*_lbl*bg*bl

b1 ai * by *_lbl*bg*bl

20/21

R3 := (Zs3,*): a dihedral quandle (i xj = 2j — i),
R3: Rs-set,
#: Mochiduki cocycle.
1 (proposition)
Q := ((R3)3,%): arack by (a1, ap, a3)*(by, b, b3) = (ayxbyxbokbs, ay--+, az--+),
R3: Q-set,
9: cocycle of Q
1 (proposition)
X := Q X Zg: multiple group rack,
R3: X-set,
©: cocycle of X.
Po( F)={0 (46656 f), 1 (34992 H) , 2 (11664 f&)}
Po(—F*) = {0 (46656 ), 2 (34992 1) , 1 (11664 f)}

21/21
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Quandles from the viewpoint of symmetric spaces
— a survey

Hiroshi Tamaru

ABSTRACT. In the conference “Quandles and Symmetric Spaces” held on
December 2021, the author gave a survey of our recent studies on quandles
from the viewpoint of symmetric spaces. This article records a summary and
the slides of that talk.

1 Introduction

The notion of quandles is originated in knot theory, but it now plays important
roles in many branches of mathematics. As one aspect, quandles can be regarded
as a generalization of symmetric spaces, by extracting the point symmetry, and
forgetting about manifold and topological structures.

When studying some mathematical objects, it would be useful to know several
fundamental examples. One could ask:

What are the most fundamental nontrivial quandles?

Of course an answer would depend on the purpose of the study or interests of the
respondent. In our studies, we suggest some candidates for the most fundamental
quandles, from the viewpoint of symmetric spaces.

2 Two-point homogeneous quandles

Among Riemannian symmetric spaces, the rank one spaces can be regarded as
the most fundamental examples. Unfortunately the notion of “rank” of quandles
has not been defined so far, and hence we need a translation. One of the idea is the
notion of two-point homogeneous Riemannian manifolds. A connected Riemannian
manifold is said to be two-point homogeneous if any equidistant pair of points can
be mapped to each other by an isometry. Then the classification result states that,
Riemannian manifold is two-point homogeneous if and only if it is isometric to the
Euclidean space or a symmetric space of rank one. Motivating by this result, we have
introduced the notion of two-point homogeneous quandles in [8]. The classification
of finite two-pint homogeneous quandles has been obtained in [14, 15].

This work was partly supported by Osaka City University Advanced Mathematical Institute:
MEXT Joint Usage/Research Center on Mathematics and Theoretical Physics JPMXP0619217849.
This work was supported by JSPS KAKENHI Grant Number JP19K21831.
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3 Flat quandles

Among Riemannian symmetric spaces, the flat ones would be simpler. Recall
that a Riemannian manifold is said to be flat if the Riemannian curvature tensor
vanishes identically. It would be much harder to define curvatures for quandles, but
a nice characterisation has been known. Namely, a Riemannian symmetric space is
flat if and only if the group generated by s, o s, is commutative ([7]), where s, is
the symmetry at x. Using this characterization, one can naturally define the notion
of flat quandles. For flat quandles, the connectedness gives a strong restriction: a
quandle is flat, finite, and connected if and only if it is a “discrete torus” with odd
cardinality ([3]). On the other hand, there are many examples of disconnected flat
quandles, even if we impose the homogeneity ([2]).

4 Subsets in quandles

The rank of a Riemannian symmetric space is defined as the dimension of a
particular submanifold, a maximal flat totally geodesic submanifold. Therefore, it
would be natural to study subsets in quandles, in particular, subsets related to
the notion of flatness. In our recent study, we define the notion of s-commutative
subsets, and classify maximal ones in some quandles ([6]). The cardinality of max-
imal s-commutative subsets, or the number of the conjugate classes of maximal
s-commutative subsets, would measure the “complexity” of quandles. This is an
effort to define the rank of quandles.

Recall that there are notions of poles and antipodal subsets for symmetric spaces.
These notions have been introduced by Chen-Nagano ([1]), and play interesting roles
in the theory of symmetric spaces. Note that the notion of s-commutative subsets is
a generalization of these two notions, and would be new even for symmetric spaces.
Therefore, our idea also contributes to the study on symmetric spaces, namely, it
would give a new idea from the viewpoint of quandles.
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Quandles from the
viewpoint of symmetric

spaces - a survey

Hiroshi Tamaru
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HRES A RILERFIRZER]
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1
B

e AV KNI = BUEDOMRICHRKT S
RER;

o WIFEM = A RNIL (RIFEMED “B
L );

o WHHMZEEMESEICLTHY NILOHE
BEARTN.

o SEDT—<: FEANLDERMLRA
Y RIVIEED? (RFREREDIIZH D)
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1 =&
EF 1.1 (Joyce, Matveev (1982)).
£48 Q, 5% s : Q — Map(Q,Q) DA
(Q,s) ¥ A KL
& (S1) Vz e Q, sy(z) ==
(S2) Vx € Q, s, (T2HEE.
(S3) Y,y € Q, 5,05y = S5, ()52

ER 1.2.
o “IHEE v xy (= sy(x) or s,(y)) &
ZWE apy ETELEHEEDSZ L.
¢ 2=id &R2EDE WEM HDWIE
£ (kei) &EWD.

3

EF 1.3 (cf. Helgason).
BAEY = VSRR M D) — < VU WHHER
= o BRICIFERER s, - M — M,

o 52 =id;

oz |3 s, DIMIIETER.

8 1.4 (cf. Joyce (1982)).
o J—TURFRERILA Y RIL.

o Key: 5,035y os 1= Sy (y)-

AR 1.5.

o LN NMER (NHEHKRMEK) TH
52ZEHERETED (cf Loos). Th
HHY R

o k-XFRZEME (s, R k) BH Y R,



Quandles and Symmetric Spaces 2021 105

E% 1.6.
o f:(X,s%) = (V,sY) »* KRR
& fosX = s}/(x) of (Ve X).
o DHHRMERRE AR &0V,

& 1.7.
e Aut(Q,s) : BCHEEE,
o (Q,s) FHE :©Aut(Q,s) ~ Q HBH.

EFE 1.8 (NHBHE FIELEE).
o Inn(Q,s) := ({s, | x € Q});
o (Q,s) EfE = Inn(Q, s) ~ Q B,

ER 1.9.
o Eif = FH,
o AV NIVIZER/FEEIIRS A,
5

2 Bl (R DI A D)

EIE 2.1 (cf. Helgason, Loos).
ERENFER M IE, WY (UTeH7
¥ (G,K,0)) &EXtht;

o G EiE Lie &, K BAZROEF,

e 0 € Aut(G), o2 =id,

e Fix(o,G)? C K C Fix(o,G).

wE 2.2.
e Fix(0,G) :={g€G|o(g) =g}
o Fix(0,G)? : ZTDEMTERERS.
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EE 2.3.

UTEH#Y (G, K,0) &= H Y KILHE:
o G, K TBoE,
e 0 € Aut(G), K C Fix(o,G).

tpRE 2.4 (cf. Joyce).
« (G,K,0) hY RV = G/K 355
22 K (by s1g)([A]) = lgo(g~ )
e FHEAVRILEZIDAETRHRLNS.

"% 2.5.
o LAYV KNILE Q(G,K,0) TKY.
) TV C
{80(‘%7((} . —- ,3‘ -~ a~ =K h]

(\Lgr qu
Xe—————x [ 3-k]

Cogy  te1
Ster= (a(]

Bl 2.6 (HIEEE).
o GMERDES (G, {e},—id) kA

RIVIR (so(y) = 22 —y); /‘/«W‘;ﬂ.
o R" 73 5B E D RNFR; pd
. 7, BOTEEAY KL (Ry E#<).0
{ 4

5 2.7 (Alexander 77> KL, A

o Gi=Z[1Y)J (EEL JAFTIL);
(G, {0}, Ly) A RIVIE (L¢(x) = to);
sz(y) =x+t(—z+y) = (1—-t)xr+ty;
J=(t+1) DEEZEAEAY R,
m=2,J=(t>+t+1) 22 5EMEK.

()

1 ( A+

8 F
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3 TREEMN

£ 3.1 (Am—HV).
o BRI (BEAMLR) Ay KL ?

#E 3.2 (ZZho0bhH5TUL).
o —REHE (- BH17?)
o FiH — s-A#E — subset (— BEE?)

& 3.3 (CREEM).

o (Q,8) N ZREEH
&= Inn(Q,s) ~ Q ZEHEHBH (ie.,
V(z1,22), (Y1,92) (21 # 22, 41 # Y2),
Af €e Inn(Q, s) : f(x1,22) = (y1,y2))

5% 3.4 (EHEDXKDH).
o “HREHE & Inn(Q,s) M “&£THK".

&% 3.5 (ohl®).
o )= UZKIAN ZREHE & FiEm
ICHB_RDOMEALININERERTHES.
o FACT: ) — <X U EKHAEN—_2%HE <
R™ or “F&%K 17 WHFRZEE.

EH 3.6 (T., Wada, Vendramin (’13-'17)).
PRI [AlE:
o (Q,s) —R5FHE;
¢ (Q,s) = Q(F,,{0},0), 272U F, &
BIRR (R INEREE AT2B D), 0 = L,
(ZfER), a R T.

10
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FR 3.7,
. a (€F,) # BT
& {a,a?,...,a77 '} =F, — {0}.

5l 3.8.
o F3 =73, Q(F3, L2) = R3;
o Fy=7Zs[t]/ (2 +t+1),
Q(Fy, Ly) = “EMEERA > NI,
o s =175, Q(Fs, La) % Q(Fs, L3).

®% 3.9.
o BEHFRHUE ¢=p" ITHL,
3(Q,s) : —RFH st. #Q =¢
o AR EERT ZIEMITEH...

11

4 it

B& 4.1 (H5TL).
o —REHE (— BH1?)
o TiB — s-AI#E — subset (— FEE7?)

& 4.2.
o (Q.s) T
& GOQ,s) = ({sy 08,}) D ETHL

H%E 4.3 (EEDOXFD).
o FiH & GY(Q,s) B “&THN.
¢ Note: G°(Q,s) C Inn(Q, s).
o (Q,s) Bt & G°Q,s) ~ Q HBH.

12
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wE 4.4 (olbE).
o ) UNFEROEE =0
& GOQ, s) D ETH.

EXE 4.5 (Ishihara-T. ('16)).
PR IEEME:
o (Q,s) HER, EiE, Fi8;
¢ (Q,5) = R,, x--xR,, withn; Z%.

% 4.6.
e R, x -+ XR,, |& “BBE+—FR".
o ROEEDHEMM: 2NN —7
VAMMEREAFEIH & b—F R,
e Dis(Q,s) := ({sz 05,'}) P AMAA
Y RIL (“medial”) OFFES 5 5.

13

5 s-A#R4E

%% 5.1 (b3 L).
e —REHE (- BH17?)
o FiH — s-A[# — subset (— PEE?)

% 5.2 (FALZL).
o JEEH (FH) FRAY NILERARL.

FR 5.3 (EHOUES).
e G=(V,FE) BAIEMI > 7, ie.,
V RTERESR (#0), E L% E,
¢ SLICME, $ED, IL—T IR0,
e e VXV 7, 5EEHRET 3.
(e(v,w) t& vw DDA 1, BZIX 0.)
14
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—eo—o
T 5.4 (Furuki-T.). VoW
BRA%SMI ST G=(V,E) IZxfL,
¢ Qg =V X ZLy;
® S0 (w,b) == (w,b+e(v,w));
EEDDBLE, Ston(w6)= (w.bw)

o (Qc,s) BN Y RIL; Sy luc)= lae)
L] Inn(Qg,S) E_Hfgé;
o G NTEREBNLES (Qg,s) FEE.

®% 5.5.
e G°(Q,s) C Inn(Q, s) C Aut(Q, s);
o LY “Inn(Q,s) A" (FFRLY;
o Inn(Q,s) AIALRHIA, FEMZREL
THEEILFE.

15

#% 5.6 (£IZ25BWfIn7zn).
o DRI, WHEEA,LDER. .

5l 5.7.
o ST D {+e,...,Fen1} & s-ATHE
o se,(Fej) = (—1)%utey;

« 2557 GO Qp &R &
Bl 5.8. A <

1Q \ies
o G,(R")™ : ARAEIZATY (MEM

& k-dim R EEDEIEF);
o sy EMEHLIADHL V TOHRYIRL;
o {Espan{e;,,...,e;, }} & s-FI#A.

G.(R*Y ozt @ )
S(\.zs(\-ﬂ: (L-n=-Qy) w3
= (-).-%)= (3%
Sty 39 = (3-9)=L 9. e

(€ ¥ 3



Quandles and Symmetric Spaces 2021

111

6 Ho%E

%% 6.1 (o9 UL).
o “REH (- BH1?)
o TiH — s-H#: — subset (— FE¥7?)

EF 6.2.
e A(C(Qs)) B 5Tt

& Vr,y € A, 5,08, = 5,0 8,.

& 6.3.
o MK s-ATH#L
= B3 H Y RIL, Inn(A, s) AT#.

17

5% 6.4 (B1F%).
o FTLWHIZHEA L=\ (as GL(R™)™);
e AV NIV/RIFEEOMEAB|Zi<
BOKEERYT (THIV);
o [EH 2#E&H L7V (RIFEEDIEE =

A TIE 20 805 S A DR T).

R 6.5 (IHAA > FIL).
e A(CR,) BX s-A#
1 (n &%),
= #A=47 2 (n=2mod4),
4 (n=0mod 4).

Re e s
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fhE 6.6.
e n#2kork HHETS;
e ZDEE, Gi(R")™ NDIBK s-AIH#L
EREAR: {Espan{e;,,... e, }}

EX 6.7.

e WS DOHDWMZER/H > FILTIHAN
7R Y TIE, K s-mI#ITFBEL - 7.
FEBELREDEH DN ?

e L DHE, BK s-AMIEEREZKRL
T—EM. WORIITEN?

o K s-A#IE, REBDOERE RBE?

19

FRE 6.8 (filie).
o WEEHY = s-ATH#E;
e A(C(Q,s)) d* R (antipodal)
& Vr,y € A, s.(y) =vy.

STE 6.9.
o WEWES ... EDLBVAERERR
YRILVEEDH, EVWSHE.
o BARBEDRER, HHZHMATE R
mrraE (eg. Somtd, GeURY )
o BA sTAHARETE D&, BARE
DREEERN Y RILOREEICIRE.

20
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7 F&8
X R 22 R D B A 72 51
o THEE e FH ..
e “REFEHE e iH /
e o BAETE 39

L, o ZH s ma#"
o s-A#2 subset «—> R

K;@

SHICEACNT L S
« R EEEEHTEDN?

Thank you very much!
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