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ABSTRACT: Recently, a quantum algorithm that is capable of directly calculating the
energy gap between two electronic states having different spin quantum numbers without
inspecting the total energy of the individual electronic states was proposed. This quantum
algorithm guarantees an exponential speedup, like quantum phase estimation (QPE)-based
full-CI, with much lower costs. In this work, we propose a modified quantum circuit for the
direct calculations of spin state energy gaps to reduce the number of qubits and quantum
gates, extending the quantum algorithm to the direct calculation of vertical ionization
energies. Numerical quantum circuit simulations for the ionization of light atoms (He, Li,
Be, B, C, and N) and small molecules (HF, BF, CF, CO, O,, NO, CN, F,, H,0, and NH,)
revealed that the proposed quantum algorithm affords the vertical ionization energies within
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0.1 eV of precision.

ophisticated quantum chemical calculations of atoms and
molecules are one of the most anticipated applications of
quantum computers in the near future. The first quantum
algorithm for the full-CI calculation' is based on a quantum
phase estimation (QPE) algorithm,2 which is executable in
polynomial time against the system size of atoms and molecules.
In this approach, the full-CI energy is computed from the
relative phase shift caused by the time evolution of a wave
function given in eq 1 and inverse quantum Fourier trans-
formation to readout the phase ¢.
exp(—iHt)I¥) = exp(—iEt)I¥) = exp(—i2ne))I'¥) (1)
Methods for the construction of the quantum circuit to
simulate the time evolution of a wave function can be found in
ref 3. Many attempts to reduce the computational costs of QPE-
based full-CI calculations have been reported."™® Another
important algorithm is a variational quantum eigensolver
(VQE),”"? in which an approximated wave function is generated
via parametrized quantum circuits and the energy expectation
value is computed in a statistical manner by iteratively
performing the quantum circuit and collect measurement
outcomes. When the energy expectation value is obtained on a
quantum computer, the variational optimization of parameters is
carried out on classical computers. VQE is a quantum—classical
hybrid algorithm and has been extensively studied because it is
executable on noisy intermediate-scale quantum (NISQ)
devices. Apart from these two approaches, many studies of
quantum chemical calculations on quantum computers have
been reported from both the theoretical and experimental sides.
For example, extension of theory for relativistic quantum
chemistry,'" adaptive constructions of parametrized quantum

© 2021 The Authors. Published by
American Chemical Society
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circuits in VQE,'”"’ quantum chemistry on analog quantum
computers,"* development of spin symmetry-adapted treat-
ments,”” "% and proof-of-principle demonstrations on real
quantum devices'® >’ have been documented. Recent reviews
in this research field can be found in the reference.”**°

From the viewpoint of the applications of quantum computers
for chemistry as practical use, direct calculation of the energy gap
between two electronic states is a promising approach.”” =" This
is because most of problems in chemistry focus on the energy
difference between two states or structures, rather than total
energies themselves. For example, the activation energy of a
chemical reaction is calculated as the energy difference between
equilibrium and transition structures, the absorption wave-
lengths of optical spectra are computed as the energy gaps
between the ground and excited states, the problem of finding
the most stable conformer is solved by comparing the energies of
different structural isomers.

In this work, we focus on the energy gaps between neutral and
cationic states of atoms and molecules, namely ionization
energies. Accurate calculations of ionization energies are
important because they govern the electron transfer and
oxidation processes in chemistry and biology.”® Knowledge of
ionization energies is also used to understand nature and
strength of chemical bonds. Note that the knowledge of the
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energy spectra of electron-attached (anionic) and removed
(cationic) states is needed to construct many body Green’s
functions, and any quantum algorithm for the direct calculation
of ionization energy can be used as a subroutine in the quantum
algorithm for Green’s functions.”’ Another motivation of the
direct calculation of energy gaps on a quantum computer is
relevant to computational costs for energy evaluation, which are
inversely proportional to & and & for QPE and VQE,
respectively, where € is the energy precision. The computational
cost increases steeply when we try to evaluate the energy in fine
digits. Importantly, the total energy increases as the system size,
but the energy gap to be discussed remains almost the same
magnitude in most of chemistry problems. In other words, we
have to discuss the similar magnitude of energy differences
regardless of the system size. A strategy of direct energy gap
calculations becomes more important for larger molecules and
molecules containing heavier atoms. Quantum computers utilize
quantum superpositions as computational resources, which
allow us to construct quantum algorithms for the direct energy
gap calculations.

Recently, we proposed a quantum algorithm “Bayesian
exchange coupling parameter calculator with broken-symmetry
wave functions (BxB)” for the direct calculation of spin state
energy gaps on quantum computers without inspecting total
energies of individual spin states.”” Numerical quantum circuit
simulations revealed that the BxB algorithm allows us to
compute the exchange coupling parameter J defined by the two-
site Heisenberg spin Hamiltonian given in eq 2 at the full-CI
level within 1 kcal mol™ of precision, with noticeably lower
computational costs than the conventional approach based on

QPE.

- ]__s..sj

HHeisenberg = ij7

)

The BxB quantum algorithm has many advantages compared
with QPE. The BxB algorithm does not need controlled time
evolution operation that is necessary in QPE. The evolution
time required to achieve chemical precision (the energy
precision of the energy gap becomes less than 1 kcal mol™) is
about 300 atomic unit which is considerably shorter than that in
QPE (t ~ 4000 au).”” The quantum algorithm is based on
Bayesian inference and it is very robust against measurement
errors.””*” The BxB algorithm is also expected to be robust
against random and imperfect gate errors because it uses the
wave function in quantum superposition. Noises and errors
originating from imperfect gate operations and decoherence act
simultaneously and similarly on the two electronic states, and
thus, the errors can be canceled out to some extent when
calculating the energy difference.”” It should be noted that the
BxB algorithm is applicable to other problems, if two electronic
states have different spin quantum numbers and if the
approximate wave function that is the superposition of the two
electronic states can easily be prepared.

The BxB quantum algorithm, or more generally, the quantum
algorithm for the direct calculations of spin state energy gaps is
based on the eigenvalue problem of the shifted Hamiltonian H'
in eq 3, which consists of Hamiltonian of the system H and the
penalty term jS* Here, S is the electron spin operator giving an
eigenvalue S(S + 1), where S denotes a spin quantum number.
The eigenvalue problem of H' is written as in eq 4.

H =H+js$’ 3)
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H’I‘I’stu) = Eé:s)%:s)

= {ES=Sa + jSa(Sa + 1)}|lH§=Sa> (4)

The energy gap between two spin states[¥s_g ) and [¥s_ ) under
the shifted Hamiltonian H’ is computed as

AE" = Eé:s,, - Eé:sa

= Eg_g, — Es—g + j{S,(S, + 1) = (S, + 1)} ()
If we can find the j parameter of which the two spin states have
the same eigenvalue Eg_g = Eg_g,, the left-hand side of eq 5

becomes zero and the energy gap between the two spin states
under the original Hamiltonian H can be computed from the j
value and spin quantum numbers S, and S;. Denoting the j value
of which the two spin states give the same eigenvalue E’ as ji,,
the spin state energy gap AE is calculated as in eq 6.

AE = Eg_g — Egg,

_jopt{sh(sb + 1) - Sa(su + 1)} (6)

‘When two spin states have the same eigenvalue E’ under the
shifted Hamiltonian H’, the wave function I¥;) in the
superposition of the two spin states as in eq 7 is also an
eigenfunction of H'. Thus, the problem to calculate the spin
state energy gap can be rewritten as the problem of finding the j
parameter for which [¥;) in eq 7 becomes an eigenfunction of
H'.

%) = cl¥s=s) + ol 7)

If [¥,) is an eigenfunction of H’, the time evolution of [¥)
under H' merely induces a phase shift without changing the
structure of [¥). The deviation of I'¥;) from the eigenfunction
of H' can be estimated from the square overlap (¥
U(H';j,t)I¥,)?, where U(H';j,t) is given in eq 8.

U(H'; j, t) = exp{—i(H + jS*)t} (8)

The square overlap I{WolU(H';j,t)I¥,)* can be efficiently
evaluated by using a SWAP test.”* The SWAP test consists of
two Hadamard gates and a controlled-SWAP gate, which
interchanges the quantum states of l¢) and ly) when the control
qubit is in the [1) state, and the measurement of a qubit used as
the control. The probability to obtain the I0) state in the
measurement of the control qubit is calculated as eq 9, which is
proportional to the square overlap of the two quantum states l¢p)
and ly).

P(0) = (1 + Kply)I*)/2 ©)

The quantum circuit for the direct calculations of spin state
energy gaps proposed in ref 27 is given in Figure 1. Definitions of
quantum gates are summarized in Supporting Information.
Assuming eq 7, the probability to obtain the 10) state in the
measurement of the first qubit in Figure 1, P(0), is calculated as
follows:*”

1
P(0) = 5[1 + It + le)* + 21¢Ple,l” cos(AE't)] (10)
Here, AE’ is the energy gap between two spin states under the
shifted Hamiltonian as defined in eq 5. By sweeping j and
executing the quantum circuit in Figure 1, the probability P(0)
becomes a maximum at AE’ = 0. The optimization of the j
parameter that gives the maximum P(0) can be done by using

https://dx.doi.org/10.1021/acs.jpclett.1c00283
J. Phys. Chem. Lett. 2021, 12, 2880—2885
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10)
10)
10)

I Hy Hg
U(H';j,t)

Figure 1. Quantum circuit for the direct calculations of spin state
energy gaps proposed in ref 27. A PREPARE gate generates an
approximate wave function %) on quantum register initialized to the
l0) state, and U(H"’;j,t) = exp{—i(H + jS*)t}.

PREPARE

Bayesian inference. Bayesian inference is an optimization
algorithm based on Bayes’ theorem and it allows us to calculate
the posterior probability (updated probability by considering
new evidence) of the hypothesis from the prior probability and a
likelihood function. In quantum computin%, it has been adopted
for QPE’>*’ and Hamiltonian learning.”>™>" Bayesian opti-
mization is robust against noises’>* and is, thus, very suitable
for parameter optimization tasks in hybrid quantum algorithms.

A computation scheme of the BxB algorithm is summarized as
follows: (1) Define a prior distribution by a Gaussian function.
(2) Set the time evolution length ¢ from a variance 6” of the prior
distribution. (3) Draw m samples in the range of u — 6” to pt + 6°
with a constant interval and execute the quantum circuit in
Figure 1 R times with given ¢ and j to calculate a likelihood
function P(Olj;t). Here, u is the mean of the prior distribution.
(4) Fitting the obtained likelihood function by a Gaussian
function and calculate a posterior distribution P(jl0;t) using eq
11. (5) If the variance of the posterior distribution is smaller than
the threshold, the algorithm returns the mean of the posterior
distribution as the estimate of the j value, and otherwise, the
algorithm returns to step 2 with the posterior distribution as the
prior distribution of the next iteration. Because Bayesian
optimization is executed on classical computers, the BxB
belongs to the quantum—classical hybrid algorithm as same as
VQE. However, the BxB has different features from VQE. For
example, the BxB is free from the barren plateaus problem™®
because it optimizes a single parameter j.”’

P(0lj; t)P())
[P(0lj; £)P(j)dj (11)

A PREPARE gate in Figure 1 generates the approximate wave
function I¥,) in superposition of different spin states on the
quantum registers initialized to the 10---0) state. In the previous
study on the direct calculations of an exchange coupling
parameter ], the PREPARE gate generates the broken-symmetry
wave function |Wgg) defined in eq 12 for biradical systems by
using N of Pauli-X gates, where N, is the number of
electrons. In eq 12, 2, , 5, and 0 stand for doubly occupied,
singly occupied by a spin-a electron, singly occupied by a spin-j
electron, and unoccupied orbitals, respectively.

IW,o) = 122 - 280 - 0)

P(j|0; t) =

(12)

The quantum circuit depicted in Figure 1 needs (2 X Ngo + 1)
of qubits for implementation, where Ny denotes the number of
spin orbitals. This is about twice of the number of qubits
required for iterative QPE which requires (Ngq + 1) of qubsits to
implement.39 However, as we demonstrate below, the number of
qubits can be reduced by modifying the quantum circuit. Note
that the approach for the qubit reduction was pointed out in our

2882

preceding paper,”’” but here we provide a mathematical proof of
this approach.

The quantum algorithm for the direct calculation of spin state
energy gaps is based on the SWAP test.”> By executing the
SWAP test, the probability to obtain the |0) state is calculated as
eq 9. In our quantum algorithm, we used lp) = I¥;) and ly) =
U(H';j,t)I¥,) to calculate the square overlap (¥l
U(H';j,t)I¥o)I?, where U(H';jt) is the time evolution operator
under the shifted Hamiltonian H’ as given in eq 8.

Importantly, U(H';j,t) can be decomposed as in eq 13 without
any approximation, because [H,S*] = 0.

U(H'; j, t) = exp(—ijS’t)exp(—iHt)

U(jS*; t)U(H; t)

= U'(~j8" )U(H; 1) (13)
By substituting eq 13 for the equation of the square overlap we
want to evaluate, the following equation can be derived.

WIU(H'; j, )W) = KU (=jS% ) U(H; £)I¥)2
(14)
From eq 14, we can perform the SWAP test with lp) =
U(—jS%t)I¥,) and ly) = U(H;t)I¥,). This decomposition is
very useful not only for the case that quantum circuit depth
becomes shallower but also for the case that the quantum
simulation of the U(—jS%t) operator becomes simpler. The
U(—jS%t) operator only affects the quantum state of the qubits
storing the occupation number of singly occupied molecular
orbitals. The approximate wave function [¥,) used in the direct
spin state energy gap calculation is a single Slater determinant in
the previous application for an exchange coupling parameter |
calculations,”” and I¥,) is a linear combination of two Slater
determinants in the present study for ionization energy
calculations, as discussed below. We can easily classify the
molecular orbitals to open shell and closed shell natures. To
adopt this strategy, we sorted molecular orbitals into three
regions; doubly occupied region (DOR), singly occupied region
(SOR), and unoccupied region (UOR) by the occupation
numbers of two spin states. The molecular orbital is labeled as
DOR, SOR, and UOR, if the molecular orbital is doubly
occupied in both spin states, singly occupied in [%_g ) or ['¥s_g, )
in eq 7, and unoccupied in both spin states, respectively. Npog,
Nisors and Nyop is the number of qubits used for mapping the
molecular orbitals in DOR, SOR, and UOR, respectively. The
qubits in DOR and UOR can be excluded from the SWAP test,
because the contribution from these qubits to P(0) does not
depend onj. As a result, the number of qubits used for the SWAP
test can be reduced from (2 X Ngg + 1) to (2 X Ngog + 1), and
the total number of qubits required for implementation is also
reduced from (2 X Ngo + 1) to (Ngo + Ngog + 1). It should be
noted that direct calculations of vertical ionization energies can
also be possible by using the number operator of electron Ny,
defined in eq 15 instead of the S* operator in the shifted
Hamiltonian H’ in eq 3, but in this case, the qubit reduction
scheme discussed here cannot be applied.

— i
Nelec - apap
p (13)
The modified quantum circuit for the direct calculations of

spin state energy gaps is illustrated in Figure 2. Importantly, the
computational cost of the quantum simulation of the time

https://dx.doi.org/10.1021/acs.jpclett.1c00283
J. Phys. Chem. Lett. 2021, 12, 2880—2885
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Figure 2. Modified quantum circuit for the direct calculations of spin
state energy gaps used in this work. Npog, Ngor, and Nyog stand for the
number of spin orbitals in doubly occupied region, singly occupied
region, and unoccupied region, respectively. U(H;t) = exp(—iHt) and
U(=j8%t) = exp{—i(—jS’t)}.

evolution operator U(—jS%t) is decreased drastically. For
example, when the SOR contains only one molecular orbital,
the time evolution operator U(—jS%t) can be realized by two
CNOT gates and one phase shift gate by using a ;eneralized spin
coordinate mapping (GSCM) proposed by us,"”'* regardless of
the evolution time length.

We applied the quantum algorithm to the direct calculations
of ionization energies, by using the wave function |¥,) defined in
eq 16.

1
vz (16)

Here, W) is a Hartree—Fock wave function of the neutral state
and 4; denotes an annihilation operator acting on the electron to
be ionized. Thus, a|%¥yg) is an approximated wave function of
the ionized state under the Koopmans’ theorem.”” By using the
Jordan—Wigner transformation (JWT) as the wave function
mapping,”’ the wave function given in eq 16 can easily be
prepared. Figure 3 illustrates the quantum circuit to generate the

%) = (W) — a%ye))

Nyog Of $P2p,;8 |0)
qubits | ®2p,a |0)
[ P2py8 |0)
Ngog of | P2pyia |0)
qubits Popyp 10)
L P2pa 10— X}——
[ 025 10— X}F—
Noog Of | P2sia 10)— X }———
qubits | P15 |0)
| Qs 00— X}F—

Figure 3. Quantum circuit to generate the approximate wave function
|¥,) defined in eq 16 of a carbon atom.

approximate wave function of a carbon atom with (1s,2s,2p)
active space, which corresponds to the PREPARE gate in Figures
1 and 2. In Figure 3, the Pauli-X gates generate the Hartree—
Fock configuration of the neutral state in JWT. Following
Hadamard gate (H,) applied to the qubit storing the occupation
number of the spin orbital that ionization occurs generates the
superposition of neutral and cationic wave functions in eq 16.
To demonstrate the quantum algorithm, we performed
numerical quantum circuit simulations for ionization of atoms

2883

(He, Li, Be, B, C, and N) and small molecules (HF, BF, CF, CO,
0,, NO, CN, F,, H,0, and NHj,). The numerical simulations
were carried out by using our own Python program developed
with OpenFermion** and Cirq"’ libraries. We used the active
space approximation and computed the ionization energies at
the CAS-CI/6-311G(d,p) level. In the quantum simulations of
time evolution with U(H;t) and U(—jS?%t), we adopted second-
order Trotter decomposition, and the time length for single
Trotter step is set to be 0.5 atomic unit. Detailed computational
conditions for quantum chemical calculations and the numerical
simulations of quantum circuits are given in Supporting
Information.

The numerical simulation results are summarized in Table 1.
We examined two types of an initial estimate of the ionization
energy, the ionization energies at the Koopmans’ theorem
(IE(Koopmans) = —E(HOMO)) and those at the ASCF level
(IE(ASCF) = E(cation) — E(neutral)). The same ionization
energies were obtained from both the initial estimates. The
standard deviations are less than 0.01 eV in all the calculations.
All quantum simulations were converged after 8—9 Bayesian
updates. The evolution time length required to acquire the
ionization energy within 0.01 eV of precision is at most ¢t ~ 250
au We also executed the numerical simulations using the
quantum circuit given in Figure 1 that uses all qubits for the
SWAP test, obtaining the same results.

Table 1 clearly shows that our quantum algorithm is capable
of reproducing the ionization energy at the CAS-CI/6-
311G(d,p) level within 0.1 eV of difference. The deviation
from the CAS-CI value is rationally explained by the Trotter
decomposition errors. In fact, the deviation becomes small by
increasing the Trotter slices (see Supporting Information for
details). It should be noted that effect of Trotter decomposition
error on the calculated spin state energy gap is larger in the
ionization energy calculation than in the exchange coupling
parameter J. This is because in the exchange coupling parameter
J calculations high-spin and low-spin states have the same
number of electrons and their electronic configurations are
similar, and therefore a large amount of Trotter errors can be
canceled out when computing the energy difference. By contrast,
in the ionization energy calculation, neutral and cationic states
have different numbers of electrons and thus Trotter error
cancellation is not sufficient. We also performed the ionization
energy calculation of a carbon atom by using the naive approach
based on two separate iterative QPE simulations of the neutral
and cationic states, giving IE(IQPE) = 11.437 eV. The deviation
from the CAS-CI value is smaller in our quantum algorithm than
in IQPE, revealing the usefulness of our approach (see
Supporting Information for details).

Note that all the results in Table 1 are obtained from noiseless
quantum circuit simulations. Noisy quantum circuit simulations
of C atom were also executed with a Pauli error model, in which
one of the Pauli operators (X, Y, Z, and I) is randomly applied
with a probability 7, 7, 7, and (1 — 37), respectively. Details of
the noisy quantum circuit simulations are given in Supporting
Information. The ionization energy with # = 0.01 is 11.319 +
0.013 eV and Bayesian optimization converged after 9 iterations.
This result also supports the robustness of our quantum
algorithm. More detailed analyses of the effect of noises are a
future task.

In summary, we proposed a modified quantum circuit for the
direct calculations of spin state energy gaps executable with a
fewer number of qubits and lower computational costs against
originally proposed one, and applied it to the direct calculations
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Table 1. Numerical Quantum Circuit Simulation Results of the Ionization Energy (IE) of Atoms and Small Molecules

systems  Ngo“  neutral state electron conﬁgurationb IE(Koopmans) (eV)
He 4 120) 24.950
Li 10 120000) 2.158
Be 10 122000) 8.406
B 10 1220000) 2.275
c 10 220a0) 3.469
N 10 I22aaa) 4.830
HF 10 122220) 17.345
BF 10 |22200) 10.991
CF 10 [222a0) 2.884
CO 12 [222000) 15.040
0, 12 2220a0) 5.796
NO 12 1222000) 14.762
CN 12 |22(1000> 13.306
E, 12 1222220) 18.202
HO 12 1222200) 13.600
NH; 14 12222000) 11.513

IE(ASCF) (eV)

IE(CAS-CI) (eV) IE(Sim) (eV)  IE(Exptl)*™™* (eV)

23.450 23.899 23.892 24.58741
5.341 5.340 5.330 5.39172
8.044 8.924 8.883 9.32263
7.934 8.098 8.085 8.29803 + 0.00002
10.800 11.342 11.322 11.26030
13.984 14.900 14.842 14.53414
14.370 16.922 16918 16.03 + 0.04
9.984 11.251 11.228 11.12 £ 0.01
9.527 9.825 9.814 9.11 £ 0.01
13.415 14.819 14.775 14.014 + 0.0003
13.250 12.702 12.667 12.0697 + 0.0002
10.065 9.879 9.883 9.2642 + 0.00002
12.289 14.379 14.325 13.598
16.742 16.501 16.473 15.697 + 0.003
10.971 13.272 13.270 12.621 + 0.002
9.374 11.351 11.341 10.070 + 0.020

“The number of spin orbitals included in the active space, which corresponds to the number of qubits required to store the wave function [¥).

“Written in boldface specifies the electron to be ionized.

of vertical ionization energies. Our quantum algorithm can
afford to compute ionization energies of atoms and molecules at
the CAS-CI level within 0.1 eV of deviation, regardless of the
electronic spin structure of the neutral state, that is, whether it is
closed shelled or open shelled. The number of Bayesian
optimization cycle does not depend on the system size, and it
quickly converges to the optimal value. The proposed quantum
algorithm does not require controlled-time evolution operations
and evolution time is much shorter than that needed in QPE-
based full-CI calculations. Our quantum algorithm is easier to
implement than QPE, and it has the potential for opening the
door to solve real-world chemistry problems on fault-tolerant
quantum computers.
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