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AXISYMMETRIC FLOWS IN THE EXTERIOR OF A CYLINDER

K. ABE AND G. SEREGIN

ABsTrRACT. We study an initial-boundary value problem of the three-dimensional Navier-
Stokes equations in the exterior of a cylinder IT = {x = (x;, x3) | |x,| > 1}, subject to the
slip boundary condition. We construct unique global solutions for axisymmetric initial data
ug € L* N L*(T1) satisfying the decay condition of the swirl component ruf € L*(II).

1. INTRODUCTION
We consider the three-dimensional Navier-Stokes equations:

ou—Au+u-Vu+Vp=0

(1.1) Gy NTX(0.00).

It is well known that for small initial data ug € L?,(R3), there exists a unique global solution
u € BC([0, o0); L) of (1.1) [22]. However, unique existence of a global solution is unknown
in general for large initial data in L* with finite energy. Here, BC([0, c0); X) denotes the
space of all bounded and continuous functions from [0, co) to a Banach space X and LZ(I1)
denotes the LP-closure of compactly supported smooth solenoidal vector fields in a domain
I cR3.

For initial data with finite energy ug € L*(R?), it is well known that global Leray-Hopf
weak solutions exist [29], [19]. However, their regularity and uniqueness are unknown. For
large initial data in L3(R?), weak solutions are constructed in [7], [27]. See [40] for weak
L?-solutions.

The purpose of this paper is to construct unique global solutions of (1.1) for large ax-
isymmetric initial data in L3 N L. We say that a vector field u is axisymmetric if

u(x) = 'Ru(Rx) x € R>, nel0,2n),

for R = (e,(n),e9(n),e;) and e.(17) = '(cosn,sinn,0), eg(n) = '(=sinn,cosn,0), e, =
(0,0,1). We say that a scaler function p is axisymmetric if p(x) = p(Rx) for x € R3
and n € [0, 2r]. We set the cylindrical coordinate (r,6,z) by x; = rcos#, x, = rsinf, x3 = z
and decompose the axisymmetric vector field into three terms:
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u(x) = u'(r,2)e, () + ug(r, 2)eg(0) + u*(r, 2)e;.

The azimuthal component u? is called swirl velocity (see, e.g., [34]).

Unique global solutions of (1.1) for axisymmetric initial data without swirl were first
constructed in [24], [42] by the Galerkin approximation. Later on, unique global solutions
are constructed in [28] by a strong solution approach for axisymmetric data without swirl
in H2(R?). See also [1] for H/2(R3). For axisymmetric solutions of (1.1), the vorticity
w = curl u is expressed by

w=we, + ey + e,
ul
= (=0,u")e, + (O,u" — 0,u)eq + (B,ue + —)eZ,
r

and for v = u"e, + ue,, the azimuthal component «w? satisfies the vorticity equation

(1.2 o(L)+v-v(L) - (a4 20)(L) = a2

For axisymmetric solutions without swirl, the right-hand side vanishes and the global a priori
estimate

9
w
||— >0,

r

|5
< ||—
2@} o N2wr3)

holds. The above vorticity estimate implies existence of unique global solutions for axisym-
metric data without swirl ug € L* N L*(R3?). (We may assume the condition wg /r e L2(R3)
since local-in-time solutions belong to H*(R3).) In other words, unique global solutions
exist for large axisymmetric initial data in L3 N L?>(R?), provided that without swirl. For
axisymmetric data with swirl, unique existence of global solutions in R? is unknown.

In this paper, we study axisymmetric solutions with swirl in the exterior of a cylinder

I = {x = (x1,x2,%3) € R | [x] > 1, x4 = (x1, 1)},
subject to the slip boundary condition
(1.3) (DWn)an =0, u-n=0 on OIL

Here, n = —e, denotes the unit outward normal vector field on 011, D(u) = (Vu + VI u)/2 is
the deformation tensor and f,, = f — n(f - n) is a tangential component of a vector field f
on AI1. Since axisymmetric vector fields u = u”e, + u’eq + ue, satisfy



W =0, 0u’—u"=0, 9,u°=0 onfr=1)},

subject to the slip boundary condition (1.3), the azimuthal component of vorticity w? van-
ishes on the boundary (see Remarks 6.1 (ii) for the Dirichlet boundary condition).

By the partial regularity result [6], it is expected that axisymmetric solutions are smooth
in the interior of II. Moreover, as noted in [11], they will not develop singularities on the
boundary due to viscosity. See [37], [18] for partial regularity results up to the boundary
subject to the Dirichlet boundary condition. The regularity theory for the slip boundary
condition (1.3) may be simpler than that for the Dirichlet boundary condition. In fact, for a
half space regularity results are deduced from a whole space case by a reflection argument;
see [3]. In this paper, we prove that axisymmetric solutions are sufficiently smooth in the
exterior of the cylinder IT x (0, o), subject to the slip boundary condition (1.3). We impose
the slip boundary condition in order to construct approximate solutions for R3; see Remarks
1.2 (iii).

Our goal is to construct unique global mild solutions of (1.1) for axisymmetric initial data
with swirl in L3 N L>(TT). Since the boundary of the cylinder IT ¢ R? is uniformly regular,
we construct mild solutions by using the L”-theory. We set

LP(ID) = LP n L*(1D)

(resp. LI(IT) = LN L2(TT)) for p € [2, o0). It is proved in [14] ([15]) that that the Helmholtz
projection P acts as a bounded operator on L”(IT). Moreover, it is recently shown in [17] that
the Stokes operator subject to the slip boundary condition A = PA generates a Cy-analytic
semigroup on L (IT) (see also [14], [16] for the Dirichlet boundary condition). We construct
mild solutions for ug € Z?T(H) of the form

(1.4) u(t) = eug — f APy - Vu)(s)ds.
0

Since the swirl component satisfies the Robin boundary condition, axisymmetric solutions
of (1.4) satisfy the energy equality

! 6 2 !
(1.5) f ufdx + 2 f f (|Vv|2+|vu"|2+|”—| Jdxds +2 f f Wl PdHds = f uoPdx,
I 0JII r 0 JoI I

where dH denotes the surface element on OI1.

We construct unique global solutions for large axisymmetric data with swirl uy € L3 (IT)
satisfying the decay condition of the swirl component rug € L™ (I1). The main result of this
paper is the following:

Theorem 1.1. Let ug € i?,(H) be an axisymmetric vector field. Assume that rug e L=dI).

Then, there exists a unique axisymmetric mild solution u € BC([0, oo); L3(I1)) satisfying
(1.5) fort > 0.
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Remarks 1.2. (i) It is unknown in general whether axisymmetric solutions in R3 for ugy €
L3 (R?) satisfying ruf € L¥(R?) are globally bounded for all ¢ > 0. See [35], [36], [8],
[21] for regularity criteria of axisymmetric solutions. For axisymmetric solutions, an upper
bound of the form |u(x, )] < Cr~', r < 1, is called type I condition. Itis proved in [9], [10] by
De Giorgi method and [23], [39] by the Liouville-type theorem that axisymmetric solutions
do not develop type I singularities. See [38] about type I singularities. Recently, it is shown
in [26] ( [31]) that axisymmetric smooth solutions in R3 x (-T,0) for u(-,-T) € L>(R?)
and ru’(-,—T) € L*(R?) satisfy an upper bound of the form |u(x, )| < C|logr|'/?>r~2 near
(r,t) = 0 with some constant C.

(i) It is known that solutions of (1.1) in R? are smooth if the direction of vorticity is Lip-
schitz continuous for spatial variables in regions of high vorticity magnitude [13] (called a
geometric regularity criterion). For axisymmetric flows without swirl, vorticity varies only
in the azimuthal direction and is identified with a scalar function. On the other hand, for
axisymmetric flows with swirl vorticity varies also in the radial and vertical directions. We
constructed unique global solutions whose vorticity may become large and vary in three di-
rections. For a half space R?, a geometric regularity criterion is proved in [4], subject to the
slip boundary condition. See also [5] for the Dirichlet boundary condition.

(iii) Theorem 1.1 implies existence of approximate solutions for R3. Since the exterior of
the cylinder IT¥ = {r > &} approaches R? as & — 0, axisymmetric solutions in R> can be
viewed as limits of solutions in I1®. Indeed, axisymmetric solutions without swirl in IT°
are uniformly bounded in L°H! for & > 0 and approach those in R3 [24, p.78, 1.7]. See
Remarks 6.1 (iii). For the case with swirl, unique existence of global solutions is proved
in [43] ( [44]) in a bounded cylindrical domain for sufficiently smooth initial data. It is
unknown whether global solutions with swirl are uniformly bounded for all & > 0. We
constructed unique global mild solutions for 1y € E;”T(H‘g) satisfying the uniform estimate
for the swirl component (1.6).

Let us sketch the proof of Theorem 1.1. We first construct local-in-time mild solutions
of (1.4) for up € L2 and prove that mild solutions are axisymmetric and satisfy the energy
equality (1.5) for axisymmetric initial data. The major step of the proof is to derive a global
L*-bound for axisymmetric solutions u = v + u’ey. Once we obtain the global bound, it is
not difficult to see that u € BC([0, co); L*) by local solvability and the energy equality (1.5).

We first prove the global L™ -estimate for the swirl component

(1.6) oy < llrubllpsqny ¢ > O.

Since r > 1 in the exterior of the cylinder II, the L™-estimate (1.6) and the energy equality
(1.5) implies the global L*-bound for u? of the form

1 1
0 02 2
(L.7) lu’lls < llruglicolluoll; 7> 0.

In order to prove (1.6), we study the drift-diffusion equation subject to the Robin boundary
condition:



2
OT+b- VT —AT+29,T =0 inIlx(0,T),
r
(1.8) 0, +2I'=0 ondll x(0,T),
I'=Ty onIlx{r=0}.
0

Here, 0,, = —0, denotes the normal derivative. The function I" = ru
b =v. We prove the L™-estimate

is a solution of (1.8) for

(1.9) Ml zeoqry < Mollzeoqry >0,

for solutions to (1.8). Since the sign of the coefficient is plus in the Robin boundary condi-
tion, a maximum principle holds if the coefficient b and I" are bounded in IT x [0, T']. Then
the L™-estimate (1.9) easily follows from a maximum principle (see Lemma 3.1). If I" is
decaying sufficiently fast as [x| — oo, we are able to obtain (1.9) by estimating L”-norms
of I for p = 2™ and sending m — oo. Since we assume that rug is merely bounded, the
function ru’ may not decay as |x| — oo . We shall prove (1.9) for non-decaying solutions T".

We apply the L®-estimate (1.9) for ru® and obtain (1.6). Note that the boundedness of
ru’ does not follow from properties of local-in-time solutions to (1.1) for ug € L>. For this
purpose, we first extend the L*-estimate (1.9) for mild solutions to (1.8) for I'y € L™ and
the coefficient b such that 1/273/2Pp e C([0, T]; LP) vanishes at time zero for p € (3,0:]. We
then deduce from the integral form (1.4) that r« is a mild solution to (1.8) (see Lemma 4.7).

We next estimate a global L*-norm of v = u’e,+ue,. We apply an interpolation inequality

i 3
(1.10) Ivlla < CIVIZ (V2 + ll’ll2)*,

and estimate an energy norm of the vorticity w’. Since w? vanishes on the boundary, we

control the external force d,(u?/r)> by using viscosity and estimate

0 ' 0 0
(1.11) L’% 2dx+f(;L|V(w7)’2dxdssL’%‘deﬂlrugllinuollg

= F t>0.

Since the above vorticity estimate implies the global bound

t ()
f lwfPdx + f f (|Vw9|2+|“’—| )dxdss f ol Pdx
(1.12) Jn 0 Jn r II
3 3 g2 2
+ C(E* luolly + llrugllc)lluolly, >0,

the local-in-time solution u = v + u’ey is globally bounded on L*.

This paper is organized as follows. In Section 2, we state a local existence theorem of
mild solutions for uy € L> and prove axial symmetry of mild solutions. In Section 3, we
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study the drift-diffusion equation (1.8) for a bounded coefficient and prove the L™ -estimate
(1.9) by a maximum principle. In Section 4, we extend (1.9) for mild solutions to (1.8)
under the weak regularity condition of a coefficient, and apply (1.9) for the swirl component
of axisymmetric solutions. In Section 5, we prove the a priori estimates (1.11) and (1.12).
In Section 6, we prove Theorem 1.1. In Appendix A, we give a proof for a local solvability
result stated in Section 2. In Appendix B, we prove some interpolation inequalities used in
Section 5.

2. LOCAL EXISTENCE OF AXISYMMETRIC SOLUTIONS ON L3

In this section, we construct local-in-time axisymmetric solutions of (1.1) for ug € Z?T
satisfying the energy equality (1.5). Local solvability for ug € L2 is known for R? [22,
Theorem 3]. We give a proof for the exterior of the cylinder by using L”-theory in Appendix
A.

2.1. Local solvability. Let C*([6, T]; X) denote the space of all a-th Holder continuous
functions f € C([6,T]; X) for a Banach space X. Let C*((0,T]; X) denote the space of
functions in C%([6, T]; X) for all § € (0, T). For the convenience, we denote by L” = LP N L2
also for p = oo.

Lemma 2.1. For ug € L2, there exist T > 0 and a unique mild solution of (1.4) satisfying

@2.1) 2G5y e C(0,T1:IP), 3<p<oo,
2.2) 26DV e (0, T L), 3 <r< oo,

PRPAB=IPY and 32AB=VUN+V2yy yanish at time zero except for p = 3. Moreover,

ueCY0, T L,

2.3) . ~3
VueC2((0,T]; L), O<a<l.

We show that mild solutions satisfy (1.1) by applying an abstract regularity result [32,
4.3.1 Theorem 4.3.4].

Proposition 2.2. Let B be a generator of an analytic semigroup in a Banach space X with
a domain D(B). Assume that f € L'(0,T;X) N CP((0,T1; X) for B € (0, 1). Then,

!
w= f 9B £(s5)ds
0

belongs to CP((0, T1; D(B)) N C'*P((0, T1; X).



Proposition 2.3. The mild solution u in Lemma 2.1 satisfies

(2.4) ue CY((0,T]; DA) N C'(O,T;L*), 0<y< %

for D(A) = {u € L(Zr NH? | (DWn)an = 0, u-n = 09I ). In particular, u satisfies the
equations (1.1) and (1.3).

Proof. We set f = —Pu - Vu. It follows from (2.1)-(2.3) that

le

WAll2 < Ml - Vully < flull3|IVulls < =,
t

1f (@) = fFOll2 < [I(u@) — u()) - Vu@®ll2 + [lu(r) - V(@) — u(0))|l2
< [lu@) — u(@|3IVu@lls + llu(@|lelVu(?) — Vu(r)ll3
[t —T|¢ N |I—T|7)

1
T4

S|

sc( for 0<t<t<T.

Bl

t

Thus f € LY(0,T;L?) n C¥*(0,T];L?) for a € (0,1). Applying Proposition 2.2 yields
(2.4). O

2.2. Axial symmetry. We show that mild solutions are axisymmetric and satisfies the en-
ergy equality (1.5) for axisymmetric initial data.

Lemma 2.4. Assume that ug is axisymmetric. Then, the mild solution u in Lemma 2.1 is
axisymmetric and satisfies

r r |u0|2 1 r
o +v-Vu ———(A——z)u +0,p=0
r T

8u9+v-Vu9+u—ru9—(A—l)u9=O

(2.5) ! r r2 inIx(0,7),
O +v-Vu* —Au* +9,p=0
ou" + Ly ou*=0

r
(2.6) W=0, 0u—u’=0, 0,°=0 ondllx(0,T),

and the energy equality (1.5).

Proposition 2.5. Assume that a vector field u = u"e, + u’eg + ue, satisfies (1.3). Then,
(", ul, u?) satisfies (2.6). The converse also holds.
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Proof. By fundamental calculations using the cylindrical coordinate, we observe that

1 1
D(u'e e, = 0,u"e, + —Ogu'eg + =0, e,
2r 2
1 u?
0 _ 6
D(u’eg)e, = 5(8ru - 7)69,
1
D(u*ey)e, = Earuzez,
1,1 0 1
D(we, = 0,u’e, + —(—8gur +0,u’ — u—)eg + =(0,u" + 0,u)ey.
2\r r 2
By (1.3), («', u?, u?) satisfies (2.6). Conversely, suppose that (2.6) holds. Then,

Dwe, =0,u"e,, u-e, =0 on {r=1}.

Thus (1.3) holds for u = u’e, + u’ey + u’e.. O

Proposition 2.6. Set the rotation operator U = U, : L>(IT) — L2(I0) by

f(x) — 'Rf(Rx)

and R = (e,(n), eg(n), e;) for n € [0, 2n]. Then, we have

(2.7) Uef = US,
(2.8) UPg = PUg,
(2.9) U(h-Vh) = (Uh) - V(Uh),

for f € L%, g € 1> and h € H' satisfying h - Vh € L.

Proof. We give a proof for (2.7). We are able to prove (2.8) and (2.9) by a similar way.
We set w = e f and w,, = U,w. Since the Stokes equations are rotationally invariant, w,
satisfies

O =By Vi =0 0,000
divw, =0 T

with some associated pressure g,,. It follows that

wy(x) = "Rw(Rx)

=W (r,0 + 1,2)e-(0) + w(r,0 + 1, 2)eq(6) + wi(r, 0 + 1, 2)e;.

Since (w", w?, w?) satisfies (2.6) by Proposition 2.5, wy, satisfies the slip boundary condition
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(1.3). Since wj, is a unique solution of the Stokes equations for f, = U, f, we have w;, =
et f. m|

Proof of Lemma 2.4. We multiply U by (1.4). It follows from (2.7)-(2.9) that

!
Uu = Ueu —f Ue"9P(u - Vu)(s)ds
0
!
= e Uugy — f TIAP(Uu - VUU)(s)ds.
0

Since ug is axisymmetric, ug = Uug. Hence Uu is a mild solution of (1.1) for ug. By the
uniqueness of the mild solution, we have u = Uyu for n € [0, 2x]. Thus u is axisymmetric.
Since u satisfies (1.1) and (1.3) by Proposition 2.3, (1", u?, u?) satisfies (2.5) and (2.6). The
energy equality (1.5) follows from integration by parts. O

3. A MAXIMUM PRINCIPLE

We consider the drift-diffusion equation (1.8) with a bounded coefficient and prove the
L®-estimate (1.9) by a maximum principle. Let C(ITx[0, T) denote the space of all bounded
and continuous functions in IT X [0, T]. Let C%1 (ﬁ X [6, T]) denote the space of all functions
f € C(TIx[6, T]) such that 336X f € C(TTx[6, T) for 2s+[k| < 2. We denote by C>!(TTx(0, T])
the space of all functions in C2’1(ﬁ X [6,T]) for all 6 € (0, T). The goal of this section is:

LemmE 3.1. LetT € Cz’l(ﬁ x (0, TN C(ﬁ X [0, T]) be a solution of (1.8). Assume that
b e CI1Ix[0,T]). Then, the L™-estimate (1.9) holds for t > 0.

We prove Lemma 3.1 by a maximum principle. When II is bounded, a maximum princi-
ple with the Robin boundary condition is known [30, Lemma 2.3]. We give a proof for the
unbounded domain I1.

Proposition 3.2 (Maximum principle). Assume that T € C>'(II x (0, TT) N C(II x [0, T1)

satisfies
2 .
(3.1) OL+b- VI —AT'+-0,'<0 inlIx(0,T],
r
(3.2) 0, +2I' <0 ondll x(0,T],
(3.3) <o onlIlx{tr=0}

Then,



(3.4) I'<o inIlIx[0,T]

Corollary 3.3. Assume that the reverse inequalities of (3.1)-(3.3) hold. Then, I' > 0 in
ITx[0,T].

Proof of Lemma 3.1. We set

M = supTo(x),
xell

= inf Ty(x).
= nf oo
We first show (1.9) when m < 0. We set
I',=m-T.
The function I, satisfies (3.1) and (3.3). Since m < 0, it follows that

0, +2)I'y,, =2m — (0, +2)I
=2m < 0.

Hence the condition (3.2) is satisfied. Applying Proposition 3.2 implies that
3.5) m<TI(x,t) inIIx][0,T].

We next estimate I" from above. We first consider the case M < 0. Since ') < M < 0, we
apply Proposition 3.2 to I" and observe that I < 0. It follows from (3.5) that

Il = — inf I'(x, 7)
xell

< -m = [[Folleo-
Thus (1.9) holds. We next consider the case M > 0. We set
I'y=M-T.

Since (0, + 2)I'yy = 2M > 0, the reverse inequalities of (3.1)-(3.3) hold for I'y;. Applying
Corollary 3.3 implies that

(3.6) I'(x,t) <M inlIx[0,T].



By (3.5) and (3.6), we obtain

Illeo = max { — inf [(x,7), supT(x, 1)}
xell xell

< max{-m, M} = |[[']|co-

We proved (1.9) when m < 0.

It remains to show (1.9) when m > 0. Since I'y > m > 0, we observe that ' > 0 by

Corollary 3.3. Applying Corollary 3.3 for I'y; = M — I' implies that 0 < I" < M. Thus (1.9)
holds when m > 0. The proof is complete. O

We prove Proposition 3.2 from the following:
Proposition 3.4. We set

2
L=0,+b-V-A+-0,,

r
N=n-V.

Assume that T € CEY(II x (0, T1) N C(I1 x [0, T)) satisfies

(3.7) L+DI'<0 inlIx(0,T],
(3.8) (N+2)I'<0 ondllx(0,T],
3.9) I'<0 onlIlx{r=0}.
Then,

I'<0 inIIx[0,T].
Proof of Proposition 3.2. Applying Proposition 3.4 for T = T'e™ implies (3.4). O

We first consider the case when the function I' attains a maximum in_ﬁ. When I attains
the maximum as |x| — oo, we modify I' so that it attains a maximum in II.

Proof of Proposition 3.4. We argue by contradiction. Suppose on the contrary that there
exists a point (xg, fo) € I1 x [0, T'] such that

(3.10) I'(xp, 19) > 0.



We set

M =sup{['(x,7)|x€Tl, t€[0,T]} > 0.

Case 1. The function I attains the maximum in I1 X [0, T].

We take a point (xy, #;) € I1 x [0, T'] such that
M =T(x1,t;) > 0.

By (3.9), we may assume that #; > 0. Then, there are two cases whether x; € IT or x; € JII.
(a) x; € II. We observe that

alr(xl7t1) 2 Oa

VI'(x1,11) =0,

Al'(x1,11) <0.
Hence we have

((L+ D) (x1,11) > T(xg,11) > 0.

This contradicts (3.7). Thus the function I" does not attain the maximum in the interior of I1.
(b) x; € JIl. Since the function I" increases along the normal direction near the boundary,
we have

or
—(x1,11) > 0.
n (x1,11)
It follows that
(N +2)ID)(x1,t1) = 2T(x1, 1) > 0.

This contradicts (3.8). Thus the function I" does not attain the maximum on the boundary.
Case 2. The function I attains the maximum at space infinity.

We modify I" and reduce the problem to Case 1. We set

[o(x, 1) = [(x, 1) — &(Ar + |x%),



by positive constants A, & > 0. We shall show that, by choosing A~! and & sufficiently small,
depending on b, xg, fo and I'(xg, tp), the function I'; satisfies the conditions (3.7)-(3.10).
Once we verify these conditions, it is not difficult to derive a contradiction. In fact, the
function I, is negative in IT N {|x| > R} x [0, T] for R = vM]e. The condition (3.10) for I,
implies the existence of some point (xy,#;) € Inn {|x| £ R} X [0, T'] such that

M, =sup{le(x,0) | x€Il, t€[0,T]}
= Fg(xl,tl) > 0.

However, by the same way as we have shown in Case 1, the conditions (3.7)-(3.10) for I';
imply that such the point (x1,#;) does not exist. Thus we are able to conclude that Case 2
does not occur neither.

It remains to show (3.7)-(3.10) for I'. It follows that

(On + 2)(AL + |xIP) = (=0, + 2)(At + * + |2P)
=2At+ |25 + 2r(r = 1)
>0,

(N +2)Ts = (N +2)T — &8, + 2)(At + |x]?) < 0.

Thus the conditions (3.8) and (3.9) are satisfied for A, > 0. We show that (3.7) holds for
I'; and sufficiently large A. Since

2
LAt + |xP?) = (a, +bh-V-A+ —a,)(At +1x?)
r
—A+2b-x-2,

it follows that

(L+ DI, = (L+ DI — &L + 1)(Az + |x]»)
=(L+ Dl —eA( +0)+ x> +2b-x-2).

Since the function I satisfies (3.7), the first term of the right-hand side is negative. We set
Ao = sup {2 + 2|lbllz=qixqo,rplxl = [xI* | x € TT} > 0.

It follows that



AL+ + x> +2b-x=2> A= 2+ 2/|blloolx] — |x[*)
> A - Ao.

Thus the condition (3.7) holds for I'y and A > Ag. Since
Te(x0, 70) = T(x0, 70) — (Ao + |xol),

the condition (3.10) holds for [, & < &y and &9 = ['(xo, f0)(Afy + |x0|?)~" > 0. We proved
that (3.7)-(3.10) holds for I';. The proof is now complete. O

4. AN A PRIORI L°°-ESTIMATE FOR SWIRL

We prove the a priori L*-estimate for the swirl component (1.6) (Lemma 4.7). Since the
boundedness of ru’ does not follow from properties of local-in-time solutions to (1.1), we
extend the L™ -estimate (1.9) for mild solutions to (1.8). In the subsequent section, we show
that ru? is a mild solution to (1.8) and obtain the desired estimate (1.6).

4.1. Mild solutions. We define a mild solution of (1.8). We set the elliptic operators by

1
Loy = Ay - 27

2
LiI' = A - -9,T,
r

subject to the Robin boundary conditions, d,y +y = 0 and 9,I" + 2" = 0 on JIl. We also
set the operator L = A — r~2, subject to the Dirichlet boundary condition. By the classical
LP-estimates for elliptic operators [2], it is known that the operators B = Lo, Ly, L;, generate
Co-analytic semigroups on L? for p € (1, 00) [32, Theorem 3.1.3]. Moreover, the semigroups
are analytic also for p = oo (see [32, Corollary 3.1.24]). By analyticity of the semigroups,
they satisfy the regularizing estimate

C
@4.1) 10%e” flles < —— 1Al

12 2

for0 <t < Ty, 3 < p < ooand k| < 1. By using the semigroup e’*', we consider the integral
equation

!
(4.2) [ =eblr, - f L (B - VI)(s)ds.
0

We assume that the coefficient b satisfies the regularity condition



4.3) 77%h € Co([0, T); L) for3 < p < co.

Here, Co([0, T]; LP) denotes the space of all functions in C([0, T']; L), vanishing at time
zero. Note that solutions of (1.4) satisfies the condition (4.3) by Lemma 2.1. We prove
the L*-estimate (1.9) for mild solutions I' € C,,([0, T]; L*) of (4.2), where C,,([0, T]; L)
denotes the space of all weakly-star continuous functions from [0, 7] to L™.

We first recall that mild solutions of (4.2) are Holder continuous up to second orders in
II x [0, T'] for sufficiently smooth 'y and b by the Hélder regularity results for second order
equations [25, Chapter IV], [32, Chapter 5].

Let C (ﬁ) denote the space of all bounded and continuous functions in Il Let C’”(ﬁ)
denote the space of all functions f € C(I0) such that 8’; f e C(I) for |k| < m with non-
negative integer m. We denote by C®(IT) the space of all functions in C"(IT) for all m > 1.
We denote by CH(IT) the space of all u-th Holder continuous functions f € C(II) for u €
(0,1). For m = [m] + u, C"(IT) denotes the space of all functions f € C")(IT) such that
(9’; fe CH(TD) for k| = [m], where [m] is the greatest integer smaller than m > 0. We denote
by CH#/2(TI x [0, T) the parabolic Holder space for i € (0,2), which is the space of all
functions f € C(II x [0, T]) such that f(-,7) € CX(II) for ¢ € [0, T] and f(x,-) € C*/?[0,T]
for x € TI. We denote by C2+#1+#/2(TTx [0, T) the space of all functions f € C>!'(TIx [0, T1)
such that 80X f € CH#/2(T1 x [0, T1) for 2 + k| < 2.

Proposition 4.1. Let T > 0. Let b satisfy (4.3).

(i) For I'g € L™, there exists a unique mild solution I' € C,([0,T]; L*) of (4.2) such that
12VT € C,,([0, T]; L™). IfTy and b are axisymmetric, the mild solution I is axisymmetric.

(ii) Assume that

(4.4) beC**2 T x[0,T)), we(0,1),
(4.5) IopeCP*I) and 8, +2I =0 on dIL

Then, the mild solution belongs to CHI+2(] % [0, T)). In particular, the L™ -estimate
(1.9) holds fort > 0.

Proof. The assertion (i) follows from a standard iteration argument. We are able to prove
axial symmetry by a similar way as we did in the proof of Lemma 2.4. The assertion (ii)
follows from a Holder regularity result for second order equations [32, Theorem 5.1.21,
Corollary 5.1.22]. The L*-estimate (1.9) follows from Lemma 3.1. O
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4.2. Approximation of initial data. We prove the L™ -estimate (1.9) without the conditions
(4.4) and (4.5) by approximation. For this purpose, we prepare Holder norms for space-time
functions [25]. We set the u-th Holder semi-norm in Q = Q x (8, T'] for u € (0, 1) by

1% = sup 1% + suplf lor

te(6,T]
[f]g(/;)(t) = Sup{w X,y € Q, X% y}’
|x —y|ﬂ
[f]g)r](x) = SW{W t,s€ (6, T], t# s}.
— 5|2

When u = 1, we set

(1.3) )
1o = IV~ + Sllg[f](én(x)-
XE

For m = [m] + u, we set

e = N gekah?,

2s+|k|=[m]

(m.3) s ok (m, %)
flg > = > 18;05 fllimio) + [f1g > -

2s+|k|<[m]

We first remove the condition (4.5) by approximation of I'y € L™.

Proposition 4.2. For I'g € L*(I), there exists a sequence {I'g} C Cw(ﬁ) supported in I1
such that

||F0,a”oo < ”FOHOO

(4.6) o > Ty ae inll

Proof. For x = re, (0) + ze,, we set

s Lo((r—e)ey(0) +ze)) r=1+e,
rO,e(x) =
0 O<r<l+e
By mollification of g ;, we obtain the desired sequence. O

Proposition 4.3. In Proposition 4.1 (ii), the estimate (1.9) holds without the condition (4.5).
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Proof. For I'y € L™, we take a sequence {I'o.} satisfying (4.6). Since I'g. is smooth in I
and supported in I, it satisfies the condition (4.5). Since the estimate (1.9) holds for the
mild solution I'; of (4.2) for I'g . by Proposition 4.1 (ii), it follows from (4.6) that

(4.7) ICello < Mollec 7> 0.

We shall show that I'; converges to a mild solution of (4.2) for I'y. We use the Holder
continuity of the coefficient b in (4.4). We apply the local Holder estimate for parabolic
equations [25, Chapter IV, Theorem 10.1] and estimate

Q+u,1+5)
(4.8) ICel 77 < ClITellzoqixo.1y)
0

for Q = (BNII) x (6,T] and 6§ > 0 with some constant C, independent of €. Here, B C R3
denotes an open ball satisfying BN II # (. By (4.7) and (4.8), I'; subsequently converges to
a limit I locally uniformly in IT x (0, T'] up to second derivatives.

It is not difficult to see that the limit I" is a mild solution of (4.2) for I'y. In fact, by
choosing a subsequence, we have

ey, — €Ty locally uniformly in IT x (0, T'.

Since VI, converges to VI locally uniformly in IT x (0, T, similarly for each 0 < s < #, we
have

e’ . VI, — ?Hb - VI locally uniformly in IT x (0, T'].

Hence sending € — 0 to (4.2) implies the limit I" is a mild solution for I'y. The estimate
(4.7) is inherited to the limit I'. O

4.3. Approximation of a coefficient. We next remove the condition (4.4).

Proposition 4.4. For b satisfying (4.3), there exists a sequence {b:.} C C OO(ﬁ X [0, T)) satis-
fying (4.3) and

4.9) lim sup 12 %|lb = byll,(t) =0 for3 < p < oo,

e200<<T

Proof.: We may assume that b is smooth in IT by mollification by spatial variables. Since g =
t1/2-3/@P)p vanishes at time zero by (4.3), by shifting g by a time variable, and mollification,
we obtain a sequence {g.} € C*(II x [0, T']) such that g.(:, ?) is supported in (0, 7] and



(4.10) lir% sup llge — gllp(@) = 0.

eV 0<i<T
Since g.(-,t) is supported in (0, T'], the function b, = ~1/2+3/2Pg, is smooth in II x [0, T]
and satisfies (4.3). The convergence (4.9) follows from (4.10). O

Lemma 4.5. The estimate (1.9) holds for mild solutions of (4.2) for I'o € L* and t > 0.

Proof. We shall show the estimate (1.9) between 0 < ¢t < T for some 77 > 0. Once we
have (1.9) near time zero, it is extendable for all # > 0 by taking t = T as an initial time.
We take a sequence {b.} satisfying (4.9). Since the estimate (1.9) holds for a mild solution
I'c for I'y € L™ and the coefficient b, by Proposition 4.3, we have

(4.11) ICellco < Mol #> 0.
We shall show that I'; converges to a mild solution I in the sense that

(4.12) lim sup {II = [ylleo + 2|V(T - To)lleo) = 0.

£-0 0<t<T,

The desired estimate follows from (4.11) and (4.12) by sending € — 0.

We set p. =I' —T'; and a, = b — b,. It follows from (4.2) that

!
s = — f eI (D VI = b, - VI,)ds
0
!
=- f "I (a, - VT + b, - Vp,)ds.
0
For p € (3, o), we set the constants

1
Ke = sup {llpelle + 221IVPelloo}s
0<t<T,

1
K = sup {”r”oo + tZIIVFHOO},

0<t<T

1_3
Ng = sup 12 2””“5”[7’
0<t<T

1_3
L; = sup 12 2p||bs||p-
0<t<T

It follows from (4.1) that



!

C

lloelleo < f —(llaellplIVTleo + lbellplVoelleo)ds
0 ([ — s)TP

! ds

< C(NgK + L.K,) — 3 3%
0 (t— S)ES T2

= Co(N:K + L.K,).
Similarly, we estimate Vp, and obtain
K. < Co(N K + L:K,).

We take an arbitrary 6 > 0. By (4.3), there exists 71 > 0 such that
1_3
sup 2 2|bll, < ¢6.

0<1<T,

By (4.9), that there exits g9 > 0 such that
1_3
sup 2 [b-bgl, <6 fore < eg.
0<t<T

We estimate

1_3 1_3 1_3
Le = sup 12 |lbgl, < sup 2 >||b, = bll, + sup 12 2||bl|,
0<t<T, 0<t<Ty 0<t<T

<26 for € < &y.
By taking § = (4Cp)~!, we estimate
K, < 2CoN,K.

Since N, — 0 as € — 0 by (4.9), we proved (4.12). O

4.4. An application to axisymmetric solutions. We now prove the a priori L*-estimate
for the swirl component (1.6). It suffices to show that the swirl component ru’ is a mild
solution of (4.2).

Proposition 4.6. The semigroups satisfy
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(4.13) ep-ef =etofl
(4.14) ep - curl g = o (eq - curl g),
(4.15) re'loy = b (ry),

for axisymmetric f, g € L2 and y € L™ satisfying eq - curl g € L* and ry € L*.
Proof. We set w = €A f. Since w? = ¢, - w satisfies

1
o’ — (A - r—z)we =0 inIIx (0, ),
A’ +w? =0 on Il x (0, ),

w? = f% onTIx {r=0},

the function w? agrees with ¢’%0 f? by the uniqueness of the heat equation. Similarly, we are
able to prove (4.14) and (4.15). O

Lemma 4.7 (A priori L™-estimate). Let u = v + u’ey be an axisymmetric mild solution of
(1.4) in Lemma 2.4. Assume that rug € L™. Then, ru® is a mild solution of (4.2) for b = v.
In particular, the L™ -estimate (1.6) holds.

Proof. We set

012 r
h=u-Vu= (v -Vu" - u)er + (v B v u—ug)eg + (v Vud)e,,
r r

VO = (I - P)h,

(4.16)

for axisymmetric mild solutions « in [0, T]. Since & is axisymmetric, the function @ is
independent of 6 and we have

eg-Pu-Vu=eg-(h— VD)
=ep-(h—e0,D - e;0,0)

r

u
=v-vu? + —u.
r

We multiply eg by (1.4). It follows from (4.13) that

! r
u

u? = eyl — e(t_S)LO(v Vu? + —ug)ds.
0 0 r
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Since ug € L by rug € L™, the above integral form implies that u’ € C,([0, T]; L) and
t12vu? e €, ([0, TT; L™).
On the other hand, there exists a unique axisymmetric mild solution I for I’y = rug and

b = v by Proposition 4.1 (i). We multiply r~! by (4.2). It follows from (4.15) that y = I'/r
satisfies

! r
u

v = etL"u(H) - f e(t_s)LO(v -Vy + —)/)ds.
0 r

Since y € C,([0,T];L™) and t'/>Vy € C,,([0,T]; L), it is not difficult to show that u’
agrees with y by estimating the difference u’ — y. Thus ru is a mild solution of (4.2). The
proof is now complete. O

5. ENERGY ESTIMATES FOR THE AZIMUTHAL COMPONENT OF VORTICITY

We prove the global estimates (1.11) and (1.12).

r 1 0 012
6,w9+v-Vw€—u—w€—(A——2)w9=ﬂ inIT x (0,7),
r r r
.1 W =0 on 411 x (0, T),
of = f onIl x {t = 0}.

Proposition 5.1. Axisymmetric mild solutions of (1.4) in Lemma 2.4 satisfy

(5.2) W’ € CY(0,T; D(LY) N C7(0, T, L), 0<y< %

In particular, ° satisfies the vorticity equation (5.1), where D(Ly) = H> N Hé denotes the
domain of the operator L = A — r~2 on L2

Proof. We recall that the mild solution u is expressed by

Jl
u(n +8) = M u(s) + f A £(5 + 5)ds,
0

for0<d<n<T-96and f = —Pu - Vu. It follows from (4.16) that
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g:=eg-curl f
= —ey-curl (h — VD)
=-d;h" + 9,I*
u’ 04 62'”9|2‘

=—v -V + —w
r r

We multiply eg - curl by u. It follows from (4.14) that

’ 17 ’
W+ 6) = ™Mu%(6) + f 9 g(5 + 5)ds.
0

Since u € C?((0, T]; H*) for y € (0,1/2) by (2.4), we have g € C¥((0, T]; L?). By Proposi-
tion 2.2, w? satisfies (5.2). O

Proposition 5.2. The function v = u"e, + u*e, satisfies

(5.3) 1Vvlla = llw?lla,
1 3
(5:4) llulls < Cllu" 113 1”13,
1 3
(5.5) lulla < CllEIL (el + lew?]12) 7,
1 3
(5.6) lw’lls < Cll’I31IVe?]13,
() 1
0 _ o2 . ||<17\2
(5.7) V@ el = (V6”1 +||==|)".

with some constant C. In particular, the estimate (1.10) holds.
Proof. Since v satisfies

—Av = curl curl v — Vdiv v

= curl (o),

it follows from (2.6) that

o
fIVv|2dx:—fAv-vdx+f D aH
I I o On

= f curl (w’e) - vdx — Ou'u" + 0, u*u®)dH
I oIl

= f |w?Pdx.
I1



23

Thus (5.3) holds. Similarly, we obtain (5.7) by integration by parts. Since v" and w? vanish
on 011, applying the interpolation inequality (B.1) implies (5.4) and (5.6). We apply (B.2)
for v* and obtain (5.5). O

Lemma 5.3. The estimates (1.11) and (1.12) hold for t > 0 for axisymmetric mild solutions
for ug € L3 satisfying rug € L™ and Vuy € L* with some constant C.

Proof. We prove (1.11). Since w?/r satisfies (1.2) and vanishes on 11, by multiplying 2w?/r
by (1.2) and integration by parts, we have

d 0 0 9,
o H|“’7| dx+2fH|V(w7)| dx:—2fn(u7) 0= ).

Since r > 1, it follows that

6 1

(58) ], = e = o (5)* P

Inu’ns
912 2
<|lru —I|_.
, <1

By the Young’s inequality, we estimate

6 (] (7] 6
o (Vo L)ad < [+ 9,
2

0 ()

u’ (|12 w
< ||m9||§0||—|| + HV(—)” .
r 2 r 2

Hence

@ fn’ng’zd“ fn’V(wTG)Ideg||ru9||i,|]“—:|\z.

We integrate the both sides between (0, ¢). By applying (1.5) and (1.6), we obtain (1.11).

We prove (1.12). We multiply 2w’ by (5.1) to see that

d (%) r 0 012
— f Iwelzdx + 2f (IVc¢)9|2 + ‘w_‘ )dx =2 u—wewedx + 2f ﬂwedx
dr Jp I r onr n r

= I+1I.

It follows from (5.4), (5.6) and (5.7) that
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U g o6 o’ 9
1l = |2 —ww dx| < 2| — || lle" 4 llw” |4
nr r 12
o’ a0 I
<C . |2||M 15 [l ll21IVe]|5
6 3
W’ ||z 1 0 0
<C - 2IWIIQ‘IIw 121V (weg)ll2
9 3 ]
adl | oo, L 0 \2
<C||— 2||Mr||§||w 5 + EIIV(w eg)lls-

Since r > 1, it follows from (5.8) that

a > 0129, 0
11| = ‘2 L dx’ < 21Vl
ol r
0 u’ 9
< 2|~ | IV o)l

6
w2 1
<9 92“ “ 4 —IV(l e,
< 2/jru’ll5 pl | 2II (w”eg)ll;
By combining the estimates for / and /1, we obtain

%fl;lw‘)lzdx+fn(|Vw9|2+|w76|2)dxsC(“ng

We integrate the both sides between (0, ¢). By (1.11), (1.5) and (1.6), we obtain (1.12). O

3k o2 (1o o 14 1P
I+ ) 01+ =)

6. GLOBAL BOUNDS ON L4

Proof of Theorem 1.1. For an axisymmetric uo € L. satisfying rug € L™, the axisymmetric
mild solution u € C([0, T; L) satisfies (1.6) by Lemma 4.7. It follows from (1.6) and (2.2)
that ruf)(-, o) € L™ and

Vu(-,ty) € L*> for 1y € (0, T].

We may assume that Vi € L? by taking ¢ = f, as an initial time. It follows from (1.7) and
(1.10)-(1.12) that u € L*(0, c0; L*). By (1.5) and Lemma 2.1, the mild solution belongs to
BC([0, c0); L?). The proof is now complete. O
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Remarks 6.1. (i) (The Euler equations) We constructed global solutions in the exterior do-
main by using viscosity. For the Euler equations, existence of global solutions is unknown.
We refer to [33], [20] for a one-dimensional blow-up model of axisymmetric Euler flows on
the boundary. See [12], [11] for blow-up results of models.

(i1) (The Dirichlet boundary condition) The statement of Lemma 2.1 is valid also for the
Dirichlet boundary condition. However, in this case unique existence of global solution
is unknown even for axisymmetric data without swirl. Since the azimuthal component of
vorticity w? does not vanish on the boundary subject to the Dirichlet boundary condition,
the global vorticity estimates (1.11) and (1.12) are not available unlike the slip boundary
condition.

(ii1) (Uniform estimates) The assertion of Theorem 1.1 is valid also for the exterior of the
cylinder I1®* = {r > &} and we are able to construct global solutions u = u, satisfying (1.6)
and the energy equality

! u9 2
ufdx + 2 f f (|Vv|2+|vu"|2+|—| )dxds
e 0 JIIF r
2 !
+= f f I’ PdHds = luo|>dx, > 0.
E 0 Jore 1e

For the case without swirl, the a priori estimates

(6.2) f “’—9|2dx+2 f t f V(w—g)rdxdss f
ne'r 0 £ r e
t Wi
lw?Pdx + f f (|Vw9|2+|—| )dxds
ha 0 £ r

(7

w
sf whPdx + || -2
G r

hold with some constant C, independent of £. Hence we have a uniform bound

(6.1)

0
wf 2
_0’ dx,
r

(6.3)

3 5
2 2

u , t>0,
LZ(HE)” 0||L2(H8)

sup ||u||L°°(0,00;H|(H£)) < 00,
&e<g)

provided that L?-norms of ug, wg/ r and wg in I1? are uniformly bounded for € < &.

APPENDIX A. MILD SOLUTIONS ON L.

We give a proof for local solvability of (1.1) on I* (Lemma 2.1).

Proposition A.1. The Stokes semigroup satisfies
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C
(A1) 60%e™ fllpy < 11 fllza-
3Gty
t2'q »r 2
(04
(A2) 105 = D™ flize < CL— 11l
I]Q+7

forfell,2<qg<p<oco,0<t,p,n<Toy ac(01),lkl<1andTy>0.

Proof. The estimates (A.1) and (A.2) follow from estimates of the Stokes semigroup on
L7 [17, Theorem 1.2] and the interpolation inequality (B.2). |

Proposition A.2. For uy € L2, there exists T > 0 and a unique mild solution of (1.4)
satisfying (2.1) and (2.2).

Proof. We set
!
Ujrl = g — f e(t_s)AP(uj - Vuj)ds,
0
up = eug,

1
Kj = sup {llujllzy + 121Vujlizy},
0<t<T

fory =1/2-3/(2p) and p € (3, ). We take g € [2, p]. By applying the Young’s inequality,
we estimate

lluj - Vujllg < llujlly IVl

for 1/n = 1/q — 1/p. Since g € [2, p] and p > 3, we observe that o = 3(1/p — 1/n) =
3(2/p—1/q) £3/p < 1. By applying the interpolation inequality (B.2), we estimate

1-
lujllen < Cllujll IIVu Iy,

Wi

We take T < 1 and estimate

;- Vijle < CllugloIvu 1150, < o &2 AN <C K
J JILT = Ly HMwir ==\ gy e = s%(l_é)'
Since the above estimate holds for s < 7 < 1, we have
CKJZ.
(A.4) lloej - Vujllze = max{llu; - Vujllza, lluj - Vujll2} < BET
s

Applying (A.1) implies
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CK?
(A5) 1084 Pu; - Vujllp, < .

PR

We estimate K. We set po = max{3p/(p + 3),2} and fix g € (po,3) so that the right
hand-side of (A.5) is integrable near s = ¢ for |k| < 1. It follows from (A.1) and (A.5) that

C

A 2

il < leuollzy + — K2
t2 2p

Similarly, we estimate Vu;,; and obtain K| < K + COKJZ.. Since the Stokes semigroup is

strongly continuous on L, we have K; — 0 as T — 0. We take 7 > 0 sufficiently small so
that K; < (4Co)~! and

KJ‘S2K1 forj=1,2,---.
By a similar way, we estimate the difference u;;; — u; and obtain

1 .
sup ' (lujr1 — ujllzy + t21IV(ujs1 — upllzs) = 0 as j— oo.
0<t<T
Thus the sequence {u;} converges to a mild solution u satisfying (2.1) and (2.2) for p,r €
(3, ). In particular, we have

1
(A.6) K = sup {llully, + £2[[Vull,) < 2K

0<t<T

The uniqueness follows from the integral form since #/u and ”*'/2Vu vanish at time zero.

It remains to show (2.1) and (2.2) at end points. The property (2.1) for p = oo follows
from the interpolation inequality (B.2). It follows from (A.1), (A.4) and (A.6) that

t
||u—etAuo||I:3 Sf e 4Py - Vul|j3ds
0

!
< CK} ds = C'K}.
3(1_1y 3q_1 1
0 (f—s5)20a 37520 " q

Since K; — 0 as T — 0, the mild solution u is strongly continuous on L at time zero.
Thus (2.1) holds for p = 3. By a similar way, we estimate £ [|Vu — Ve’Auollp < CK%. Since
112V e ug vanishes on L3 at time zero, (2.2) holds for r = 3. O

Proof of Lemma 2.1. It remains to show the Holder continuity (2.3). We set f = —Pu - Vu.
It follows from (A.4) that
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2
(A7) IAlze € ==

<g<
s%(l‘é for2 < ¢ <3.

We take an arbitrary 6 € (0, T) and @ € (0, 1). Foré <7 <t < T, we estimate

A T
() — ullp> < lleuo — gl + f 194 flpsds + f 194 f — 94 flds
T 0

= I+1I+1Il
It follows from (A.2), (A.1) and (A.7) that

I <C5(t = 1)uollzs,

!
I < cf Ifllz3ds < C'67 K% (t - 7).
T

We estimate /1. Since

(T;S)Af

bl

(a=s)
e(l—s)Af _ e(T—s)Af — (e(l—T)A _ 1)6 5 Ae

it follows from (A.2), (A.1) and (A.6) that

) B t—Tya, @9
e e L

Uk AT
(r—s)*2ay
(-1

<C

< C//KZ

(t- s)”%(?_%)s%(]_é).

We take g € [2,3) so that 3/2(1/q — 1/3) < 1 — @ and obtain

111 < C§°K%(t — 7)°.

Thus u € C*([6, T]; L?) for a € (0,1). By a similar way, Vu € C*/%([5, T]; L?) follows. We

proved (2.3). The proof is now complete.

O
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APPENDIX B. INTERPOLATION INEQUALITIES
We give a proof for interpolation inequalities used in Proposition 5.2.

Lemma B.1. The estimates

(B.1) lell, < Cllell,IVelS, o € Wo,
(B.2) I8l < CllgINglIS,. & € W,

hold for 1 < g < p < oo satisfying o = 3(1/q — 1/p) < 1, where Wé’q denotes the space of
functions in W9, vanishing on OI1.

Proof. The estimate (B.1) for IT = R3 holds by estimates of the heat semigroup. Since the
trace of p € W(;’q vanishes on d11, we apply (B.1) to the zero extension of ¢ to R? and obtain
the desired estimate for IT ¢ R3. For functions ¢ € W'¢ with non-trivial traces, we use an
extension operator E : WD) — WH(R?) acting as a bounded operator also from L7(IT)
to LI(R%) [41, Chapter VI, 3.1 Theorem 5]. By applying (B.1) for R? and E¢, we obtain
(B.2). O
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