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Coherent vibronic oscillations in the ground state of carotenoids have been investigated by means of three-pulse
four-wave mixing spectroscopy. Here, we especially focused our attention on the influence of the temporal
separation between the first and the second pulses, i.e., the coherent period τ , on the third-order nonlinear signals.
The vibronic oscillations of the fundamental modes are clearly observed when τ is set to zero. They appear via
an impulsive resonant Raman process and reflect the spectral feature of a conventional Raman spectrum very
well. Interestingly, in addition to the coherent vibronic oscillations of the fundamental modes, we found that
high-intensity coherent vibronic oscillations of the overtones and the coupled modes appear when a nonzero
value of τ is employed. These coupled modes become dominant at a rather large coherent period of τ ∼
60 fs. A simple extension of our previous calculations that assume electronic harmonic potentials and vibronic
Brownian oscillators cannot explain the present experimental results. Instead, we propose a model that takes into
consideration the mixing between singlet states and the higher-order interaction of molecular vibrations with
electronic states, which is in quantitative agreement with the experimental results. Our finding opens the way to
controlling even Raman inactive vibronic oscillations using light.

DOI: 10.1103/PhysRevB.85.245408 PACS number(s): 82.53.Ps, 42.65.−k, 63.22.−m, 78.20.Bh

I. INTRODUCTION

The past decades have witnessed considerable progress
in ultrashort laser technology, which has made it possible
to observe the molecular vibronic oscillations in real time.1

Recently, much attention has been devoted to observing these
real-time vibronic oscillations because they provide us with
rich information on the electronic and vibronic structures
beyond static measurements (see, for example, Refs. 2 and 3).
Another important aspect of coherent vibronic motions is their
potential application in controlling the properties of materials,
such as energy flow, isomerization, and so on.4,5 Studies
on coherent vibronic oscillations have so far been focused
mainly on the fundamental vibronic modes that are IR and/or
Raman active; these modes have already been well recognized.
However, it is interesting to identify new methods to efficiently
activate other modes that are, for example, Raman and IR
inactive, because these modes, which include overtones and
coupled modes, may reveal interesting aspects of materials
and may enable us to extract their novel functions via, for
example, biomolecular reactions, bond-selected reactions, and
the control of vibrational energy flow.6,7 These methodologies
and techniques are based on the idea that driving an efficient re-
action to form a specific product over others requires the excita-
tion of vibrations that preferentially couple to a specific motion
along the desired reaction coordinate.8 The precise coherent
control of higher vibronic modes is also required for appli-
cation as multiple qubits for quantum computation.9 Further-
more, it has been reported that the enhancement or suppression
of the excitation energy flow during the early stages of photo-
synthesis is related to the excitation of a fundamental mode,4

although the involvement of overtones and coupled modes is
still not clear. Therefore, the development of new methodolo-
gies capable of exciting such modes on demand is interesting.

The excitation of vibronic oscillations via the Raman
process is well described by the selection rule. For molecules
that have harmonic potentials, this selection rule requires the
satisfaction of the well-known relationship: The initial nth vi-
brational level is related with the final mth vibrational level by
m = n ± 1.10 This means that only the fundamental modes can
be observed in the Raman spectrum. In other words, the over-
tones and the combination processes by two vibronic modes
are Raman forbidden. This relationship is relaxed when the
molecular potential deviates from the simple harmonic model,
for example, because of anharmonicity and the Duschinsky
rotation.10,11 Consequently, the overtones and coupled modes
can be observed in the Raman spectra in these cases.

The excitation of the coupled modes can be obtained rela-
tively easily when the molecular Raman spectra are measured
under the photoexcitations that are much greater than their
fundamental absorption edge because of vibronic coupling
and the non-negligible anharmonicity of the potential shape.
Nonetheless, despite the relaxation of the selection rule m =
n ± 1, the strongest resonance Raman-scattering peaks usually
reflect transitions where the quantum number of a particular
vibrational mode goes from 0 to 1, namely, the fundamental
modes.10 In addition, the photoexcitation at very high energy is
not always preferable especially for organic molecules because
the excess energy sometimes results in the degradation or even
destruction of the sample molecules themselves. Therefore,
it is necessary to explore other methodologies to efficiently
generate coupled modes under the photoexcitation in the
vicinity of or below the absorption edge.

The suppression of both the fundamental and the coupled
modes has been demonstrated using optical pulses where
the spectral chirp and shape are properly designed.7,12 Al-
though the enhancement of fundamental modes has also been
observed,13 it is not easy to significantly enhance the coupled

245408-11098-0121/2012/85(24)/245408(10) ©2012 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.85.245408


SUGISAKI, KOSUMI, SAITO, COGDELL, AND HASHIMOTO PHYSICAL REVIEW B 85, 245408 (2012)

0

5000

10000

15000

20000

25000

30000

0 0.5 1.0

τ

T Sample

1
2

3
−k1+k2+k3

Normalized
absorbance

W
av

e
nu

m
be

r 
(c

m
—

1 )

vib.

Pump

Time evolution of population

TG SPE

0

S1

S0

Sx

S2

(b)(a)

τ

Screen

FIG. 1. (Color online) (a) The pulse sequence and the resulting FWM signals (small spots on the screen) that appear along the phase-matching
directions, e.g., −k1 + k2 + k3, where ki (i = 1, 2, 3) indicates the momentum vector of the ith pump pulse. (b) The linear absorption spectrum
of β-carotene and its energy diagram with the ground-state vibronic levels. Carotenoids have a characteristic strong absorption in the visible
region, which is the result of electronic transitions from their ground state S0 to the higher excited singlet state S2. One-photon transitions
between the ground state and the first excited singlet state S1 are symmetry forbidden. For the analysis of the FWM signals, we took a coherent
interaction between S2 and an intermediate state Sx into consideration. The complete set of energy diagrams used for the calculation can be
found in Ref. 17. The periodic gradation on the S2 and Sx states represents the time evolution of the population: When these states are coupled,
the population oscillates between these states due to the so-called quantum beat.

modes when the molecular potentials are harmonic. Specif-
ically, the enhancement of coupled modes is not expected
simply by the use of a chirped pulse because the parity of the
photons cannot be changed even if a pulse is spectrally chirped,
which does not cause a breakdown in the Raman selection
rule. Therefore, not only the control of the amplitudes of the
overtones and coupled modes, but also the efficient excitation
of such modes are, in themselves, not easy tasks to achieve.

In this paper, we report strong coherent couplings among
vibronic oscillations observed in the four-wave mixing (FWM)
signals from carotenoids, which are pigments abundantly
present in nature that play important roles in the initial steps
of photosynthesis.14,15 The photoexcitation was performed at
the absorption edge of carotenoids using sub-20-fs pulses. The
coupling and decoupling of vibronic modes can be achieved on
demand simply by controlling the temporal separation of the
pump pulses. This experimental result can be explained by the
coherent coupling of electronic excited states. We also com-
ment on possible extensions of our findings to other materials.

II. EXPERIMENTAL DETAILS

β-carotene was purchased from Wako Pure Chemical
Industries, Ltd. and was purified by recrystallization from a
benzene solution. For the optical measurements, β-carotene
was dissolved in tetrahydrofuran (THF). The concentration
of the sample was adjusted to an optical density of ∼1
at its absorption maximum. All optical measurements were
performed at room temperature.

As the excitation light source for the optical measurements,
we constructed a noncollinear optical parametric amplifier
(NOPA) using a femtosecond Ti:sapphire regenerative ampli-
fier (Spectra-Physics, Hurricane).16,17 The compressed output

beam from the NOPA was divided into three using pellicle
membranes with a thickness of 5 μm. The temporal separations
between these pulses were controlled using linear-translation
stages with a stepping resolution of 20 nm, which results in a
temporal step of 0.13 fs (SIGMA TECH Co. Ltd., FS-1100PX).
As schematically shown in Fig. 1(a), the pump pulses in the
triangular configuration were focused onto the surface of a
100-μm-thick optical flow cell that was sandwiched between
1-mm-thick windows. The temporal widths of the pump pulses
were optimized at the absorption edge as indicated in Fig. 1(b).
For all the FWM measurements reported herein, the pulse
widths measured using the cross-correlation technique were
better than 16 fs.

Conventional Raman spectra excited using a continuous-
wavelength laser at 532 nm were detected using a single
monochromator (Acton Research, SpectraPro 306i) and a
liquid-nitrogen-cooled charge-coupled-device camera (Roper
Scientific, LN/CCD-1340/400-EB1). The spectral resolution
of the system is better than 12 cm−1 over the whole spectral
region examined. The concentration of the sample used for the
Raman measurements was the same as that used during the
FWM measurements.

III. RESULTS AND DISCUSSION

A. Temporal profile of FWM signals and conversion
into the spectral domain

The FWM signals significantly depend on the temporal
separations of the pulses [see the schematic in Fig. 1(a)]. One
of the key parameters is the coherent period τ : The temporal
separation between the first and the second pulses, where the
polarizations induced by these pulses interfere in the sample.18
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FIG. 2. (Color online) (a) The FWM signals in the TG and SPE configurations. The abscissa shows the population period T [the temporal
separation between the second and third pulses; see Fig. 1(a)]. Magnified signals in the hatched area are shown in the lower panel. (b)
Fourier-transformed spectra of the FWM signals. (c) The conventional Raman spectra of β-carotene and solvent (THF) for comparison. The
dominant peaks at ν1 = 1522, ν2 = 1157, and ν3 = 1004 cm−1 are due to the symmetric stretching modes of the C=C and C—C bonds and
the methyl-in-plane rocking mode in the ground state, respectively. In the time domain, these frequencies correspond to oscillation periods of
22.0, 28.9, and 33.2 fs, respectively.

The transient-grating (TG) signal from β-carotene in THF at
τ = 0 where the first and second pulses simultaneously
excite the sample is shown in Fig. 2(a). Prominent coherent
oscillations with a period of a few tens of femtoseconds are su-
perimposed on a slowly decaying background, which reflects
the electronic dynamics of internal conversion. The origin
of the coherent oscillations seen in Fig. 2(a) can be readily
understood by comparing the fast-Fourier-transform (FFT)
spectrum [bottom curve in Fig. 2(b)] and the conventional
Raman spectrum [Fig. 2(c)]. Namely, the peaks reflect the
ground-state molecular vibronic oscillations.12,16–20

The temporal profile exhibits drastic changes when a
nonzero value of τ is employed [the top curve of each
panel in Fig. 2(a)], which is the so-called stimulated photon-
echo (SPE) configuration. In this case, the slowly decaying
background becomes very weak, but the coherent oscillations
can still be clearly observed. Interestingly, the oscillation
periods differ considerably from those measured in the TG
configuration. The fast oscillations have a period of ∼10 fs,
which is approximately twice as fast as those in the TG
configuration with an envelope of 90 fs. The FFT spectrum
in the SPE configuration is shown in the top curve of
Fig. 2(b).21 In addition to the fundamental modes mentioned
above, many new peaks were clearly observed both in
the lower (0–500 cm−1) and the higher (2000–3000 cm−1)
frequency regions. The energies of these distinct peaks agree
quite well with the difference and sum of the fundamental
modes. Thus, it can be concluded that these new peaks

are coupled modes and overtones of the coherent vibronic
oscillations.20

It should be emphasized that these coupled modes are inac-
tive in the conventional Raman measurement [see Fig. 2(c)]. In
general, because a Raman profile directly reflects the vibronic
motions, it contains intrinsic information that can be used to
characterize each molecule and is, therefore, sometimes called
a fingerprint. The FFT spectrum in the TG configuration shows
features comparable to the Raman spectrum. However, despite
the smallness of the change in the experimental conditions, the
FFT spectrum in the SPE configuration has a considerably
different shape from its intrinsic fingerprint (Appendix A;
see also the Supplemental Material22). To the best of our
knowledge, such a significant intensity change between the
fundamental and the coupled modes controlled by using
ultrashort pulses has not been reported for any materials.

As shown in Fig. 3(a), the FWM measurement was repeated
over a wide range of values for τ . When τ is less than
20 fs, the fundamental modes ν1, ν2, and ν3 are dominant.
The coupled modes, however, become dominant when τ is
between 60 and 80 fs and are stronger than the fundamental
modes. The fundamental modes and the coupled modes coexist
with values of τ = 20–60 fs. This result indicates that, despite
the simplicity of this experimental technique, it is possible to
excite higher-order vibronic oscillations on demand.23

In Fig. 3(b), the temporal changes in the coherent vibronic
modes in the TG and SPE configurations are shown that are
obtained by means of the wavelet analysis.24 It is interesting
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periods. (b) Temporal changes in the coherent vibronic modes in the TG and SPE configurations. The coupled modes become very robust in
the SPE configuration.

to note that the coupled modes that are excited in the SPE
configuration are as robust as the fundamental modes, whereas,
they are not observed as an intrinsic stable signal in Raman
and IR measurements. Coupled modes have been previously
observed for many materials, but they are usually very weak
compared to the fundamental modes.25 More importantly,
the drastic change observed here in the relative intensity
between the fundamental modes and the coupled modes is
quite unusual.

It has been shown that the TG signals of carotenoids can
be reproduced by calculating the third-order polarizability
based on a multimode Brownian oscillator model.16,17,26,27 An
attempt was made to extend this type of calculation to the
SPE data (Appendix B). However, this calculation resulted in
amplitudes of the vibronic oscillations that were several orders
of magnitude weaker than those observed in the experiment.
Furthermore, the amplitudes of the coupled modes obtained
during the calculation cannot become stronger than those of
the fundamental modes. This fact indicates that a modification
of the previous model is necessary in order to account for
our findings. In the following, we discuss a possible model to
explain the experimental results.

B. Model calculations and comparison
with experimental results

We begin by describing the outline of our model. As
explained in Introduction, the appearance of coupled modes
in a Raman spectrum (or the FFT spectrum of a TG signal as
in the present case) is due to the deviation from the simple
harmonic potential model of the ground and/or excited states.
However, in β-carotene, since the coupled modes in its Raman
spectrum are very weak, both the ground state S0 and the lowest
optically allowed state S2 are well approximated by harmonic
potentials. Therefore, to explain the experimental result, it is,
thus, necessary to introduce another electronic level that has
anharmonicity or the Duschinsky rotation. Here, we ascribe
this level to be the Sx state, which is located just below S2 and
is schematically depicted in Fig. 1(b). It should be noted that
the possible existence of Sx is supported both theoretically
and experimentally,15 whereas, its potential shapes are still

unknown. Furthermore, when the optically excited population
in S2 is stochastically relaxed to Sx, the coherent vibronic
oscillations are also destroyed via this relaxation. However,
the population in S2 can get access to Sx without losing the
initial coherence when the S2 and Sx states are coherently
coupled; therefore, coherent vibronic oscillations excited in
the ground state are, thus, affected by the Sx state.28

We now describe more details of our calculation. The first
key point is the introduction of the coupling between S2 and
Sx. The total Hamiltonian H of the system is given by

H = He + Hp + Hep + Hop, (1)

where He, Hp, Hep, and Hop represent the Hamiltonians for the
electron, the phonons (nuclear motion), the electron-phonon
interactions, and the field-matter interactions, respectively.
Because S0, S2, and Sx are involved immediately after the
optical pumping, we can represent

He =
∑

n=0,2,x

En|n〉〈n| + V2x|2〉〈x| + h.c., (2)

where |i〉 indicates the Si state with energy Ei and V2x is the
coupling constant between S2 and Sx. By denoting the dipole
moment between S0 and S2 as μ02, we can write

Hop = μ02|0〉〈2|E exp(iω0t) + h.c., (3)

where ω0 and E are the angular frequency and amplitude of the
incident photons, respectively.26 The one-photon absorption
process from S0 to Sx is assumed to be negligible. Let us
here assume that V2x is not much larger than Hop, but the
coherence between |2〉 and |x〉 is kept sufficiently long. In
this situation, the first incident photon creates the optically
allowed excited state |2〉. In the case of the TG configuration,
because |2〉 created by the first photon is immediately dumped
by the following second photon, |x〉 does not affect the signal.
In contrast, in the case of the SPE configuration, because the
transition from |2〉 to |x〉 is a coherent process rather than a
stochastic process, the population oscillates between S2 and
Sx due to the so-called quantum beat until the second pulse
arrives at the sample [see Fig. 1(b)].26,29 Thus, the coherent
vibronic oscillations in the ground state are affected by |x〉.
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The second key point is an electron-phonon interaction,
which has been introduced up to the second-order term,
reflecting the observation of the coupled modes. For phonons,
we can take

Hp =
∑

k

h̄ωk

2

(
p2

k + q2
k

)
, (4)

and

Hep = U2(q)|2〉〈2| + Ux(q)|x〉〈x|, (5)

where pk and qk represent the momentum and the coordinate,
respectively, of the kth nuclear mode that has an angular
frequency of ωk .26 Because only the fundamental modes
appear in the observation from the TG signal that involves
only |2〉, we can employ a simple linear interaction for S2,30

U2(q) =
∑

k

h̄ωkηkqk. (6)

In contrast, because the coupled modes appear in the SPE
signal that also involves |x〉, a higher-order coupling term
should be assumed for Sx,

Ux(q) =
∑

k

h̄ωkξkqk +
∑
kl

h̄(ωkωl)
1/2χklqkql. (7)

Here, ηi , ξi , and χij represent the coupling strengths of the
vibronic modes. Note that this mathematical expression of
the second-order term gives a result that is consistent with the
Duschinsky rotation.2,11

FWM signals can be calculated from the response functions
that are pictorially represented by the Jablonski diagram and
the double-sided Feynman diagrams.26 The diagrams used in
the present paper are the same as those used in our previous
paper, which includes the excited singlet states S1, Sx, S2, and
the higher states that are accessible from these states (see Fig. 5
in Ref. 17). However, in the present case, the coupling between
S2 and Sx has to be taken into consideration, which requires a
modification of the response functions. Nonetheless, even in
the presence of coherent coupling, the response functions can
be described with a set of generally used response functions
that are based on the four-point dipole correlation function26 as
described in Appendix C. Namely, when V2x is not much larger
than Hop, the response functions are still expressed by the
original electronic basis set of |0〉, |2〉, and |x〉 rather than by a
basis set of the diagonalized eigenstates of He. We treat Hep and
Hop as the perturbation and describe a quantum interference
effect of the quantum beat between |2〉 and |x〉 by a linear
combination of ordinary response functions expressed by the
original basis. The higher-order interaction in Hep has been
approximated by the second-order cumulant expansion where
the ordinary response functions can be expressed using the
line-broadening function g(t).

For simplicity, the energies of the S2 and Sx states are
set to be E2 = Ex ≡ h̄ωr in the electronic Hamiltonian He.
Suppose that the optically allowed state |2〉 is created from the
electron-photon interaction Hop at time zero, i.e., |2x(0)〉 =
|2〉. The electronic state at time t is denoted as |2x(t)〉, where
|2x〉 stands for the mixing of |2〉 and |x〉. In the coherent limit,
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FIG. 4. (Color online) (a) Calculated FWM signals in the TG
and SPE configurations and (b) their FFT spectra, which reproduce
the experimental results shown in Figs. 2(a) and 2(b), respectively.
(c) Relative intensities of the fundamental and coupled vibronic
modes calculated at various values of τ . The agreement with the
experimental result shown in Fig. 3(a) is quite good.

the temporal evolution of |2x〉 is given by diagonalizing He,

|2x(t)〉 = 1√
2
e−iωrt (e−i	ωt |+〉 + ei	ωt |−〉), (8)

with the half-difference h̄	ω ≡ V2x between the eigenenergies
and

|±〉 ≡ 1√
2

(|2〉 ± |x〉). (9)

This time evolution represents the quantum beat between
|2〉 and |x〉 due to the coherent coupling V2x. As shown in
Appendix C, our response functions, including the quantum-
beat effect, can be expressed with |2x(t)〉.

Figure 4 shows the results of the model calculation
described above. The experimental results are satisfactorily
reproduced when the following parameters are used to simulate
the signals and spectra: V2x = 100 cm−1, η1 = 0.4, η2 = 0.5,
η3 = 0.2, χ12 = 0.2, χ22 = 0.2, and ξi = 0. These calculations
illustrate that the coupled modes and overtones are dominant in
the SPE configuration, whereas, only the fundamental modes
are observed in the TG configuration. The close agreement
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between the experimental results and the calculations supports
the validity of the extended model we employed; we conclude
that the appearance of the coupled modes and the overtones is
due to the coherent coupling between the excited states S2 and
Sx and the electron-phonon interaction.

IV. SUMMARY

We have observed the strong coupling between the coherent
vibronic oscillations of β-carotene in an organic solvent by
means of the FWM spectroscopy. The strength of such a cou-
pling is controllable simply by tuning the temporal separation
of pump pulses. Notably, when the coherent period τ is set to
a moderate time, the coupled modes become stronger than the
fundamental modes, which cannot be explained by the simple
Raman selection rule that is successfully applied for molecules
having harmonic vibrational modes, although the conventional
resonance Raman-scattering and TG measurements clearly
indicate that β-carotene has harmonic potentials. Since the
numerical calculation that uses the widely accepted model
could not reproduce our experimental results, additional effects
have been taken into consideration, i.e., a coupling between
the S2 and the Sx states and an electron-phonon interaction that
includes the influence of the Duschinsky rotation. It was found
that this model significantly improves the agreement with the
experimental results. Future papers for determining the most
realistic potential curves of the electronic states of carotenoids
will help better understand our results. It should be noted once
again that the model proposed in the present paper is a plau-
sible interpretation of the experiment. Other possible model
calculations are also an important subject for future study.

Finally, we comment on the important points revealed in
the present paper. The existence of the intermediate states
between S1 and S2 has been discussed by many authors
because the efficiency and pathways of energy transfer in
photosynthesis involving carotenoids depend significantly on
such states.15 The experimental results and model calculations
presented here also support the existence of an intermediate
state, but more importantly, these results show that this state
is coherently coupled to S2.28 In addition, because the key
requirement of our model is the existence of coherently
coupled electronic states, the enhanced coupling between
vibronic modes will be possible not only in organic molecules,
but also in other functional systems, such as in inorganic
semiconductor quantum structures in which the coupling
between electronic states is controllable in an external field.31

By properly designing their electronic and phonon structures,
coupled modes may be used, for example, to tailor the spectral
range of coherent phonons.32
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APPENDIX A: AMPLITUDE OF VIBRONIC
OSCILLATIONS AT VARIOUS τ ’S

The vibronic modes excited in the TG and SPE config-
urations show quite different features, which can be easily
seen in the FFT spectra. To help demonstrate the significance
of these differences, we provide Supplemental Material (the
figures used in the Supplemental Material are also shown in
Fig. 5).22 The Supplemental Material represents the change in
the coherent vibronic oscillations as changes in sound. Here, to
shift the frequencies of all the vibronic modes observed in the
experiments into an audible range for our ears, the most intense
peak in the TG configuration ν2 was normalized at 440 Hz. The
relative intensities of each sound mode are shown in the lower
panels. The later scenes of the Supplemental Material also
demonstrate the coherent time dependence in a similar way.

Electronic structures and vibronic oscillations (or phonons)
are the most fundamental and intrinsic characteristics that
can definitively distinguish materials from one another. The
control of functional materials using light has attracted
considerable attention in recent years.33 For materials showing
a photoinduced phase transition or photochromism, a change
in “color” is sometimes observed upon photoirradiation. In
contrast, the present result can be intuitively understood as a
change in “sound” upon photoirradiation. In this regard, it is
interesting to note that real-time motion of acoustic phonons
has been observed in the third-order optical responses from
semiconductor quantum wells and superlattices.34 Therefore,
our experimental results suggest that sound control by light
should be possible, in principle.

APPENDIX B: CALCULATION USING
THE PREVIOUS MODEL

Figure 6 shows a series of FFT spectra of FWM signals
in the impulsive limit calculated using the method reported
in Refs. 16, 17, and 27. To include the influence of the
temporal width of the excitation pulses, the spectral density
is scaled. This model reproduced the experimental result of
the TG signal, i.e., the fundamental modes ν1, ν2, and ν3

appear clearly at τ = 0. Here, we simply extended this
model to the SPE regions, i.e., nonzero values of τ are
introduced for the calculation. With the increase in the coherent
period, new peaks due to the coherent coupling between
the vibronic oscillations are observed, which is qualitatively
consistent with our experimental results. Namely, even when
the previous model is used, the coupled modes appear in the
SPE configuration. However, the calculated results contain
fatal quantitative inconsistencies with the experimental data.
For example, the coupled modes are dominant around τ =
60 fs in the experiment, whereas, those in the calculations are
maximal around τ = 10–20 fs. Furthermore, because the SPE
signal monotonically decreased in intensity as τ increased,
the amplitude of the calculated FFT spectrum around τ =
60 fs was several orders of magnitude weaker than what we
observed. We have repeated the calculations by changing the
parameters but could not reproduce the experimental results
quantitatively.

In all of the calculated spectra shown in Fig. 6, the
intensities of the coupled mode were always weaker than those
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of the fundamental modes. The failure in this calculation is
caused by the following reason: When a linear interaction
is simply taken into consideration as in the previous model,
the coupled modes appear as the higher-order terms of the
exponential expansion,26

Ri ∝ Abg exp[Bosc] = Abg
[
1 + Bosc + 1

2B2
osc + · · ·], (B1)

where Abg and Bosc indicate the amplitude and vibronic
oscillations of the response functions Ri . Here, the second
and third terms on the right-hand side give the fundamental
and the second-order coupled modes, respectively, in the FWM
signals. The oscillational term Bosc can be described as

Bosc =
∑

n

SnCn, (B2)

with

Cn = coth

(
h̄ωn

kBT

)
(1 − cos ωnt) + i sin ωnt, (B3)

where ωn and Sn represent the angular frequency and the
Huang-Rhys factor for the nth vibrational mode. Since h̄ωn �
kBT and Sn <∼ 1 for a typical intramolecular vibration, the
magnitude of each component Cn in Bosc is smaller than
unity. Therefore, as can be understood from the coefficients
of Bosc in Eq. (B1), the coupled modes B2

osc (coefficient =
1/2) never become stronger than the fundamental mode Bosc
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(coefficient = 1) when only a linear interaction is taken into
account, whereas, the coupled modes are much stronger than
the fundamental modes in the experiment.

The FFT spectra were also calculated at various excitation
energies as shown in Fig. 7. The details of this calculation
have been reported in Ref. 17, but in the present case, the
calculations at various τ ’s were performed to determine the
influence of a spectral chirp of pump pulses. Bardeen et al.
have reported that the cooling time of vibronic oscillations is
significantly sensitive to the spectral chirp;13 it is informative
to see the relative intensities between the fundamental and
the coupled modes by a numerical calculation. When pump
pulses are chirped, an FFT spectrum of an FWM signal
is produced from the sum of the FFT spectra at different
coherent times and different energies.35 As expected from the
reports in Ref. 13, the enhancement and suppression of the
fundamental modes are seen in Fig. 7. However, the coupled
modes cannot become stronger than the fundamental modes,
even when any combination of the FFT spectra is assumed.10,36

In addition, the FFT amplitude becomes very weak, even at a
small τ [see Fig. 7(c)]. Therefore, the spectral chirp of pump
pulses cannot explain the strong coupled modes observed in
the experiment. This outcome is readily understood because
spectral chirp cannot change the parity of the dipole as
described in Introduction: The Raman selection rule cannot
be relaxed simply from the use of chirped pulses.

The discrepancies observed between the experiment and
the calculation clearly indicate that an additional effect should
be introduced to the model to fully explain the experimental
data set. As explained in the main text, a possible model is

to include the coherent coupling between S2 and Sx and the
electron-phonon interaction.

APPENDIX C: RESPONSE FUNCTION

We consider the response function for a Liouville pathway
R1 shown in Fig. 8 as a simple example, but the other response
functions can be obtained in a similar manner. When the
coupling V2x is absent, the response function R

2,2
1 is simply

depicted by the double-sided Feynman diagram with the
template R

a,b
1 as shown in Fig. 8(a). On the other hand, when

the coupling V2x is present, the response function should be
represented by R

2x,2x
1 where the time evolution by |2〉 in the

pathway R
2,2
1 is replaced by |2x(t)〉 introduced in the main

text. As shown in Fig. 8(b), by applying Eq. (8) to the time
evolution |2x(t)〉 on the bra side in R

2x,2x
1 , the response function

for R
2x,2x
1 can be expressed as

R
2x,2x
1 (τ ′,T ,τ ) = 1√

2

(
ei	ωτR

2x,+
1 + e−i	ωτR

2x,−
1

)
. (C1)

Here, the reference phase rotation by ωrt is already included
in R

2x,±
1 , and the difference in the phase rotation by 	ωτ is

the inverse of that in Eq. (8) because of the bra side. Similarly,
for the ket side of R

2x,±
1 , we obtain

R
2x,2x
1 (τ ′,T ,τ ) = 1

2 [e−i	ω(τ ′−τ )R
+,+
1 + e−i	ω(τ+τ ′)R

+,−
1

+ ei	ω(τ ′+τ )R
−,+
1 + ei	ω(τ ′−τ )R

−,−
1 ].

(C2)
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FIG. 8. (Color online) The double-sided Feynman diagrams for a pathway R1. (a) Template of R
a,b
1 and (b) expression by the diagram for

the response function of Eq. (C1).

From Eq. (9), R
±,±
1 can also be decomposed into

R
+,+
1 = 1

2

(
R

2,2
1 + R

2,x
1 + R

x,2
1 + R

x,x
1

)
,

R
+,−
1 = 1

2

(
R

2,2
1 − R

2,x
1 + R

x,2
1 − R

x,x
1

)
,

(C3)
R

−,+
1 = 1

2

(
R

2,2
1 + R

2,x
1 − R

x,2
1 − R

x,x
1

)
,

R
−,−
1 = 1

2

(
R

2,2
1 − R

2,x
1 − R

x,2
1 + R

x,x
1

)
.

The response function R
2x,2x
1 can, thus, be expressed by includ-

ing the effect of coherent coupling V2x in terms of elemental
response functions R

2,2
1 , R

2,x
1 , R

x,2
1 , and R

x,x
1 described by the

original electronic states |2〉 and |x〉 without the coupling.
The elemental response functions, appearing in Eq. (C3),

can be readily calculated by means of the second-order
cumulant expansion.26 Here, we note that the cumulant
expansion of the higher-order interaction includes not only
second-order cumulants, but also even higher-order cumulants.
However, it is generally expected that the term becomes less
effective as the order of the cumulant increases. Therefore, we
truncated at the second order, and the higher-order terms are
approximated to be negligibly small.37 In this approximation,

we can express the elemental response functions as

R
a,b
1 (τ ′,T ,τ ) = exp[iτωb − iτ ′ωa] exp[−g∗

bb(τ ) + g∗
ab(T )

− gaa(τ ′) − g∗
ab(τ + T ) − g∗

ab(T + τ ′)

+ g∗
ab(τ + T + τ ′)]. (C4)

Here, gab(t) represents the line-broadening function,

gab(t) = 1

h̄2

∫ t

0
dt1

∫ t1

0
dt2〈Ūa(q; t2)Ūb (q; 0)〉, (C5)

with the zero-averaged interaction Ūa(q) ≡ Ua(q) − 〈Ua(q)〉
and its Heisenberg picture Ua(q; t) ≡ eiHpt/h̄Ua(q)e−iHpt/h̄.
The thermal average is defined as 〈· · ·〉 ≡ Tr[ρeq · · · ] with
ρeq ≡ e−βHp/Tr[e−βHp ], where β is the inverse temperature
(kBT )−1 and Tr means taking the trace on the vibronic degrees.
The frequency ωa is defined by h̄ωa ≡ Ea − E0 + 〈Ua(q)〉.
The correlation function 〈Ūa(q; t2)Ūb(q; 0)〉 in Eq. (C5) can
be calculated by a straightforward extension of the method
shown in Ref. 26. This correlation function eventually includes
the coupling mode originating from the second-order term in
Eq. (7).
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