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1 | INTRODUCTION

The interest in the so-called anisotropic problems arose from G. Wulft’s work on crystal shapes and minimization of anisotropic
surface tensions in 1901 and it is becoming increasingly important in different contexts, as in the field of phase changes and
phase of separation in multiphase materials (cf. [7], [12]). This justifies the necessity to extend to anisotropic case many of the
classical tools, which are useful in classical variational problems. In this paper we are interested in sharp anisotropic Hardy-
type inequalities. The basic idea is to endow the space R™ with the distance obtained by a Finsler metric and to extend several
Hardy-type inequalities in such a new geometrical context.

The classical Hardy inequality asserts that for any p > 1, p # N, if Q is a domain of R¥ (N > 2) containing the origin, then

=

|ul?
—dx < |Vu|”dx (1.1)

|x]?

holds foru € C*(€) if 1 < p < N and foru € C(‘)"’(Q \ {0}) if p > N. Here the constant % 8 is sharp and never attained
when p > 1. The critical Hardy inequality corresponding to the case p = N has also been studied (cf. [10], [11], [23], [34],
[37]); in this case, for example, if Q is a ball having center at the origin and radius R, then |x|" appearing in (1.1) is replaced
by the Hardy potential of the type |x|™ (log %)N )

Several variants of the Hardy inequalities (1.1) have been known. Among these we recall the geometric type Hardy inequality

which asserts that, if 1 < p < co and Q is a convex, possibly unbounded domain in RYN then

p—1 g [u]? .
< » ) Q/ (d(x))"dxsg/ Vuldx, e Gr@) (12)

—1

p
where d(x) = dist(x, 0Q2) denotes the usual distance function from the boundary of Q and the constant (”— is sharp. An

improved version of (1.2) has been proved in [10] where the best constant is given for a larger class of domains which verify
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the geometric assumption that d is p-superharmonic in Q, i.e.,
—-A,d >0 (1.3)

in the distribution sense. Here A, is the p-Laplace operator A ju = div(|Vu|P~2Vu).

Anisotropic Hardy inequalities are also known. For example (1.1) and (1.2) have been extended to the case where the Euclidean
norm is replaced by a Finsler norm in [40], [19] when p = 2, and [8], [9], [15] when p # 2, respectively. The method in [15]
and [8] is to use Picone type identities in Finsler setting.

In this paper further anisotropic sharp Hardy inequalities will be proved. We consider a Finsler norm H and its polar function
H°, whose definitions are given in §2. Our first main result gives the following sharp anisotropic subcritical Hardy inequality
which is a consequence of Theorem 3.1 in §3 and Theorem 6.4 in §6.

Theorem 1.1. (Sharp anisotropic subcritical Hardy inequality) Assume 1 < p < N or p > N. Let Q be a domain in RV . Then

the following inequality ,
P
/ |ul pde/‘ Xy,
(HO(x)) H'(x)
Q Q

p
holds true forany u € C*(€) if 1 < p < N, and for any u € C*(€2 \ {0} if p > N. Moreover if 0 € Q, the constant (?) is

sharp and not attained if 1 < p < N and the constant N — 1 is attained for any nonnegative H°-radially decreasing, compactly
supported function when p = 1.

p

dx 1.4)

=
p

For the notion of H-radially decreasing function, see §6.
The critical case p = N is also studied and the following result is a consequence of Theorem 3.4 and Theorem 6.5.

Theorem 1.2. (Sharp anisotropic critical Hardy inequality) Let Q ¢ RN, N > 2, be a bounded domain containing the origin
and put R = sup, .o H(x). Then the inequality

N N
(5 i</ e v
2 (HO(x)N(log 75=) A N

N
dx (1.5)

N
holds for any u € Cg°(£2). Moreover the constant (%) is sharp and not attained.

In §4 an anisotropic Hardy inequality of geometric type is proved, while the attainability of the best constant is also studied
in §6.

Theorem 1.3. (Anisotropic Hardy inequality of geometric type) Let 1 < p < oo and suppose § = &(x) is a nonnegative,
A H’p-superharmonic function on Q, i.e.,
~Ap,5>0 (1.6)
in the distributional sense, where
Ay ,8(x) = div (HP(V8(x))(VH)(V5(x)))
denotes the Finsler p-Laplacian of 6. Then the inequality

p=1\ [ lul” ., ,
T yH (Vé)dxﬁ/qu-(VH)(Vé)l dx (1.7)
Q Q

holds true for any u € C;°(€2).

Condition (1.6) will be discussed in §4. Here we just remark that (1.6) coincides with (1.3) when we choose the Euclidean
norm as the Finsler norm and d as 6 in (1.6).

In Section §5 a weighted Finsler-Hardy-Poincaré inequality have been proved with respect to a weight p which satisfies
suitable assumptions.

Our Hardy inequalities will be proved by using a simple unified approach valid for any choice of Hardy potential. A related
approach has been adopted in [10], [11].

Finally we fix our attention on two anisotropic Hardy inequalities (1.4) and (1.5) which are quite different from each other in
view of their forms, scaling structures and optimal constants. However, according to [35], we can reveal an unexpected relation
between the critical and the subcritical anisotropic Hardy inequalities and show that the critical anisotropic Hardy inequality on
a ball is embedded into a family of the subcritical anisotropic Hardy inequalities on the whole space by using a transformation
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which connects both inequalities. In §8 we show that the transformation conserves not only the best constants but also the scale
invariance structures of both inequalities, at least in the H-radial setting.

Note added to Proof.

After completing this work, the authors of this paper are informed by Professor M. Ruzhansky of his recent seminal works on
the Hardy, Rellich, and other functional inequalities on homogeneous groups with arbitrary quasi-norms [28], [29], [30], [31],
[32], [33]. In [30], for example, the following L?-Hardy inequality

L o SR e 1<p<0

is proved on a homogeneous group G with the homogeneous dimension Q and a homogeneous quasi-norm | - |. Here the operator
R = RI-I = ﬁ is called a radial operator. Other problems such as the optimality of constants and the existence of remainder
terms are also studied in the above and subsequent papers. If G is chosen as an abelian group (RV,+) and | - | as H°(-), our
Hardy inequality (1.4) is nothing but the above inequality since R f = H;‘( 5 V f in this situation. Their proof is based on the
polar coordinate decomposition -

/ f(x)dx = / / fro)y? 'do(w)dr

G 0 s

for f € L'(G) where S = {x € G : |x| = 1}, and is different from ours in this paper, which depends basically on the use
of divergence theorem. In this sense, many results in the present paper can be seen as special cases of the results above with
different proofs. We stick to the Finsler setting since we want to apply our inequalities to the nonlinear problems involving the
Finsler Laplacian. Also we believe that our method of proof will be useful in such possible applications, see the last part of §3.

2 | NOTATION AND BASIC PROPERTIES

Let H : RY — R be a nonnegative, convex function of class C2(R™ \ {0}), which is even and positively homogeneous of
degree 1:
H@&) = |t|H(&), VEeRMN vieR. 2.1)

The above assumptions give the existence of positive constants a and f such that

alé| < HE) < g, EeRN.
Let K denote the convex closed set
K={¢eRY : HO <1}
Sometimes we will say that H is the gauge of K. The polar function of H is the function H° : RY — R defined by
E-x

H'x)= sup —=-—— =sup(é-x), x€RN.
ceri\(0y H(E)  cek

Throughout this paper & - x = Zj\;l ¢;x; denotes the usual inner product of RN,
Note that, by definition of H 0. the Schwarz inequality holds true, i.e.,

& x| < HOH(x), V& xeRN. 2.2)
It is well-known that H is a convex, positively homogeneous of degree 1, continuous function on R, and the following
inequality is satisfied

L < v < Lixl. vxer?.

p a

Also the following equality :
x -
HE=H"®= sip ——, ¢eR",
xerM\(0} HO(x)

holds and H? itself is the gauge of the closed convex set

K'={xeR" : Hx)<1}.
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We say that K and K|, are polar to each other. The interior set of K% ie.,
W= {xeR" : Hx) <1}

is called the Wulff ball, or H 0_unit ball, and we denote x N = HN (W). In this case, the anisotropic H-perimeter of W, denoted
by Py (W;RYN), is Py (W,RYN) = Nk, . For more explanation about the anisotropic perimeter, see [5] and [13]. Throughout
the paper, we denote

oyn_ = PgOW;RY) = Nky.
Denote

Wi = {x e RV | H'(x) < R}
for any R > 0 and we identify W,, with R. A function H € C? (RN \ {0}) is a Finsler norm if it satisfies properties (2.1),
and moreover H is strongly convex in the sense that the Hesse matrix of H?, Hess(H?) is positive definite. For references about
Finsler norms (or, more in general, for Finsler metrics) see [7], [12].

Here we just recall further properties, whose proofs are contained in [12] Lemma 2.1, 2.2, or [40] Proposition 6.2.

Proposition 2.1. Let H be a Finsler norm on R". Then the following properties hold true:
(1) V:H(S)-&=H(), &#0.
@) (VeH) 0 = - (VeH) (@), E#0.1#0.

@) (VH) 5=+ (VH) @, E#0.1#0.
4) H(VH(x)) = 1.
(5) H(x)(V:H) (V,H(x)) = x.

Similarly, following properties also hold true:
(1) V,H(x)-x = H(x),  x#0.
@) (VoH?) (tx) = - (V. H) (), x#0,1#0.
(3) (VIH) (x) = o (VH') (), x#0.1#0.
@) H°(V.H(®) = 1.
(5) HE) (V.H®) (V:H©) =¢.

Finally, given a smooth function uz on RN, the Finsler Laplace operator of u (associated with H) is defined by

A gu(x) = div (H(Vu(x)) (V.H) (Vu(x)))

N
0
=Y 2 (H®H )
Yo (HOH @),
j=1 J
and, more generally, for any 1 < p < oo, the Finsler p-Laplace operator Ay , by
Ay u(x) = div (HP (Vu(x)(VH)(Vu(x))) .

Note that though the Finsler gradient vector

V u(x) = H(Vu(x)) (V. H) (Vu(x) = V, (%Hz(é)) |

is a nonlinear operator, thanks to the strict convexity oh H, Ay and Ay , is a uniformly elliptic operator locally. The Finsler
Laplacian has been widely investigated in literature and its notion goes back to the work of G. Wulff, who considered it to
describe the theory of crystals. Many other authors developed the related theory in several settings, considering both analytic
and geometric points of view, see ([4], [2], [12], [13], [14], [18], [20], [21] and references therein).

§=Vu(x)



3 | HARDY TYPE INEQUALITIES

In this section, we prove several Finsler Hardy type inequalities in a unified method. This simple approach is motivated by [10],
[11], and [37].

Theorem 3.1. (Sharp anisotropic subcritical Hardy inequality) Assume 1 < p < N or p > N. Let Q be a domain in R". Then

the following inequality holds true
p P
/ I"' pdxs/‘ = Vu
(HO(x)) HY%x)
Q Q

for any u € C°(Q) if 1 §p<N,andf0ranyueC5’°(Q\{O})ifp>N.

p
dx 3.1)

=
p

N-p
Remark 3.2. The anisotropic subcritical Hardy inequality (3.1) is invariant under the scaling u,(x) = A » u(4x), (A > 0) when
Q = R". Indeed, by (2.1) we can easily check the following equalities

lu, ()P lu(y)|?
gy = | 22 gy,

2 (HO(x)) s (H°())

X peo y
R{’HO_(X).VW(x) dx _R[’Ho(y) Vu(y)

Proof. We just prove the assertion when 1 < p < N, since the proof of the case where p > N is similar. Define

p
dy.

F(x) = % xeQ.
(Ho(x))
Then we have
diVF(x) = —— 4 (=2) (H°0) 7V, HOw) - x
(HO())
__N-1
(HOw)"

since VH(x) - x = H®(x) by Proposition 2.1 (1°). Take A = p. Then for any u € Cg*(Q), we compute

lu(x)[? |1 .
/ de_ N——p/ |u(0Idiv F(x)dx
@ Q
= —;/V(WV’)-%M

N_pg (Ho(x))

= —NL/|u|P_2uVu-%dx
rJ (HO(x))

(=1)/p » 1/p
] SN [ —
N=pl|/ (H) S (HX)

dx
This yields the conclusion. U

IA

Remark 3.3. Note that by (2.2) and the positively 1-homogeniety of HY, the right-hand side of the inequality (3.1) is estimated as

/

Thus Theorem 3.1 improves the following inequality by Van Schaftingen ([40] Proposition 7.5),

N-»p ,,/ HI:I" pdxs/(H(Vu(x)))”dx,
J (H(x)) J

X

H0) -Vu

de < /(H(Vu(x)))” dx.
Q

p
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which is obtained by the use of symmetrization.

Next result concerns the critical case p = N.

Theorem 3.4. (Sharp anisotropic critical Hardy inequality) Let @ ¢ RN, N > 2, be a bounded domain and put R =

sup,co H(x). Then the inequality

N N
B2 [ et
N (HO(x))N (log L)N J HO(x)

Q HO(x)

N
dx

holds for any u € C*(€).

Remark 3.5. The anisotropic critical Hardy inequality (3.2) is invariant under the scaling u,(x) = Pt <(

(A>0)when Q = Wy = {x € RN : H%x) < R}. For the proof, see §7.

Proof. Define

G(x) = ad xeQ.

(HO(x))N <log H(If(x) )A’

. X _
aw <(H°(x>)N > =0

by the former calculation in the proof of Theorem 3.1. Then we have

i1
; I S _R 1 0
WG = Ty Y <1°g H°<x>> ( H°(x)>VH 0

. 0 —A-1
_ X VH(x) <10 R >

Note that

(HOG)N \C HOG)
A
= I+l
(HO)Y (log 72-)

In particular, by choosing A = N — 1, we have

/ |uC) Y )Ndx
R

o (HOG)Y (log 7

_ _Nl_l / lu|Vdiv F(x)dx
Q

= —;/V(MN). X —dx

N-1 =
d (HOG) (log 7 )

X

= |- lu|N2uVu - 2 dx
N -1 R N-1
o (HO)N! (log 7 )

N |M|N / b
< d Y
SN N1 / P )N * ‘HO(x) ”
07~ Q

& (HOG)N (log 72

for u € C;°(€2). This yields the conclusion.

(3.2)

HO(x) )/1—1 x>
R b

Here we show a few applications of the Finsler Hardy inequality (3.1) in Theorem 3.1 to the stability analysis of boundary
value problems involving the Finsler Laplacian. Let Q C R" be an open set and let f : R — R be C'. For H as in §2, consider



the problem
—Ayu=fu) inQ, u=0 ondQ. (3.3)

Formally, this is the Euler-Lagrange equation of the associated energy functional

Ew) = % / H*(Vu)dx — / Fu)dx
Q Q

defined on an appropriate function space, say H (% (Q), where F(u) = fou f(s)ds. Direct calculation shows that

%E(u +1g) = / H(Vu+1V$)(V:H)(Vu+1V¢) - Vopdx — / fu+ td)pdx,
Q

%E(u+t¢) /|(V§H)(Vu+rv¢)-v¢|2dx

+ / H(Vu+tV$)(VIH)(Vu + 1V $)Ve - Vepdx — / Fl(u+ td)pidx
Q Q

for ¢ € C;°(Q). This leads to the following definition.
Definition 3.6. We call a solution u to (3.3) is H-stable if

/ |(V:H)(Vu) - Vo|*dx + / H(vu)(vgﬂ)(vu)w- Vgdx > / flw¢?dx (3.4)
Q Q
holds for any ¢ € C6’° Q).
Let N > 3 and consider the function U(x) = —21log H%(x). A direct calculation shows that U is a singular distributional
solution to
-AyU=2(N-2¢Y inw, U=0 onow. (3.5
Also by Proposition 2.1, we see
2 0
VU(x) = — VH"(x),
) =-15 o (x)
— 0 __—X
(V:H)YVU(x)) = =(V:H)(VH"(x)) = 0
2
V.H)(VU(®x)) - Vo[> = |[—— .V
(Ve H(VUG) - VI = |75 - Vb

Note that since H is convex, N X N-symmetric matrix VZH (&) is nonnegative definite. Therefore, if we obtain

2
(NT—2>2/ ¢ —¥_dx>onv - 2)/ U Pdx = AN — 2)/ — ¥ _ux,
(HO( )) HO(X))

the Finsler Hardy inequality (3.1) implies that (3.4) holds for U(x) = —21og H°(x). Thus we have shown the following:
Theorem 3.7. Let N > 10. Then the explicit singular solution U(x) = —2log H%(x) to (3.5) is H-stable.

2
For the explicit solution U(x) = (H(x)) = — 1 to
-AyU=C,(1+U) inWw, U=0 onoW, (3.6)
where p > 1 and C, = 1% (N -2+ ﬁ), similar argument shows the following.

2
Theorem 3.8. Let N > 3 and assume (N > 2) > pC,. Then the explicit singular solution U(x) = (H O(x) 1 —1to (3.5)is
H -stable.

For more details on the possible extensions in this direction, see the classic paper [17].
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4 | HARDY INEQUALITY OF GEOMETRIC TYPE

Let Q be a domain in R™ with Lipschitz boundary and let
dy(x)= inf H'(x—y 4.1
p (%) yle o ( ) 4.1)

be the anisotropic distance of x € Q to the boundary of Q ¢ R™. Then we have
HNVdy(x))=1 ae.inQ

and 1 !
5400 < dy(x) < 2d )

where d(x) = inf ) [x — y| is the Euclidean distance from the boundary 0€Q. In [19], the authors studied the anisotropic Hardy
inequality of geometric type as follows:

Theorem 4.1. ([19]) Suppose dy; is a A -superharmonic in Q, i.e.,
—Aydy 20
in the distribution sense. Then the inequality
1 Jul?

- [ — —dx< / (H(Vu))*dx (4.2)
4 ) dy(x)?

Q Q
holds true for any u € Cr Q).

Note that if € is convex, the assumption —A ;;d; > 0 holds true. In [19], it is shown that there exists a non-convex domain
€ such that d; is A j-superharmonic on Q. For the Euclidean geometric type Hardy inequalities, see [16], [22], [26], [39], and
references there in.

In the next theorem, we improve their result in the following form:

Theorem 4.2. (Anisotropic L”-Hardy inequality of geometric type) Let | < p < oo and suppose 6 = 6(x) is a nonnegative,
Ay p-superharmonic function on €, i.e.,

—Ay,620
in the distributional sense. Then the inequality

p—1\" [ lul
L /—H"(Vé)dxs/|Vu-(V§H)(V5)|"dx (4.3)
)4 or
Q Q

holds true for any u € Cg° Q).
Remark 4.3. Note that by (2.2) and Proposition 2.1 (4’), we have
[Vu-(V:H)(Vé)| < H(Vu)HO((V,fH)(Vé)) = H(Vu).

Thus, by (4.3), we have the following inequality

p—1 ,,/ Jul? /
—_— ———dx < H(Vu))’dx. 4.4
< ’ )Q @iy = | T @

Moreover if the domain satisfies the assumption —A d > 0 in the distribution sense (this is the case if Q is convex), then
taking 6 = dy and using H(Vdy) = 1 a.e. in Q, we have —Ay ,dy = —Apdy > 0. Thus Theorem 4.2 is an improvement of
the result proved in [19], which gives the inequality (4.4) when p = 2 under the assumption —Ady; > 0.

Proof. For x € Q, define
(H(V5(x)))P~2

Then we have
H(V3))r~!
HYH)(F) = S (v, 1)(95)



and

div(H (F)(V H)(F))
= 6'"div ((H(V)Y™ (V. H)(V8)) + (1 = p)6~"Vé - (H(V8)Y~ (V. H)(V§)
_ Bl (H(V3))

= P=D—pz

Then for u € C;°(2), we have
Ay 0 (H(V6))
P Py
/ |ul < o P~ D% ) d
Q

= / lu|Pdiv(H (F)(V H)(F))dx

=—p / |ul?~ (sgn(u)Vu - (H(F)(V H)(F)dx

(H (V5))P '

o (Ve H)(Vo)dx.

=-p / |ul?~" (sgn(u)Vu -
Q

Now, by the assumption A H,pé <0, we see

0> /  (0- - BT

1
> —p/ lu|”~ " (sgn(u))Vu - (H(Sﬂ(v H)(Vé)dx,
Q

and, by the Holder inequality, this leads to
P H(Vé))r!
Y A L Ly VTP i LLavY

Q
p=1

<p /Iul”mdx /’Vu-(fo)(va)”
op
Q Q

This gives us the result. U

p

Now some consequences of Theorem 4.2 are proved. The first one is an anisotropic Hardy inequality when € is the half-space
R_]:_[ ={x= (xl’xz’ 7xN) DXy > 0}

with N > 2. Denote dy(x) = inf yeaRY H'(x — y) the anisotropic distance from the boundary for x € [R{f . Note that
H(Vdy(x)) = 1 ae. and, by the convexity of [R{ff, —AH’de > 0O holds for 1 < p < oo and N > 2. By Theorem 4.2 and the
Remark 4.3, we have the anisotropic Hardy inequality on the half-space:

Corollary 4.4. (Anisotropic Hardy inequality on the half-space) Assume 1 < p < co and N > 2. Then the inequality

p—1\’ |ul?
(_> / < / IVu- (V. H)(Vd,)|Pdx 4.5)
p RN (dH(x)) N

+ RY

for any u € CP(RY).

The second consequence of Theorem 4.2 is a lower bound for 4, ,(€2), the first eigenvalue of the Finsler p-Laplacian Ay ,, by
means of anisotropic inradius. Define
(H(Vu))rdx
4,()= min fg—
’ wew, P @uz0 o lulPdx
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and assume that 7, the anisotropic inradius of Q, is finite, i.e.,

Ty =supdg(x) < oco.
x€Q

We prove the following result:

Corollary 4.5. Let Q be a bounded domain in R satisfying —A;d;; > 0 in the distribution sense and 7; < 0. Let A 1)
be the first eigenvalue of the Finsler p-Laplacian Ay ,. Then it holds that

P p
Ay(Q) > <P;1> <L> )
. P T

Proof. Applying (4.4) to the first eigenfunction ¢ of 4, ,(€2), normalized as ||@|| g, = 1, we obtain

Z1\’ ik <p—1>p 1
A (Q) = H(V¢))d = ———d ’
o g/ e x2< P > J @Gy 2\ ) @y

5 | WEIGHTED FINSLER-HARDY-POINCARE INEQUALITIES

In this section, we prove weighted version of Finsler Hardy-Poincaré type inequalities on R”, following arguments in [24] and
[25].

Theorem 5.1. (Weighted anisotropic Hardy-Poincaré inequality) Let 1 < p < oo. Assume there exists a nonnegative function
pon RN \ {0} such that H(Vp) = 1 and Ayp > % in the sense of distributions where C > 0. Then for @ € R such that
C + a > —1, the following inequality holds true

p
<C+—“+1> /p“|u|pdxS/pa+p’(V§H)(Vp)~Vupdx (5.1)
b RN RN

for any u € C°(R™ \ {0}.
Proof. From the assumptions, we see Vp - (V. H)(Vp) = H(Vp) = 1 and
pAyp = pdiv(VH)(Vp)) > C.
Thus
div(p(V:H(Vp)) = pdiv(V:H)(Vp)) + Vp - (V:H)(Vp) 2 C + 1.
Multiplying this inequality by p*|u|? and integrating over RY, we have
(c+1 / p*lulPdx < /diV(p(VgH(Vp))p"luI"dx-
RN

RN
The divergence theorem and the Holder inequality implies that

(C+a+1)/p"’|u|"dx§ —p/p“+1|u|!’-2uw-(fo(Vp))dx
RN RN

r=l

P P

<p / pluldx / PV (VH(Vp)Pdx

After some manipulations, we have (5.1). O
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Remark 5.2. Since by Proposition 2.1 (4), p(x) = H°(x) satisfies that H(Vp) = 1 and A p = NT_I, we have from Theorem 5.1

that
V4
(N ; "‘) / (H () |ulPdx < / (HO(x))+?
[RN IRN

forany u € C(‘;" (RN \ {0}). This improves Theorem 5.4 by Brasco-Franzina [15], because the right-hand side of the above
inequality is less than or equal to [, v (H°(x))**? H?(Vu)dx.

Finally we recall that in the Euclidean case, i.e. p(x) = H,(x) = |x|, weighted Hardy-Poincaré inequalities are well-known (see,
for example, [1], [3], [36] and references therein)

p

X vl dx

HO(x)

The Uncertainty Principle in quantum mechanics, sometimes called Heisenberg-Pauli-Weyl inequality, is well known in
Euclidean context and it claims that

2
2
Bo| [ ireorax| <| [ spircorax|| [ 9reopas

forany f € C5’°(|RN ). In Finsler context, we obtain the following:

Theorem 5.3. (Anisotropic uncertainty principle inequality) Let 1 < p < co and N > 2. Assume there exists a nonnegative
function p on RY \ {0} such that H(Vp) = 1 and Ayp > % in the sense of distributions where C > 0. Then the following

inequality holds true:
2

2
<C_;-1) /|u|2dx < /pzlulzdx /’(VgH)(VP)'VMrdx 52)

forany u € C(‘)”(IRN ). Especially, we have

2
N\’ 2 0/ \\21 12 X
<7> [lul dx SR[(H(x)) |u|2dx [‘W'W

2
dx

for any u € C°(RV).
Proof. Since H(Vp*) = 2pH(Vp) and (VéH)(sz) = (VfH)(Vp) by Proposition 2.1, by using assumptions, we have
Ay(p?) = div(2pH(Vp)(V:H)(Vp)) = 2H*(Vp) +2pAyp >2+2C.
Multiplying this inequality by |«|?> and integrating over RY, we have
/ Ay (pH)ul*dx > 2(1 + C)/ luldx.
RN

RN
On the other hand, integration by parts and Schwarz inequality implies

/ Ay (p®)lul*dx = / div(2p(VH)(Vp))lul*dx
RN RN

=— / 2p(V:H)(Vp) - 2uVudx

RN

2
<4 / P lulPdx / |(V.H)(Vp) - Vul*dx

After some computations, we have (5.2). The last claim follows from Remark 5.2 and (5.2). |
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6 | THE BEST CONSTANT AND ITS ATTAINABILITY ON HARDY INEQUALITIES

In this section we investigate the sharpness and the attainability of the constants in anisotropic Hardy inequalities in the previous
sections. We call a function f defined on RY is H-radial if there exists a function F = F(r) defined on R + such that f(x) =
F(H'(x)). If F is decreasing on R +» then f is called H O_radially decreasing. For a function space X, we define X yj0,,4 = {u €
X : wis H'radial}. Admitting some ambiguity, we sometimes write f(x) = f(r) with r = H%(x) for H-radial function f.
Let us begin with two preliminary results.

Proposition 6.1. Let R € (0,+o0]. For any u € VVol‘P (Wp), there exists a H-radial function U € VVol’p (Wg) such that the
followings hold true:

/ VH x)|U|Pdx = / V(H(x))|ulPdx, 6.1)
Wy Wy

VUIPdx < | |V x| 6.2

fvorass [ foe g1 o

where V' = V' (r) is any function on [0, R].

Proof. For x € RN \ {0}, let us write x = ro where r = H%(x), ® € 0W and wy_; = Py(W;RN) = Nky. It is enough to
show Proposition 6.1 for u € C& (Wg) by the density argument. For any u € C& (Wg), we set

T =| o7, / uro)ds, | .
ow

where d.S,, denotes a measure on 9V such that faw dS, = Py(W;RY) = wy_, holds true. Then by the Holder inequality, we
have

11
;

’ﬁ,(r)’ =0 | [ weods, (o) 2ure) 2 (ra)d S,
or
w w

Therefore for U(x) = U(H(x)), we obtain

R
J— 1
/lVUl”dx:a)N_l/lU(r)lprN' dr
0

R
([l

0 ow

= / ’Vu- X
HO(x)
We

p
rNldrds,

P
dx < oo.
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Thus U € VVOI”’ (Wp) and (6.2) is proved. Moreover we obtain

R

/V(Ho(x))|U|pdx:CON_l/V(r)|U(r)|prN_1 dr

Wr

0
R
= / / V(") |u(reo)|PrN'drdsS,,

0 ow
= / V(H(x))|u|Pdx.
We
Hence (6.1) is proved. O

Proposition 6.2. For R € (0,+o0], let U € C'(0, R) with U(R) := lim,_ p U(r) = 0. Then the following pointwise estimates
hold for any r € (0, R).

-1 R »
N-p\7 e
|U(r)|$<—1p> /|U'(s)|PsN—1ds o, (L<p<N), (6.3)
P
R ¥ o
U] < /|U’(s)|NsN—' ds (1og5) v (6.4)
r
Proof. Since
R

lU@)| = —/U’(s)ds

r
1 p—1

»( R
_N-L
s i ds s
"

we obtain (6.3) and (6.4). O

I\

R
/ |U'(s)|PsN 1 ds

For Q C RY and 1 < p < N, let us define the best constant of the anisotropic subcritical LP-Hardy inequality on Q as

p
/‘L-Vu dx
HO(x)
H(@= inf 2 . 6.5)
0£uEW, (@) ul”_ .
HO(x)»
Q

In order to prove Theorem 6.4 below, we need the following result.
Lemma 6.3. If u(x) = U(H(x)) € I/VO1 P(RN) is a H%-radial minimizer of (6.5) with Q = R", then U € C'(0, c0).

Proof. The proof is similar to that of Lemma 2.4 in [23]. Take any 0 < a < b < o0. Note that U € L?(a, b). By the characteriza-
tion of one dimensional Sobolev space W *(a, b), r — U (r) is locally absolutely continuous. Particularly, U (r) is differentiable
for almost all r € (a, b). Put f(r) = rN='|0,U(n)|P720,U(r), g(r) = H,(RN)rP*N=1U(r)|"~2U (r). From the weak form of the
Euler Lagrange equation of H p(IRN ):

[e]

/ f(ryo,vdr = / g(ryvdr (VUEVVOI,’I’;% JRYY),
0

0
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we see that f is weakly differentiable and its weak derivative is 0, f(r) = —g(r) a.e. r € (a, b). Moreover we have

/|0rf(")|d’”=Hp(RN)/FN_p_llU(r)I”_ldr< 0.

Therefore f € W'!(a, b) which yields that f is absolutely continuous on (a, b). Since a,b > 0 are arbitrary, we see that
U € CY(0, o). 0

The first main result of this section is Theorem 6.4 below which concerns the sharpness of the constant in the anisotropic
subcritical Hardy inequality given in Theorem 3.1

P
Theorem 6.4. Let Q be a domain in RN with0 € Qand 1 < p < N. Then H,(Q)in (6.5) is H,(Q) = (%) . Moreover
H () is not attained if 1 < p < N. On the other hand, H,(€2) = N — 1 is attained by any nonnegative function which is
HP-radially decreasing on its support.

Proof. Let & > 0 satisfy W,; C Qand a < % Set

(HO(x))™ if H'(x) <6,
@,(x) = 677126 — HO(x)) if 6 < H(x) < 26,
0 if 26 < HO(x).

For x with H(x) < 8, by Proposition 2.1. (1’), we have

b 0 a—1__ X 0 —_ 0 —a—1
H0) V@, (x) = —a(H (x))” HO0) - VH(x) = —a(H"(x))
and
x P e
/ ‘Ho(x) Vo,| dx =a? / (H(x))" " Pdx + C(8)
Q W
6
=d’wy_, / rme PNl gr £ C(5)
0
=a’wy_ (N —p—ap) 16V %P 1+ C(5).
This yields that

dx

p
x
-V
/‘HO(x) P
Q
N - - N - !
= (J{”coN_lp_1 <_p - a> SN=wPP 4o <<_p — a> > (6.6)
p p

as a /’ 2. On the other hand, we have

2 0 —ap—p
(Ho(x))l’ = [ (H(x))"*Pdx + C()
w;

—1 -1
=a)N_1p_1 <¥—a> 5N_‘”’_”+0<<Np_p—a> > 6.7)

From (6.6), (6.7) and Theorem 3.1, we see that

x p
N-p\’ fQ “Vo;| dx N =7\’
< ! > < Hy©) < |”°"‘)|¢ | = o’ +o(l) = < £ > +o(1).

P fQ (H“ZX))” P

N—
Hence H,(Q) = (Tp)l’.
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Next we shall show the attainability of H,(€2). For any u € C;°(L), there exists R > 0 such that supp(u) C Wk. Since u is
nonnegative H-radially decreasing function on its support, we obtain

R
[ul _ u(x) _ N-2
HO) x = HO dx =wp_; [ u@r)r”—“dr
Wh 0
R
ON_1 rr8N-1 1 x
N_l/u(r)r r N—l/‘HO(x) uldx
0 Q

Therefore we see that H;(Q2) = N — 1 is attained by u.

Finally we show the non-attainability of H,(€2) when 1 < p < N. Assume by contradiction that & € Wol’p (Q) is a minimizer
of H,(Q) = (%)’J =H p(IRN ). Then by zero-extension there exists a minimizer u € VVOLP (RN) of H p(IRN ). By Proposition
6.1, there also exists a H -radial minimizer u € VVOLP (RN) of H,(R"). Write u(x) = U(H"(x)). From Lemma 6.3 we see that

u € C' (RN \ {0}). Now we set
»
J(u):/'L.Vupdx_<u> ﬂdx
HO(x) p (HO(x))P
RN RN

and consider v(x) = V(H(x)) = (Ho(x))%7 U(H"(x)). Note that lim

|V (r)| = 0 from Proposition 6.2. Indeed

r—00

lim V(9| = lim 7 (U] < C lim [ HVW)l oy = 0.

Since
N - _y _N=p
Vu(x) = - P (H ()7 VHO)0(x) + (HO(x)” 7 Vo(x),
we have . » N-p o Ly . v »
O . = _T(H (X)) ro(x)+(H (x)) v 0 -Vo(x)| . (6.8)
By recalling the inequality |a + b|” > |a|” + p|a|”~2ab, (p > 1,a, b € R) and that the equality holds iff b = 0, we see
p
;C -Vu
H(x)
N _ p N _ p—l
> (==L) WMol —p( L) (ol 2oVe ——(Hx) N
0
p p H(x)

Therefore we have

N-p\’ |o|? N-p\"" x
J(u)2< 5 >RN (Ho(x))Ndx_< > > R[V(llJIP)-—(HO(X))Ndx
<N—p>” |ul?
— dx
p (HO(x))?
RN

_ e (N-p)" X
- 41330( » > / Ve T 4

w

R

— s\ P! p
=— lim N=»p VR / x-vdS, =0
p RN

Wy

since limg_, |V (R)| = 0, where v is an outer normal vector and we have used the fact div ( ) = 0. Since u is a H-radial

X
(HO(x)N
minimizer, J(u) = 0, which implies
x

HOx)

N-p
by (6.8). This yields that v(x) is a constant and u(x) = ¢c(H%(x))” » forsome ¢ € R for x € RN\ {0}. However (H’(x))” » ¢
I/VOl P(RN). This is a contradiction. Hence H () is not attained if I < p < N. O

(HOG) 7 Vo(x) =0
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Theorem 6.5. Let Q be a bounded domain in RY (N >2),0 € Q and R = sup,.q H 9(x). Then

/’ d - Vu
HO(x)
Hy(Q) :=  inf e = <

o,i_ueWO‘W(Q)/ |V Jx N
HO(x)N (log ——)N

Q HO(x)

N
dx

Moreover H 5 (£2) is not attained.

Proof. Let 6 > 0 satisfy W,; C Q and a < % Set

<log Hﬁx) )a if H(x) <6,
a—1
P (x) = <log g) 26— HO(x)) if 6 < HO(x) < 28,
0

if 26 < HO(x).

Since for x such that H(x) < 8, by Proposition 2.1. (1°) we have

a—1
R 1
Vo, ,(x)=—a <log Ho(x)> 10

x
HO(x)
and

N
dx

X
/ ’HO(x) Ve
Q

R aN-N 1

—_ N

- [ (o) e+
w,

N 1 N—l 3 >—1 B)QN—N+1 (N—l 3 )—1
=a oy N <—N a <log 5 +o(|———— -« (6.9)

asa / % On the other hand, we have

|94l J R\
R X = IOgO— ﬁdX'i‘C((S)
S (HOG)N (log 75N HO(x) (HO(x))

HO(x) W;
_ -1 aN-N+1 _ -1
—on N (Bt o) (10 B) T o (B -a) ). (6.10)
From (6.9), (6.10) and Theorem 3.4, we see that
Jolis -V Y
_ N o | 7o V@ X _ N
(=) smy@s 0 = o = (B22) o)

|(Pa|N dx
Q (HO(x))N (log —2—)N

HO(x)
Hence Hy = (%)N.

Next we shall show the non-attainability of H,(€2) by a contradiction. Assume there exists a minimizer ii € VVOI’N Q) of
H (). Then by zero-extension there exists a minimizer u € VVOI’N (Wg) of Hy\(Wg), where R = sup, .o H 9(x). By Proposition
6.1, there also exists a H°-radial minimizeru € VVOI’N(WR) of Hy(Wpg). Write u(x) = U(H(x)). We see thatu € C'(Wg\ {0})

in the same way as Lemma 2.4 in [23]. Now we set
N N N
dx_(N—l) / || —
N HO(x)N (log =)V

o[ ]x
1w= [ T

Wy Wi HO(x)
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R

Ho(x))_% U(H(x)). Note that |V (R)| = lim,_ ; |V (r)| = 0 from Proposition 6.2. Indeed

and consider v(x) = V(H"(x)) = (log

. . R N .
lim [V ()] = lim (log =) " [U()] < C lim [ HVWll g = O

Since . N-l
_N-1 R \ ¥ VHx) R \ ¥V

Vu(x) = N <10g Ho(x)> HO0) v(x) + (log Ho(x)> Vou(x),

we have
x N
L Nt N
_|IN-=1 R Nooo(x) R yoox
TN <1°g HO(x>> HOG) <1°g HO(x>> TSR

By recalling the inequality |a + 5|~ > |a|Y + N|a|¥2ab, (N > 1,a,b € R) and that the equality holds iff b = 0, we see
NN\ oY R\~
I () (e
N (HO(G)N HO(x)

N —1\N! N-2 X 0 —N+1
—N(T) o120V o (HO0) +,

N-1\" oV R\
s> (") [ i (e H°<x>> -
Wy
N -1 N-1 N X
-5) w/v(lvl " e
N N
() e
W, & )

_ N-1 R N
=_(NN1> lVEgN)l /x.vde=0

X
’HO(x) v

Therefore we have

Wy

by |V (R)| = 0. Since u is a H-radial minimizer, J (z) = 0, which implies

N-1

R N X _
<1°g HO(x)) gy 00

N-1

by (6.11). This in turn yields that v(x) is a constant and u(x) = ¢ <10g Hf(x)> ¥ for some ¢ € R for x € We \ {0}. However
E
<log HOL(x)) Nog I/VOI'N(WR). This is a contradiction and H  (£2) is not attained. |

Theorem 6.6. Let N > 2 and 1 < p < o0. Define dj; asin (4.1). Then
/qu-(VgH)(VdH)lpdx
RY —1\?
CRY):= inf , = <” > .
0£uew, "RY) / || dx
(dy ()P

N
[R+

p
Proof The inequality (4.5) implies that C,(RY) > (1’%) _For R > 0, let

Or={x=(".xy) eRY[|X| <RO<xy <R} (6.12)
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be an open cube and let n be a smooth cut-off function with 0 < # < 1,57 = 1 on Qg, # = 0 on (Q,z)¢. For a > p;pl, put
U, (x) = n(x)(dy(x))*. Thenu, € VVOI’P(Rf N Q,r) and
Vu, = an(dy,;)* ' Vd, + (Vn)(dy)*.
Thus
Vu, = a(dy)*'Vdy on RY NQy,
/ H?(Vu,)dx = oa® / (dy ()P Vdx,

R¥NQg R¥NOg

lu, |? / d (x))p(a—l)dx
(dp (X)) & '
RY¥NQ, RY¥NQg
Now, since the 1nequa11ty |x| < H%x) < —|x| holds, we have —dE(x) <dy(x) < dE(x) where d;(x) = x, denotes the
Euclidean distance of x € RN from the boundary dp(x) = inf yeaRY |x — y|. Since
R
p(a D+1
/ XDy = / /xp(a Vdxydx' = C(R)———
pla—1D+1°

RY¥NQO, |x'|<R 0

where C(R) = flx’|<R dx', we have

pla=1) 1 _ [ p-1
/(dH(x)) dx_o(p(a—1)+l> as a\ ;

RYNOg
for any fixed R > 0. On the other hand, by the convexity of H and the fact H(Vdy) = 1, we have
H(Vu,) = H (an(dy)* ' Vdy + (Vn)(dy)")
< H(an(dy)*'Vdy) + H((dy)" (V)
< aldy)* +(dy) H(Vn).

Since (2R)p(a—1)+1 — RP@=D+l ., 0 as \ p’%l’ we have

2R
/ xl;\(,a_l)dx = / /x‘l’\(,a_l)dedx'
RYN(0,2\0r) R<|x'|<2R R
(2R)p(a—1)+1 _ Rp(a—1)+1 1
= D(R) = o( )
pla—1)+1 pla—1)+1
asa \, &= L for any fixed R > 0, where D(R) = /R<|X,|<2R dx'. Also we have
2R
/ xhdx = / /x’]’\‘;dedx' =0(1).
Rf”(QZR\QR) R<|x'|<2R R
Then
1
dy ()P Ddx = o(———— ),
(dy () o
RYN(0,£\Qr)

/ (dy(x))"*dx = O(1)
Ri’n(QzR\QR)
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as a \ % for any fixed R > 0 and thus

/ H(Vu,)’dx

RYN(022\0p)
<20 lgp / (dy)P*Vdx + 2071 sup HP(Vn(x)) / (dy)Pdx
xeQ
RYN(02\0p) * RYN(02\0)
1
= o(————) + O(1).
(p(a -1+1 ) M

Therefore, we see

/ |Vua-(V¢H)(VdH)|pdx
RY¥NO,x
/ it |”
——dx
(dy(x)P
Ri’ﬂQzR
/ H?(Vu,)dx + / H”(Vu,)dx

< RYNOg RYN(0,x\Cr)

C,RY N0, <

|ug|”?
—daXx
(dy(x))r
RYNOg
af / (dy ()Y *Vdx + / H”(Vu,)dx

RYNOg RYN(02£\0r)

/ (dy ()" Pdx

R¥NOg
o(——) +0(1)

pla—1)+1
o(——)

pla—1)+1

af +

as a \| ’%. Then taking the limit & \ 1%1, we have Cp([RiV ) < (’%1)1’. Thus we have proven the result. U

Remark 6.7. Let Q C RY be a domain with a flat boundary portion on ORY, that is,

Q,g C Q for some R > 0

p
where Q,  be an open cube as in (6.12). Then we have C,(Q) = <”;1 ) - Because for such domain, dp(x) = inf ¢, [x—y| = xy
for x € O,z N £ and the same proof as Theorem 6.6 works well.

Remark 6.8. Let Q be a domain in RV satisfying that dj; is weakly twice differentiable and —Ad > 0 a.e.in Q, where
dy(x) =inf,ghq H O(x — ). Concerning the attainability of the best constant of (4.4), i.e.,

/ Vi - (VH)(Vdpp)|Pdx

N Q
G '_o¢ué%£°°<g) u|? ’ 6.13)

(dp ()P
Q

we will have the following observation.
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1

-(=)
First, for u € Cr(Q), define v(x) = u(x)d,, " , vis a Lipschitz function and v = 0 on 0Q. We compute

pl

1\ -!
Vu = ("T> d,"v(x)Vdy +d, Vo,

-1\ -!
Vu- (V.H)(Vdy) = <”—> d,’ v(x)Vdy - (V.H)(Vdy)

p=l

+d,; Vo-(V:H)(Vdy).
Thus

IVu - (VH)(Vd)l? = ’ <”;%) d,’o(x) + dj Vo (V.H)(Vdy)|
p p-1
> <‘%1> di lol” + p <’%1> 01720V 0 - (Y, H)(Vdy)

—1\? |ul? — 1\
_ <P > % + <p_> V((vl?) - (V:H)(Vdy),
p dH p

where, as before, we have used the fact that |a + b|? > |a|? + p|a|P~2ab for p > 1 and a, b € R. Note that the equality holds true
if and only if b = 0. Thus we have

._ p—1 P |ul?
J (u) .—!IVM'(VgH)(VdH)Ipdx_< P > J dyy g

p—1
_ (%) / V(Iol?) - (V H)(Vdyp)dx
Q

p=1\""
=_<T> /|U|”(AHdH)dx,
Q

since H(Vdy) =1 a.e. Therefore, if J(u) = 0 for some u € C°(€2), then we must have

Aydy =0 ae. inQ,
[Vo-(V:H)(Vdy)| =0 ae. inQ,

P
since we assume that A, dy < 0 a.e.in Q. In particular, we can claim that if C,(€2) = (”;%) and —Aydy > 0 on a positive
measure, then CP(Q) is not attained.

Let 1 < p < co. In the Euclidean case (i.e., H(&) = |&|, H(x) = |x| for &, x € R"), the following facts are known [26] [27]:
e For any convex domain Q, C,(€2) = (’%1)”.

e For any domain € such that 0€2 has a tangent hyperplane at least one point in 09, C,(€2) < (%})”.
o For any bounded C?-domain Q, if CP(Q) < (%)P then CP(Q) is attained.
e For any bounded C2-domain Q, C,(Q) < i if and only if C,(€2) is attained.

It could be interesting to study corresponding results for the best constant of the geometric Finsler Hardy inequality (6.13).

7 | THE SCALE INVARIANCE OF THE ANISOTROPIC CRITICAL HARDY INEQUALITY

In this section, we shall show that the anisotropic critical Hardy inequality (3.2) is invariant under the scaling

o 0 -1
uA(x)=/l_Tu<<HT(X)> x), 4>0)
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when Q = Wy. In order to show that, we need the following lemma.

Lemma 7.1. Let ¢ > 0 and a € R. For y € R, let x = ¢cH(y)%y. Then the Jacobian of the transformation y — x is

=N+ a)(H(y)N.

o (om0
a(yl’ ’yN)

In the special case H(§) = |£|, Lemma 7.1 is shown by [23].

Proof. Letus assume y # 0. Then x # 0 and we may employ “polar coordinate" x = rw, y = pw, where r = H%(x), p = H(y)
and @ € 0W. By homogeneity, we see r = HO(x) = c(H°(y))**' = cp®!, which implies dr = c(a + 1)p?dp. Also we see

dx =rN"'drdS,, dy = pN~'dpdS,, where dS, is an (N — 1)-dimensional measure such that

/dSw = PyOW;RY)=wy_,; = Nxy.
ow

When oW is Lipschitz, d S, can be written d.S,, = H (v(w))d H"~! where v(w) = YHYA® ¢ an unit normal vector of 9. Now,

[VH ()]
dx=rN"'drdS, = (cp"“)N_lZ—;dpdSw
=cNa+ D" ™HN 1 pdpd S, = cN(a+ 1)pN pNldpdS,,
=cN@a+ DHpNdy.

ot (2

On the other hand, dx =
oYy, YN)

dy by definition. Thus we have the conclusion.

Remark 7.2. By a direct calculation, we see that the Jacobi matrix

A= <ai> = c(H () [Id.+ d B],
0Y; /) 1<ij<n H(y)

B = (H;),(Y)J’i)gi,jgN
J

has eigenvalues

o c(H(y))? with multiplicity N — 1, whose eigenspace is the orthogonal space of the vector VH(y), y # 0.

o c(1 4+ a)(H (y))* with multiplicity 1, whose eigenspace is Ry, y # 0.

Thus actually
Xy, -, Xy)

detA = det <
a()’p ,yN)

) =N+ a)(H (y)™N.

A-1 1 1
Set y = (%) x, that is x = R'™3 (H())i"'y. Since

ou(y) X i ou(y) ayj X
ox; HO(x) = ay; ax, HO(x)
du(y)  X; - - _
ZyHm1WAM%WWWHWW%]
= R (= DH ) HY (x) HO( (V500 x) + R H ()" 10;‘3) Hﬁéx),
we obtain
V,u(y) - HO ®

— pl=4igy _ 0 A-1 1-2 0 A-1
=R (A= D(H"(x)) (V u(y) - HO()>+R (H"(x)) <V uy) - e )>

)ﬂﬁmmﬁ@m y)

— 1-4 0 A-1
= AR (H (%)) <V u(y) - )

HO( )
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Therefore we see that

dx

X N
/ 'HO(x) Vi)
Wr

:A—N+1/ANR%—N(HO(y))N—%
We

= AR5V / (HO )V~

- / ‘ HO(y)
Wr
1
where the second equality comes from Lemma 7.1, on taking ¢ = R'"% and a = i — 1. In the same way as above, we see that

/ |u,1(x)|N d
X
(HO(x)N (log N

HU( )

N a(xla"'7xN)>
-V d | d
uw))  det (am, )

N
RN7 —(H°<y>> TNy

’ y
HO(y)

HO()

d ¥,

_ A—N+l/ lu(y)|Y RN—%l(H()(y))%—Ndy
g RO Glog Ay A

B / lu(y)|Y J
= y
S HG)N og 1)

HO( )

H °(y)

Hence the inequality (3.2) is invariant.

8 | RELATION BETWEEN THE SUBCRITICAL AND THE CRITICAL ANISOTROPIC
HARDY INEQUALITIES

In this section, according to [35], a relation between the critical and the subcritical anisotropic Hardy inequalities (3.1), (3.2) is
presented. It will be shown that the critical anisotropic Hardy inequality on a ball is embedded into a family of the subcritical
anisotropic Hardy inequalities on the whole space by using a transformation which connects both inequalities.

Theorem 8.1. Let m, N € N satisfy N > 2and m > N,and Wy :={y € R¥ | H(y) < R}. Set

N
I(u)=/

Rm

y N
= [ |- HO)
w

<N—1 N lw|N

- (= dy.

N 0(+1\N rR_\N
wy H'W) (log HO(y))

Vu -

_ N N
x_<u> ™ g

N HO(x)N
Rm

X
HO(x)

Then for any w € Homd(WN \ {0}) (resp.u € HOmd(lR"‘ \ {0})), there exists u € C HO (R"\{0}) (resp. w € HOmd()’\?ﬁf\
{0})) such that the equality
@, 1 (m—N N-1
I(u) = J 1
W= () I (8.1)

holds true where wy_; = Nk and w,,_; = mk,,.

Before the proof, we define a transformation which connects the critical and the subcritical anisotropic Hardy inequalities
according to [35]. Let m, N be integers such that m > N and let R > 0 be fixed. For a given r € [0, +o0) (resp. s € [0, R) ),



23

define a new variable s € [0, R) (resp. r € [0, +00) ) by the relation

N-1

(log 5)7 =5, (8.2)
s
that is,
R —1/a
s = s(r) = Rexp(—r™%), (resp.r=r(s) = <10g —> ) 8.3)
s
where N
m —
= . 4
N1 (8.4)

Note that the left-hand side of (8.2) is the virtual extremal for (3.2) on W 2’ and the right-hand side of (8.2) is the virtual extremal
for (3.1) on the whole space R when p = N < m. Easy computation shows that
ds _ gyt 5 0, 8.5)
dr
so when r varies from O to +co then s varies from O to R, and vice versa.

Let r = H(x), x € R"and s = H%(y), y € WY . Now, for a given u = u(r) € C;Iomd(lR”’ \ {0}) (resp. w = w(s) €

Chiorad R \ {0})), define a new function w = w(s) € C,,  (Wx \ {0}) (resp. u = u(r) € Cp, (R™\ {0})) by
w(s) = u(r), (8.6)

where variables s and r are related as in (8.2). Note that lim_, p w(s) = 0 is equivalent to lim,_,  u(r) = 0. Namely, under the
transformation (8.6), the boundary 0WIJQV corresponds to the infinity point co in R™.

Proof of Theorem 8.1. Define u and w as in (8.6). Then we obtain

/ ‘V”' 7
HO(x)
[Rm

(s3]
N
dx = w,,_, / | )|V tdr
0

R

s
0

R

= Oy / lw' ()N (Otsr(s)_”“l)’\f_1 r(s)" ' ds
0

N
F(s)"! dr ds

,, ds
w (s)dr ds

R
— a)m_]aN_l / |w/(s)lNSN—lr(S)m—l—(a+1)(N—l) ds
0
R
@,
— LlaN—l/lw/(s)INsN—l ds
WN_

0
N
@
:—m_laN_l/’Vw~ 3} ’ dy,
@N_1 H ()
wy

here we have used (8.5) and m — 1 — (a + 1)(IN — 1) = 0 by (8.4).
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On the other hand, we have

Ju(x) [N N
Ho(x)Ndx=com_l lu(r)|Nrm=N=1 gr
Rm 0
R
=wm_l/|w(s)|Nr(s)”’_N_]%ds
0

R
=wm_1/|W(S)|Nr(s)m_N—]a—lS—lr(s)a+] ds
0

R

_ Ot / CCTR——
a s
0
R

_ W1 |w(s)|N d
T a Ry 4°

) s(log ?)
— D1 / |w(y)|N dy

XN _ HO( )N 1 R N ’
wy AT g
since r(s)" "N+ = (log ?)‘N by (8.2) and (8.4).
By combining these identities, we obtain Theorem 8.1. 0

Lastly we show that the transformation preserves the scale invariance structures of the subcritical and the critical anisotropic
Hardy inequalities.

Proposition 8.2. Let m, N be integers such that m > N. For functions u = u(r), r € [0, +o0) and w = w(s), s € [0, R), define
the scaled functions

u,(r) = ﬂ%u(ﬂr),
wh(s) = A—%W(RI—ASA)
for u, A > 0. Then we have
w*(s(r) = u,(r), where y = A"
u,(r(s)) = w'(s), where A =pu"",
where s = s(r) and r = r(s) are as in (8.3) and « is defined in (8.4).
Proof. By direct calculation,
R'"%s5(r)* = R"* (Rexp(—r~*))* = Rexp (—Ar™%)
= Rexp ((—(A‘l/"r))_a) = s(ur),

where y = A71/%, Therefore we obtain

N-1

wh(s(r) = A~ % w(R's(r)?) = (i_l/“)% w(s(ur))
= 15 ulur) = u,(r).
The proof of u”(r(s)) = wh(s) for A = p~%, is similar. O
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