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MATRIX PRODUCT FORMULA FOR Uq(Agl))-ZERO RANGE PROCESS

ATSUO KUNIBA AND MASATO OKADO

Abstract

The Uq(Agll))—zero range processes introduced recently by Mangazeev, Maruyama and the authors
are integrable discrete and continuous time Markov processes associated with the stochastic R matrix
derived from the well-known Uq(ASLl)) quantum R matrix. By constructing a representation of the relevant
Zamolodchikov-Faddeev algebra, we present, for n = 2, a matrix product formula for the steady state
probabilities in terms of g-boson operators.

1. INTRODUCTION AND MAIN RESULT

Zero range processes [23] are stochastic dynamical models for a variety of systems in biology, chemistry,
networks, physics, sociology, traffic flows and so forth. Investigating their rich behaviors like condensation,
current fluctuations and hydrodynamic limit, etc has been a prominent theme in mathematical physics
of non-equilibrium phenomena. See for example [8, 12, 14] and the references therein.

In the recent work [15], new integrable Markov processes associated with the quantum affine algebra
Uq(AS)) [7, 13] have been constructed. They are described naturally as discrete and continuous time
stochastic dynamics of n-species of particles on a ring obeying a zero range type interaction. We call
them Uq(Ag))—zero range processes (ZRPs) in this paper. Here is a snapshot of the system for the n = 2
case on the length L periodic chain.

0o | eo0 o o particle of species 1

e particle of species 2

0i—1 = (07 1)a
0; = (3, 1)7
or T oy oi it i1 = (1, 1).
For n general, a local state at site ¢ € Zr, is an array o; = (04,1,...,0:in) € Z%, signifying that there

are 0; o particles of species a (1 < a < n). There is no constraint on the particles occupying a site. In
the continuous time version of the model, they can hop either to the right or to the left adjacent sites
with a zero range interaction, which means that the local transition rate depends on the occupancy of
the departure site only and not on the destination site. For the Uq(A(Ql))—ZRP, the rate for the nontrivial
hopping (i.e., 71 + 72 > 1 below) is given by

71 72
AN
O...0e@...@®
(Lq(al—’h)"ﬂ/fﬁl"r’m_l(q)‘YlJr’YQfl (Q)al (q)QQ for ’ﬁ
(/_an1+a2_’“_72)71+’)’2 (q)n,l (Q)oq—’)'l (Q)’Yz (Q)az—"/z ay  az

b q%(62772)(q)’n+’y2*1 (q)ﬁl (q)ﬁ2 for Bi B
(Mqﬂl+62_71_72)71+’72 (q)’h (q)ﬂl—’h (q)’yz (q),@2—’72 | 0..0e...0] 6/\0’./\. [

in terms of the parameters a, b, u, ¢ and the symbol (z),, defined in the end of this section. These are the
n = 2 cases of (21)—(25) with e = 1.
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The Uq(Agll))—ZRPs [15] contain the earlier proposed n species models [17, 18, 25] via various special-
ization of the parameters. In particular for n = 1, they reproduce the single species models studied in
[22, 20, 24, 5, 4] up to boundary conditions. A more detailed explanation is available in Section 2.3.

The above transition rate has been chosen so as to guarantee the integrability, or put more practically
the Bethe ansatz solvability of the model via the stochastic R matriz S(\, 1) [15]. It originates in the
quantum R matrix for the symmetric tensor representations of Uq(Agll))7 a basic example of higher-
spin representations of higher-rank quantum groups, in the special gauge that allows a probabilistic
interpretation. Its nonzero matrix elements S(\, ,u)l% are described by the function ®4(v|5; A, 1) (8,7 €
Z%) defined in (4) as

Srsicizn B (g)“*“'ﬂ" (N yattyn (BBt +8u—m == ﬁ (9)s: .
A (/U')ﬁ1+~--+5n (Q)’h‘ (Q)ﬁq‘,*’h’

i=1

For n = 1 it reduces to the transition rate in the chipping model [20]. It was also built in the explicit
formulas of the R matrix and () operators for Uq(A(ll)) [19]. The parameters A and p are reminiscents of

the degrees of the relevant symmetric tensor representations of Uq(AS)). They play a role analogous to
the spectral parameter although the difference property S(cA, cu) = 8(\, p) is absent.

As the usual vertex models in equilibrium statistical mechanics [2], the stochastic R matrix S(A, p;)
serves as a building block of the commuting Markov transfer matriz T (A|p1, ..., pr) (15) for the discrete
time process governed by the master equation

|P(t+1)) =TAlpa, ..., ue) | P(1)),

where p; is the inhomogeneity assigned to each lattice site ¢ € Zy. The discrete time ZRP covers the
continuous time one in the sense that the Markov matrix of the latter is derived from the homogeneous
case T(A|, ..., p) of the former by the logarithmic derivative (20) as in the well-known Baxter’s formula

for spin chain Hamiltonians [2, Sec.10.14]. A novel feature of the Uq(Agll)) Markov transfer matrix
T(Alg, ..., p) is the presence of two natural “Hamiltonian points” A = 1 and A = p, which yield the right
and the left moving particles whose mizture is still integrable. These aspects have been demonstrated in
detail in [15, Sec.3.4].

In this paper we study the steady states of the Uq(Agll))-ZRPs. By definition, steady states are those
|P) satisfying |P) = T(A|p1, ..., ur)|P). It exists uniquely in each sector specified by the total number
of particles of each species, and serves as a basic characteristics of the system analogous to the ground
states in the equilibrium spin chain models. Let P(oq,...,01) be the probability of finding the system
in the configuration (o1,...,07) € (Z%,)" in a steady state up to an overall normalization. For n = 1,
it is known to become a product of on-site (albeit inhomogeneous) factors [20, 9] as

L
P(oy,...,01) = Hgai(,ui)v
=1

where g¢,, (@) is defined by (11) for general n. Such a factorization, however, is no longer valid in the
multispecies case n > 2 as observed in [15, Example 13], and this is a source of interest in the model even
without an interaction with a reservoir. Our main result in this paper is the following matrix product
formula for n = 2:

P(O’l, . 70‘[,) = TI'(Xal (Ml) : "XUL(N'L))’

- O R P ()
Xa(w) = ga(W)Za(n),  Zap) = (J_[O - qu_1b+> kb1

Here a = (a1, a2) € Zzzo and b, b_, k are ¢-boson operators (37) acting on the Fock space over which the

trace is to be taken. One sees that the n = 1 case formally corresponds to setting Z, (x) = 1. In this sense

Z (1), which may be viewed as single mode g-boson vertex operator Z,, (i) = exp (Zl>1 %bﬂr) k*2b™

is accounting for the first multispecies effect beyond n = 1. There are many matrix product formulas in
terms of g-bosons known in the literature for similar models like exclusion processes. See [3] for example
and the references therein. Our formula (1) is the first example distinct from them involving an infinite
product of g-bosons.
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In order to establish the above result, we invoke the so called Zamolodchikov-Faddeev (ZF) algebra
[26, 10] having the stochastic R matrix as the structure function. It reads symbolically as

X(p)®X(A) =8\ 1) [X(\) @ X ()],

where 8(\, ) is defined after (8). See (29) for the concrete description. It is a local version of the
stationary condition, and plays a central role in deriving the matrix product formula. Besides the ZF
algebra however, we need one further essential ingredient, the auziliary condition (30) on the operator
Xo(p). Tts formulation is another new result in this paper which contrasts with the simpler situation of
continuous time models on a ring (cf. [21, 1, 6, 16]) where the ZF algebra alone almost sufficed together
with its derivative. We find in the proof of Proposition 6 that the Uq(Ag)) stochastic R matrix fits the
auxiliary condition perfectly by an intriguing mechanism. Consequently the matrix product construction
for the arbitrary n and the inhomogeneity pu1, ..., pr, is attributed to the task of realizing such an operator
Xo(p) concretely. The result (1) is an outcome of this exercise for n = 2. The general n case is also
feasible and will be presented elsewhere.

The outline of the paper is as follows. In Section 2 we recall the necessary facts on the Uq(AS))—ZRPS
in this paper. The discrete and continuous time versions are those defined in section 3.3 and section 3.4
in [15], respectively. In Section 3 the matrix product formula for the steady state probabilities are linked
with the ZF algebra (Proposition 6). The auxiliary condition (30) or equivalently (34) plays a key role.
Until this point all the arguments are valid for general n. In Section 4 we focus on the n = 2 case and
present a concrete realization of the ZF algebra (Theorem 8) satisfying all the criteria in Proposition 6.
It leads to the matrix product formulae (41) and (42), which are the main results of the paper. Section
5 contains a summary and discussion. Systematic applications to the study of physical behaviors is a
subject of a future research.

Throughout the paper we use the notation 6(true) = 1,6(false) = 0, the g-Pochhammer symbol
(2)m = (z0)m = [[jo, (1 - 2¢’~1) and the g-binomial (?)q =0(k € [Qm])%. The symbols (z),
appearing in this paper always mean (z;q),,. For integer arrays a = (a1,...,@m),8 = (B1,-..,5m) of
any length m, we write |a] = a3 + -+ + @;,. The relation o« < § or equivalently 5 > « is defined by
B —a € 2%, We often denote by 0 to mean (0,...,0) € ZT, for some m when it is clear from the
context.

2. U,(AV)-2ERO RANGE PROCESSES

Let us briefly recall the stochastic R matrix for U,J(Agb1 )) and the associated discrete and continuous
time ZRPs constructed in [15, Sec. 3.3, 3.4].

2.1. Stochastic R matrix. Set W =
W) depending on the parameters A and p by

yezz, C|a). Define the operator $(A, 1) € End(W ®

a=(a1,...,0n

Sy @18) = D SAml% ) @), (2)
10€ZL,,
S )% = 0(y+0 = a+ B)Py(v]8; A\ w), (3)

where ®,(7|5; A, ) is given by

(31850, 1) = g (47 ISt '”'H(ﬂZ) s = X apn @)

()11 i 1<i<j<n
The sum (2) is finite due to the € factor in (3). In fact the direct sum decomposition W @ W =
@7622 <®a+6=’v Cla) ® \B)) holds and 8(A, ) splits into the corresponding submatrices. Note also
>0

that S(A, ,u)l‘; = 0 unless v < § and therefore o < § as well. The difference property S(\, ) = 8(cA, cp)
is absent. We call 8(A, u) the stochastic R matriz. Its elements are depicted as

S LY = a %_.7

B (5)
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The stochastic R matrix originates in the quantum R matrix of the symmetric tensor representation of

the quantum affine algebra Uq(A,(zl)) [7, 13]. It satisfies the Yang-Baxter equation, the inversion relation
and the sum-to-unity condition [15]:

S1,2(v1,12)81,3(v1,13)82,3(v2, v3) = Sa,3(v2, v3)81,3(v1, v3)81,2(v1, v2), (6)
SO\ )8 (1, \) = idyyes, (7)

Yooy =1 (Yo, B €2y, (8)
7,.0€2L,

where the checked stochastic R matrix is defined by S(\, u)(Ja) ®|8)) = > 58N, p)l’,‘; 10) @ |7).
Let 8T(\, i) be the transpose of (), i), i.e.,

'O ey ®18) = D S wIF I @16).

7,6€Zgo
It satisfies the same Yang-Baxter equation as (6):
8T (1, v2)81 5(v1,13)83 5 (v2, v3) = 83 3(v2,3)87 5(v1,v3)81 (11, v2). 9)

To see this, note the identity

o' 5 Gv(A) s (1) —p(v,8
S\, 15 = 8(\, p) 8 2 g?Bre)—#(1.0) 10
o = 80175 G N 1o

Cl

_ (e PN ()a
Ja(k) = galp)g™# >, galu) = T (q)l g (11)

i=1 Qg
where o = (ay,,...,a1) is the reverse ordered array of @ = (aq,...,®,). One can easily check that the

extra factors in the RHS of (10) are gauge freedom not spoiling the Yang-Baxter equation. The factor
9o (), which will appear frequently in the sequel, is a piece of the function ®,(+|3; A, i) in the following
sense:
(B,7) gﬁ(u)g’y()‘) 0,a _ e,
qF = 8 (A k) = 855 (A ). (12)
Goiai) 0 B+

The function ®4(v|8; A, 1t)|n=1 appeared earlier in [19, 20]. For n general it is zero unless v < 3, and
satisfies the sum rule [15]:

ST @B A ) =1 (VB € ZLy). (13)
WEZEO

The relation (10) is a consequence of the property

Aot p- pe
W¢q(ﬂla+ﬁv;/\,u)Q“(“ TITN D (] A, p).- (14)

2.2. Markov transfer matrix and discrete time Uq(Asll))-ZRP. Let L be a positive integer. In-
troduce the operator

TNy pn) = Trw (So,L(A, p1r) -+ So,1(A, 1)) € End(W®L). (15)

In the terminology of the quantum inverse scattering method, it is the row transfer matrix of the U, (Ag))
vertex model of length L with periodic boundary condition whose quantum space is W% with inhomo-
geneity parameters pq, ..., s and the auxiliary space W with spectral parameter \. If these spaces are
labeled as W1 ® - - - @ W, and Wy, the stochastic R matrix Sg (A, p;) acts as S(A, ;) on Wy ® W; and as
the identity elsewhere.

Thanks to the properties (6) and (7), the matrix (15) forms a commuting family (cf. [2]):

Tty )y TV s - )] = 0. (16)
We write the vector |a;) ® - ® |ar) € W®L representing a state of the system as |ay,...,ar) and the
action of T = T(\|u1,...,01) as
T‘/B17"'76L> = Z Tgil,i::;b(ilL|a1a"'7aL> € W®L'
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Then the matrix element is depicted by the concatenation of (5) as

(65} (65 Qay,
L,
TEEE =Y %4—» 714—»72 YLt 4—»%-
Y1y YL €LY,
BL

B1 B2 (17)

By the construction it satisfies the weight conservation:
Tg‘lﬁjj’g‘; =0 unless oy +---+ap =1 +---+ B € Z3,. (18)

Let t be a time variable and consider the evolution equation
P(t+ 1)) = T, ., i) (1)) € WL, (19)
Although this is an equation in an infinite-dimensional vector space, the property (18) lets it split into
finite-dimensional subspaces which we call sectors. In terms of the array m = (my,...,m,) € Z% and
the set
S(m) ={(o1,...,0L) € (Z%)" | o1+ -+ + 0, =m},

the corresponding sector, which will also be referred to as m, is given by ©(,,, .+, )es(m)Clo1,...,0L).
We interpret a vector |o1,...,0.) € WO with 0; = (01,...,0:,) € Z%, as a state of the system in

which the 7 th site from the left is populated with o; ,, particles of the a th species. Thus m = (my,...,m,)
is the multiplicity meaning that there are m, particles of species a in total in the corresponding sector.

In order to interpret (19) as the master equation of a discrete time Markov process, the matrix
T =T(Alp1,. .., pr) should fulfill the following conditions:

(i) Non-negativity; all the elements (17) belong to Rx>g,

]y XL

(ii) Sum-to-unity property; Zal,...,aLeZZO Tyl gt =1forany (B1,...,58L) € (ZEO)L-

The property (i) holds if ®,(v|8; A, i) > 0 for all ¢ € Zy,. This is achieved by taking 0 < u§ < A° <
1,¢° < 1 in the either alternative e = £1. The property (ii) means the total probability conservation and
can be shown by using (13) as in [15, Sec.3.2].

Henceforth we call the T(A|p1, ..., pr) Markov transfer matriz assuming 0 < u$ < A\ < 1,¢° < 1
always. The choice of ¢ = £1 may be viewed as specifying one of the two physical regimes of the
system. The equation (19) represents a stochastic dynamics of n-species of particles hopping to the right
periodically via an extra lane (horizontal arrows in (17)) which particles get on or get off when they leave
or arrive at a site. The rate of these local processes is specified by (3), (4) and (5). For n = 1 and the
homogeneous choice p; = -+ = ur, it reduces to the model introduced in [20].

Example 1. Counsider L = 2,n = 2 and the sector m = (2,1), which is the six dimensional space. We
denote the basis in terms of multiset of particles as [12,1),|0,112), etc, instead of the corresponding
multiplicity arrays |(1, 1), (1,0)),(0,0), (2,1)), etc. Then T'(Au1, u2)|1,12) is equal to

Cqpipe A= 1P\ = p)[2,11) (A = DA — p2) (A — qu2) 0, 112)

(1 = D) (p2 — 1)A3(qua — 1) (1 = 1) (p2 — D)A3(que — 1)
oA = DA = ) (X = p2)[11,2)  p3(A = 1)(gA = 1)(A — 1) [112,0)
(1 — 1) (2 — 1)A3(qua — 1) (1 = 1)(p2 — 1)A3(qu2 — 1)

L (1) (quapaX? — quiX — quaX — quapie + quapis + gA* — papiX + pap2) |12, 1)
(11— 1)(p2 — A3 (qu2 — 1)
(A — p2) (—quaX + quapis + prpa® — X — 2ppo X + papip + A?) [1,12)
(b1 = D) (2 — 1)A3(qpz — 1)
2.3. Continuous time U, (Ag))-ZRP. From the homogeneous case py = - -+ = ug, = p of the Markov
transfer matrix T(A|p) = T(A|g, ..., 1), we extract the two “Hamiltonians” by the so called Baxter
formula (cf. [2, Chap. 10.14]):

_10log T(\|p) 9log T'(A|p)
177V = \AR) H® — Z s 2\ AP

i N |y’ RSN

g - _ (20)
A=p

From (16) the commutativity [H(l), H(Q)] = 0 follows. Moreover they both satisfy
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(i)’ Non-negativity; all the off-diagonal elements are nonnegative,
(ii)> Sum-to-zero property; the sum of elements in any column is zero.

Thus an infinitesimal version of (19) of the form
d
ZIP@®)=HIP®),  H= aHY +0H®  (a,b € Rs) (21)

defines a continuous time integrable Markov process for any a,b € R>(¢. The Markov matrices consist of
the pairwise interaction terms as H(") = ZiEZL hEZLl, where hy;)_i_l acts on the (7,7 + 1)th components

from the left in |P(t)) as h(") € End(W @ W) and as the identity elsewhere. The local Markov matrices
are given by

M, B) = —epn™ > ®p(vles 1, p)le =, B+ ), (22)
762;0
PN, B) =ep > ®L(B =B )+, 8 =), (23)
wEZgO

where ’ denotes % and the local transition rate is explicitly given by

B q@(a*%'y)ulwlfl(q) 1o [y
—ep T O (v|as 1) =€ = (h=1),
q

(g, AL, 5
S Y o) .
e
en®q (B —v|B; o 1) = 6q¢((:5:)(3))11 f[l (f)q (=),
o &
=X o (=0

From (22) and (23), H") and H® individually defines an n-species totally asymmetric zero range
processes (n-TAZRP) in which particles hop to the to right and to the left neighbor sites with the rate
(24) and (25), respectively. In the both cases v = (v1,...,7n) gives the number of particles of species
1,...,n jumping out the departure site. The opposite directional move originates in the different behavior
of T'(A|p) at the two “Hamiltonian points” A = 1 and A = u. The Markov matrix H (21) is a mixture of
them yielding an n-species asymmetric zero range process. In [15], Bethe eigenvalues of T'(Au1, ..., ur)
and H have been obtained.

The above integrable Markov processes cover several models considered earlier. When (e, 1) = (1,0)
in H®, the nontrivial local transitions in (24) are limited to the case |y| = 1. So if 7, = 1 and
the other components of v are 0, the rate (24) becomes qo‘1+"'+aa*1%. This reproduces the n-
species g-boson process in [25] whose n = 1 case further goes back to [22]. When n = 1, the system
(19) was also studied in [20, 5, 4]. The transition rate (24) for n = 1 and general p reproduces the
one in [24, p2] by a suitable adjustment. When (e,u,q) = (1,0,0) in H® a kinematic constraint
oy, B—7) = Zngjgn vi(Bj — ;) = 0 arises from (25). In fact, in order that v, > 0 happens, one must
have Y441 = Ba+1,Ya+2 = Ba+2s---5Yn = Bn. It means that larger species particles have the priority
to jump out, which precisely reproduces the n-species TAZRP explored in [17, 18] after reversing the
labeling of the species 1,2,...,n of the particles.

Remark 2. Denote the Markov matrix H in (21) by H(a,b, ¢, q, u) exhibiting the dependence on the
parameters. Then a duality relation H(a,b, —e,q *, u=') = PH(ub,pa, e, q,u)P~* holds, where P =
P~ € End(W®L) is the “parity” operator reversing the sites as P|oy,...,00) = |or,...,01) [15, Remark
9]. Under the duality, the condition 0 < u¢,¢¢ < 1 on the parameters is preserved.

Example 3. With the same convention as Example 1 we have

(24 q—3qu)|1,12)  ¢[12,1) ]11,2) (1 —q)u|112,0)  |0,112)
(L =)L —qp) l—gp 1-—gqu (1-p)(l-gu) 1-p’

(3—p—2qu)|1,12)  [12,1)  ¢[11,2) (1 —q)[112,0) = [0,112)
(1= p)(1—qu) l—qu 1—qu QQA=p)(l—-qu) 1-p

HW|1,12) = —

H?|1,12) = —
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3. STEADY STATES

3.1. General remarks and examples. By definition a steady state of the discrete time Uq(Agl))—ZRP
(19) is a vector |P) € W®E such that

) = T\, .., 1) P). (26)
The steady state is unique within each sector m. Apart from m, it depends on ¢ and the inhomogeneity
parameters f1, ..., s but not on A thanks to the commutativity (16). Sectors m = (mq,...,m;,) such

with a suitable relabeling of the species. Henceforth we concentrate on the basic sectors. The coefficient
appearing in the expansion

|P(m)) = > P(o1,...,00)|o1,...,00L)

(61,...,0)ES(M)

that Vm, > 1 are called basic. Non-basic sectors are equivalent to a basic sector of some n’ < n models

is the steady state probability if it is properly normalized as 2(017.”,0L)Es(m) P(o1,...,01) = 1. In this
paper unnormalized ones will also be refereed to as steady state probabilities by abuse of terminology.
If the dependence on the inhomogeneity parameters are exhibited as P(o1,...,0L; p1, - .., 41.), we have
the cyclic symmetry P(oq,...,00;p1,...,45) =P(op,01,...,00-1; L, 41, - -, i —1) by the definition.
Example 4. For L = 2,n = 2 and the sector m = (1,1), we have
[P(1,1)) = pf (1 — p2) (1 — qpua) (1 + p2 — 2p211) 0,12) (27)
+ papz (L= p1) (1= p2) (1 + qua — prapiz — quapie) |1,2) + cyclic.

For L = 3,n = 2 and the sector m = (1,1), we have

[P(1,1)) = pips (1 — ps) (1 — qus) (pape + paps + paps — 3papspe) |0,0,12)
+ pipops (1= p2) (1 — pg) (quape + paps + pops — 2p1pops — quapiaps) 10,2, 1)
+ pipaps (1 — p2) (1= p3) (pape + quaps + quaps — papiaps — 2qu1pops) |0,1,2) + cyclic.
Here cyclic means the sum of terms obtained by the replacement p; — p,q; and |o1,...,01) —

|o14iy .-y 0p4i) over i € Zy, with i # 0.

Let us proceed to the steady states of the continuous time Uq(A%I))—ZRP in Section 2.3. By the
construction (20) and the commutativity (16), the Markov matrices H"), H(?) and H share the common
steady state in each sector. It is given by specializing the discrete time result P(oq,...,00; 1, .., 1r)
to the homogeneous case y11 = -+ = uy = pu. For instance, the latter |[P(1,1)) in Example 4 reproduces
|P5) in [15, Ex.13] via the specialization 1 = ps = puz = p.

Example 5. For L = 2,n = 2 and the sector m = (2, 1), we have
[P(2,1)) = (1= ¢*u)(3+q — i —3qu)[0,112) + (1 — ) (1 + g +2¢° — 2qu — ¢*pn — ¢°p)[2, 11)
+ (1)1 = )2+ g+ ¢ — p—qu—2¢°p)|1,12) + cyclic.
For L = 3,n = 2 and the sector m = (2,1), we have
[P(2,1)) =31 = qu)(1 = 1) (2 + g — (1 +2¢)p)[0, 0, 112)

+ (1= p)(1—qu)(3+3¢+3¢” — (1 +5q +2¢° + ¢°)n)[0, 2,11)
+ (1 +a)(1 = p)(1—qu)(3+3q +3¢* — (2+2¢ + 5¢°))|0, 1, 12)
+ (14 q) (1= p)(1 = qu) (5 +2q + 2¢° — (3+ 3¢ + 3¢*)p)|0,12,1)
+ (1= ) (1 = qu)(1 +2¢+5¢° +¢° — (3¢ + 3¢> + 3¢°))[0, 11, 2)
+ 1+ g +q+¢)1 - p)?2+q— (1+29)p)[1,1,2) + cyclic.
The cyclic here means the sum of terms obtained by the replacement |oy,...,0L) = |0144,...,0L4i) Over
i € 7y, with i # 0.
Examples 4 and 5 indicate that P(o1,...,00;p1,...,45) € Z>o[—f41,---,—HL,q] holds in an appro-

priate normalization.
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3.2. Matrix product construction. Let us consider the discrete time Uq(AS))—ZRP in Section 2.2
whose master equation is (19). We seek the steady state probability in the matrix product form

P(Ulv"'vaL) :Tr(Xﬂl(ﬂl)"'XUL(uL)) (28)

in terms of some operator X, (1) with a € Z%. Our strategy is to invoke the following result.

Proposition 6. Suppose the operators X, (u) (o € Z’ZLO) obey the relation

Xa(WXpN) = D 8\ w28 Xy (N)Xs(p). (29)
7,662%0

Suppose further that Xo(X) is invertible and the following auxiliary condition is satisfied:

_ 98(1)g~ (A

Xa(0) XoN) 71, (1) = gr8m BB N e ) (30)
9+~ (1)

Then (28) gives the steady state probability of the system (19) if the trace is convergent and not identically

ZET0.

Proof. In view of (26) we are to show

Te( Xy (1) Xag () = D Tpayeepr) 3l 5 (X, (1) -+ X, (). (31)
B BLELY,

—arL;é

Introduce the elements M5 "5" = M(A|p, . . . 7uL)3151a%f of the monodromy matrix by the diagram
similar to (17) as

(6751 (6) Qaj,
at,...,ar;0
Mv;lﬁl,...,BL - Z 0 <1‘—> ’)’1*1‘—> Y2 - VL-1 «T—* d,
Yise s YL-1€2T,
b1 B2 BL

where the ¢ th vertex from the left denotes the element (5) of 8(A, ;). By the definition we have

MM, ... ,uL)slﬁla%f — 0 unless 6+ 3.7, oy = v+ .2, Bi. Elements of the Markov transfer matrix

is given by T(M|u1,...,p0)50 "5 = Z%Zgo M\ p, - - ,ML)?;lﬂla%g, where the sum is bounded by
v < oy, Br. See the remarks after (4). Now we have

LHS of (31) = Tr(Xa, (1) - Xay (1) Xo () Xo (X))

(29) Q1400 UL —
= Y MOy (X, () Xy (B2-1) X, (1) Xo (V) T XL ()

V:B1,--8L
(3_0) Mal,.“,OZL;O T X X X <p(ﬁL,"y) gBL (/J“L)g'}’()\)
= MO Te( X, () -+ Xy (1) X, 44 (1r))g e e
95L+"/(ﬂL)
Y:B1,--.8L
(12) jer UL
= Z M'zlﬁl,.ng’Y_hﬁL-}-fy Tr(Xﬁl (Ml) T XﬁL—l (MLfl)XﬁL+’Y(/1’L))'
YV:B1,--8L
By replacing B, + v with 8, and summing over -, the coefficient of the trace in the last expression
becomes T'(Alp1, ..., ur)g Gr. O

Observe a perfect fit of the auxiliary condition (30) and the property of the stochastic R matrix (12).

As explained before Example 5, a matrix product formula for the continuous time Uq(Ag))—ZRP in
Section 2.3 follows from (28) just by the specialization pu; = -+ = pg = u.

The relation of the form (29) possessing a solution to the Yang-Baxter equation as the structure
function is often called the Zamolodchikov-Faddeev (ZF) algebra. In our case its associativity is assured
by the transposed Yang-Baxter equation (9) rather than (6). Proposition 6 implies that the RHS of (28)
satisfies the Knizhnik-Zamolodchikov type equation (cf. [11]) as a function of w1, ..., ur.

From (3) the ZF algebra (29) reads more explicitly as

Xa(m)Xs(A) =D (Blar+ B =7 A 1) Xy (N) Xat s (1)

v
We find it convenient to work with Z, (1) defined by

Xo(p) = go(p) Za(p), (32)
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where g, (1) was defined in (11). Then by using the identity (14), the ZF algebra and the auxiliary
condition are cast into

Za()Zs(\) = D ¢# P (v|os A, 1) Z5(N) Zat g (1), (33)
o) Zo(N) "2y () = 67O Zs o (1), (34)

The expression (34) or equivalently Yz(u)Y,(A) = ¢#PYs . (1) in terms of the operator Y, (u) :=
Z0(0)71Z,(p) is the simplest presentation of the auxiliary condition.

Proposition 7. The ZF algebra (29) (or (33)) and the auziliary condition (30) (or (34)) admit a “trivial
representation” in terms of an operator K, satisfying Ko =1 and K, Kg = q‘p(a’B)KaJﬁg as

Xo(p) = goa(W) Koy  Zao(p) = K.
Proof. The auxiliary condition is easily checked. The relation (33) is rewritten as

1= Y gPe 18N @ teOratBnNg, (y|a; A, o).

v<a
Let o = (ap,-..,a1) be the reverse ordered array of a as defined after (11). Then the obvious identity
ola, B) = @(B,a) leads to @ (| A\, ) = P @N=2M) P (v'|a’; A, 1), hence the RHS of the above
relation is >, ®4(7'|e; A, p1). This equals 1 thanks to (13). O

When n =1, ¢(a, 8) = 0 holds by (4). Therefore we may set Z, (1) = K, = 1. Then (28) gives the
result

- o ()
P(al,...,m:Hgmwzn%, (35)

where the ¢ th site variable is a single integer o; € Z>¢. In the homogeneous case j1y = --- = ur, = py,

one can remove the common overall factor within a given sector. It leads to P(oq,...,01) = HiLzl ((Z)) 7L

up to an overall normalization. This reproduces the product measure in [20, egs. (3), (7)]. See also [9)].
It is easy to construct K, obeying K,Kg = q‘/’(a*ﬂ)KaH; for general n by using g-commuting operators.

However, doing so naively runs into the trouble Tr(K,, --- K,,) = 0. The content of the next section

grew out of an effort to overcome it for n = 2. See also the remark after (40).

4. Uq(Agl)) CASE

The operator Z,(p) in (32) captures the multispecies effect beyond the product measure (35) for
n = 1. From now on we concentrate on the next nontrivial case n = 2. We consider the regime
e=+1,0 < VYu;, 1,q < 1 without losing generality thanks to Remark 2.

4.1. g-boson realization. Consider the Fock space F' = @, -, Clm), its dual F* = @, ., C(m| and
the operators by, b_, k acting on them as B B

bifm) =|m+1),  b_fm)=(1-¢")|m—=1),  klm)=q"|m),

36
(mib_ = (m+1],  {mlbs = (m—1/(1—g™),  {mlk = (mlg™, (36)

where | — 1) = (—1| = 0. They satisfy
kb, = ¢t 'b .k, byb_ =1-Kk, b_b, =1—¢k. (37)

We specify the bilinear pairing of F* and F as (m|m/) = 6(m = m')(¢)m. Then (m|[(X|m')) = ((m|X)|m’)
holds and the trace is given by Tr(X) =3, <, <"l(|(j)(:n>.

Let B denote the g-boson algebra generated by 1, b4, k obeying the relations (37). As a vector space, it
has the direct sum decomposition B = C1® Bgy, where Bgy, = ®,>1 (B} ©B” ®©By) with B = ©4>oCk*b’,
and Bj = Ck". The trace Tr(X) is convergent if X € Bg,. It vanishes unless X € ®,>15; when it is
evaluated by Tr(k") = (1 — ¢")~!. It is an easy exercise to verify the following generalization:

Teemebmib) = W @mast 0 50,5, (38)

(q)m1+m2
The trace is invariant under the replacement by — c¢*'by for any nonzero constant ¢ since it is an
automorphism B. The g-boson algebra B here is slightly different from those in [16, Sec.3.1] and [18,

eq.(3.2)].
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The following result is the main source of our matrix product formula.

Theorem 8. For a = (a1, as) € 2220, the operator

Xal0) = 000200 Zlp) = kb (39)

satisfies the ZF algebra (29) and the auziliary condition (30).

The proof will be presented in Section 4.3. The ratio of the infinite products are defined in terms of
the series expansion:

(Zw)oo _ Z (w)j 2 (40)

e 2 (@

In (39), the factor K, = k*2b?! realizes the trivial representation in Proposition 7. However, taking
it only as Z,(p) = k*2b2' leads to the vanishing trace Tr(Zy, (41) -+ Zo, (r)) = 0. In this sense the
representation (39) of the ZF algebra is a perturbation series from the trivial representation with respect
to by such that the trace acquires nonzero contribution.

4.2. Steady state probability. Let (o1,...,0L) € S(m) be a configuration in a basic sector m =
(my1,mg) € 2221, where each local state is the two component array o; = (04.1,0;2) € Z%o- Then the
formula (28) becomes

IP)(0-17' "aO-L)

( H 9o (ui)) Tr(Zoy (1) -+ Zoy (1)

( — _

i=1 (q)o'i,l(q>0'i,2 ,Ufl_lb+>oo (MZlb.t,-)oo

(41)

The element in the trace belongs to (a completion of) Bgy, thanks to 012+ -+ or2 = me > 1. Thus
the trace is convergent and (41) provides a matrix product formula of the steady state probability.

Example 9. Consider L = 2 and the sector m = (1,1). We calculate (41) as

(b+)oo (b+)oo kb )
.Ul_lb-&-)oo (l‘z_lb—&-)oo -

P(0,12) = go.0(11)g1.1(12) Tr(Zo 0 (j11) Zu (2)) = 2 (q()“;)%r ( :

—2 -1 —1
_ My (H22)2 (Ml (pa)1 | #o (M2)1> Tr(b, kb ).
(97 (91 (9)1
(o)~ (p1)1 (p2)1 (b+)s (by)s
P(1,2) = g1,0(p1) 90,1 (12) Tr(Z1,0(p1) Zo 1 (p2)) = Tr{ — b_—- k
(@)t (11 'bi)os (3 'by)o
(pap2) "t (1)1 (p2) (Mfl(ul)l py (p2)1 )
= Tr(byb_k) + —=————Tr(b_btk
Ok T A 7 TRk

by means of (40). In view of Tr(b kb_) = ¢ !Tr(b,b_k) = Tr(b_b,k) = (1 — ¢?)~}, these results
coincide with (27) if they are commonly multiplied by (p1p2)3(q)2(1 — ¢)? which is symmetric in x4y and
o

One way to generally characterize our normalization of P(cq,...,0r) implied by the formula (41) is
the following calculation extending the first case of Example 9.

Example 10. For general system size L and a general basic sector m = (my,mz) € ZQZD consider the
most condensed configuration in which all the particles are contained in a particular site ¢. Namely
o; =m if j =i and () otherwise. Then we have

P @,..., ; ,...,@ = u;ml_mz(ui)ml+m2’f <km2b7111 (b+)00 (b+)oo )
( " ) (@Dmi (@)ms ' (,ul_lb+)o<, (Uzlb-&-)oo
o

(/’(‘i)ml+m2 (Ml)h"'(uL)TL —r1 ., —TL
= (=) 2 e,

where (38) has been used and the sum extends over 71,...,r; € Z>o under the specified condition.

rit+rL=mi
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We note that (41) is convergent also at mq = 01,1 + -+ + or,1 = 0 which is outside the basic sector,
and reproduces the n = 1 result (29) up to an overall normalization as long as mg > 1.

So far we have treated the inhomogeneous discrete time U, (Agl))—ZRP in Section 2.2. A matrix product
formula for continuous time Uq(Aél))—ZRP in Section 2.3 is obtained from (41) by the specialization

py = --- = pr = . Making the replacement b1 — p*'b. (see the remark after (38)) and removing a
further common factor within a sector, we arrive at
L
(M)U‘ 14052 (Ub—i-)oo o (/Jb—i-)oo o
P(oy,...,01) = — R | Ty | k727 R K20 ) (42)
il;[l (q)gi,l(q)gi,2 (b1)oo (b1)so
Example 11. Consider the homogeneous ZRP py = -+ = py = p. Suppose m = (mi,mq) > 1 =
J
(I1,12) € Z%, and consider the state (m —1,0,...,[,...,0) for some j € [2,L]. It is a less condensed state

than Example 10 where |I| = l1 + Iy particles have been separated from the 1 st to the j th site. One
of them is assumed to be the 1 st site without losing generality by the Zj-cyclic symmetry. Based on
computer calculation of (42) we conjecture

_ f\m|—7‘fr
f|m\ ’

for any site j € [2, L] and 0 < r < |m|. The independence on L, j and m; —my is curious. The conjecture
has been proven for r = 1. See Section 5 for more comments.

I = (1)s (43)

P(m,@,...,(]))*l Z [P’(mfl,@w..j,...,@)

|l|=r,I<m

At ¢ =p =0 (and a = 01in (21)), the present model reduces to the n = 2 case of the n-TAZRP studied
in [17, 18]. The formula (42) simplifies to
P01, 0L) = Tt(Zor+ Zy)s Z = Zigyrrn = (Z bi)k"“b‘f‘l. (44)
i>1
This result agrees with [17, 18]. In fact X4, a,(1) in [18, Example 2.1] coincides with Z,, o, here.
The matrix product formulas (41) and (42) for the steady state probabilities, which are corollaries of
Proposition 6 and Theorem 8, are our main results on the U, (Agl))—ZRP in this paper.

4.3. Proof of Theorem 8. From X,(u) = (H(,bf“ﬁ, its inverse Xo(u)~! = % certainly exists.

The auxiliary condition (30) is also straightforward to check. In what follows we shall focus on the proof
of the relation (33) among the Z, () specified in (39). We use a subsidiary variable v = yA~! throughout.
Substituting (39) into (33) and using the relations
i (1Pt)oe _ (01D )y [b, (nb+)oo] BT CULIDE
((bi)oo  (aCby)oo (Cb4)oo (Cb4)oe
one can remove the ratio of infinite products. The result reads

(D)™ g DO oy (1 W),
_ Z(_1)71q(ﬂyl—al)a2+%71(71—1)y‘—y| ()\)|’)"(V)\a|f|'y| (041) (0&2)
q q

= (1) o) Y1), \ 2

x (:u_lb+)’vz (q|7|b+)|a\f\'ﬂ (ql_% X’Y2 )’Yl b2 ) (45)

where W = ¢°*b_ + A7 'k and X, = ¢7"2b_ + p~'k. Curiously yu is contained in the RHS only. In
what follows we prove (45) by induction on «; utilizing the following remark.

Remark 12. Suppose a relation F (b, ,b_, k) = 0 holds in the g-boson algebra B. Then F(cby,c 'b_ k) =
0 also holds for any c # 0 since by + c¢*'by is an automorphism of B.

Lemma 13. The relation (45) is valid at ay = 0, namely the following holds:

(e = 30wl () oty ), (16)

0<~2<as (/u’)aQ V2

Proof. One can prove it as an identity of polynomials of order as in by. At by = 0 it is equivalent to

(Way _ v (N); ()i
(e (@)@

i+j=az
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Due to (40) this indeed holds since the RHS is the coefficient of 22 in ((”ZZ))""((V’L Z))‘” = ((“Z Z))°°. It suffices

to check (46) further at by = Ag~"* with k = 0,1,...,a2 — 1. By the identity (A),,(Aq"2 *)ay—rs =
(A7) s (MG 7F)1/(AGF)g, the relation to show takes the form

0= 30 W0y 070, () 0a e 0k <an)

0<j<as J

By expanding the last factor into powers of A, the RHS is expressed as a sum ) .. A Ak s fas k,s(V)
with o
a

e = Y @i (¢

) (0<s<k<a),
0<j<a 1/ q

S

Aps = (—1)5(]%8(571)71CS <k> )
q

Consider the identity

—k+s+1

) arz)ee 5 (0 o)

P S e 2 @a

(qvz)s(q
where the last equality is due to (40). Since the LHS is an order k polynomial in z, it follows that
fak,s(v) =0 for k <a. O
Lemma 14. Set Y =b_ + k. Then the following equality is valid for any m € Zx>o.

im(m— - m—s T — —-m
(b4 = (=)0 Y () (0,
s=0 q

Proof. 1t is equivalent to

—1 1-m m (,u)é (‘u—lql—my)t t
(by =1)(by —q™ )~ (by — b = (¢)m ;
o e D X e @ "

where the sum extends over s,t € Z>( under the specified constraint. Applying the identity
(by — g ™ )b" = (1—k— g "*b_)b""L = b"~I(1 — g~ "+1y)
successively, one finds that the LHS is equal to (¢=™Y),,. On the other hand from (40), the RHS is

equal to the coefficient of 2™ in the power series

(21) 0 (qu_my)oo _ (qu_my)oo _ (ql_my)j i
(q)m (Z)oo (Zlff)oo B ( )m (Z)oo B (q)mjzz;) (Q)j .

]

Proof of (45) for general a;. Let us write (45) as L(by, a1, a2;A) = R(bi, a1, ag; A\, u). We are going
to prove it by induction on a;. The case ; = 0 was shown in Lemma 13. In Lemma 14 with m = ~y,
replace by by (1 1¢"2)*'by. Then (u='¢'~™Y)n—s becomes (¢!~ X, ), —s. Solving it for the s = 0
term we get

Y1
-1 -1 _rl 1 1— - 2 -2 1 ¢ ’yl -1
(@ X = (O b= 3 () Gt
q

s=1
Substituting this into the RHS of (45) we have the decomposition R(by, a1, ag; A, 1) = Ro(bi, ag, ag; A, 1) —
L Re(by, a1, g3 A, 1), where

s=1
Ro(ba, a1, o3 A\, 1) = Z q('Yl—al)(Xz_'Yl'YzV"ﬂm (Oé1> (Oé2> (/i_lb+)\'y\(quJr)la\—l'ylbgla
~<a (:u’)la‘ it q 72 q
- M Wlal=iy (o1 (o2 1
Re(ba, aq, 03 A\, 1) = g —en)azy b d"b ) jal
( 1,023 A, 1) g W )\ q( +)72 (47D ) o)~ )

(100 (1) (g
q
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In Ro(b,aq,as; A, i), replace 2 by v2 — 1. Then the sum over ; can be taken by means of (';”J)q =
ZOS’n <min(vz2,a1) q71(0¢2*’Y2+’Yl) (?;'11 )q ("/2(1—271 )q7 yielding

vz Mz (V) a2 (Ial

Ro(b, o1, o A, p) =g~ Z v ) (171D )5y (472D ) o -, D!
q

= (1) o Yo
=g M2 ()\_lb+)|a‘bfl
Lai(ar— — - — «a —a
= ()" YA W) W D)
t=0 q

where the second equality is due to Lemma 13. The third equality is obtained by applying Lemma 14
with m, 4 and by replaced by aj, A and (¢*2A~1)*!b,, respectively.
To evaluate Rs(by, a1, ag; A, ) with s > 1, rewrite (0‘1) (’“)q as (al_s) (al)q and then change 7 into
q q

Y1 s Y1—S s

~v1 + s. By this procedure, the formula for R(by, aq, as; A, 1) gets replaced by

28
R(b, a1, az2; A, 1) = Ro(b, a1, az; A, 1) — ZfRs(brOﬂ, Q23 A, ). (48)

s=1
As for the summand, comparing the resulting expression with R(¢™*by, a1 — s, a2;¢°\, ¢° 1), we find

Rs(ba, o, 03 A, 1) = (_A—l)S()\)qual—%s(sH) <041

) R(¢** by, a1 — s, a2;¢°\, ¢° )
S
q

aq

_ (—A_l)‘g()\)sqsal_%S(S—H)< ) L(qisbi,al _ S,Oég;qs)\)
q

S

Lo (ar— — —s &
_ (C1)m b (3 1p, ), 0 <A>s(1

1) @ W (49)

where the second equality is due to the induction assumption. Now from (47) and (49) we see that the
difference (48) leaves the ¢ = 0 term of (47) only, which exactly coincides with £(by, a1, as, A), i.e., the
LHS of (45). O

5. SUMMARY AND DISCUSSION

We have studied the steady state probabilities of the Uq(ASLl))—ZRPs [15]. The main results are the
attribution to the ZF algebra and the auxiliary condition for general n (Proposition 6), a concrete
realization of them for n = 2 (Theorem 8) and the resulting matrix product formulae in (41) and (42).

They serve as a starting point for studying physical properties of the system. For instance, the RHS
of (43) is viewed as a naive measure of the condensation (cf. [8, 12]). Apart from the statistical factors
L and L(L — 1)/2 for the relevant configurations, the crude estimation

f|m\7rfr 1—u f\m|frfr 1—¢q (1—qr)(1_q‘m|—7”)
~ (g \0), ————— ~exp (1og ) (g 1)
fim| l—¢q fiml 1—p log q
for 0 < r < |m| indicates that particles are more likely to condense in the region p > ¢ than u < g.
Another commonly undertaken approach is to switch to the grand canonical picture and investigate
the generating function involving “fugacity” x,y:
Z(w,x,y) — Z Pw(Ul,...,UL).Z‘GI’1+"'+UL’1ygl’2+"'+oL'2~

0'17...70'LEZQ>0

Here Py (01,...,01) is a regularization of (41) avoiding the divergence at the non-basic sector o2 =
- =o0p2=0. An example of such a prescription is to insert a boson-counter h = log, k (see (36)) into
the trace as Tr (w™(---)). Then (41) allows one to express it as

Z(wvmay) =Tr (th(,ul,x, y) e V(/J’L,may)) )
(b+)oo 2"y T T (Wi iy (D)oo (2p™ )™ (1Wm (4"YK)oo | m
by oe 0 (@@, T (wby)s @m (Y7 'K)oo

_ MF(m—gw_l)—lp(m,y), Dz, y) = (2b_ ) (4K)ms.

Vi, z,y) = (

m>0
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Similarly in the homogeneous case 1 = -+ = uy, = u, the result (42) corresponding to another normal-
ization of Py, (o1, ...,0r) leads to the alternative form
- - uby)oo _
Z(w,z,y) =Tr (th(uyx,y)L), Vip,z,y) = ((b+))F(w7y) T (ap, yp).
—+ )oo

This formula remains valid at ¢ = 0 and may be useful to extract the large L asymptotics in the
corresponding (n = 2)-species ¢g-boson model [25].

As noted in (44), the formula (42) with ¢ = p = 0 agrees with the earlier result on the (n = 2)-TAZRP
[17, 18] based on the combinatorial R and the tetrahedron equation. It is an interesting question how the
approaches in the present paper and [17, 18] are related for general n. We plan to address it in a future
publication.
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