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LIOUVILLE THEOREMS FOR THE STOKES EQUATIONS WITH
APPLICATIONS TO LARGE TIME ESTIMATES

K. ABE

AsstrACT. We study Liouville theorems for the non-stationary Stokes equations in exterior
domains in R” under decay conditions for spatial variables. As applications, we prove that
the Stokes semigroup is a bounded analytic semigroup on L7’ of angle n/2 for n > 3. We
also prove large time estimates for n = 2 with zero net force.

1. INTRODUCTION

We consider the Stokes equations:

ov—Av+Vg=0, divv=0 in Q X (0, 00),
(1.1) v=0 on 0Q x (0, c0),
V=V on Q x {t = 0},

for exterior domains Q@ C R"*, n > 2. It is known that a solution operator (called the Stokes
semigroup) S(¢) : vo +— v(-,1) = (vi(:,1))1<i<, forms an analytic semigroup on L for
p € (1,00), of angle 7/2 [57], [31], i.e., S (#)vp is a holomorphic function in the half plane
{Ret > 0} on L.. Here, L. denotes the LP-closure of Cy» the space of all smooth solenoidal
vector fields with compact support in 2. We define S (¢) by the Dunford integral of the
resolvent of the Stokes operator A, = PA by using the Helmholtz projection P : LP — Lf
[29], [48], [56]. See, e.g., [42] for analytic semigroups.

We say that an analytic semigroup is a bounded analytic semigroup of angle x/2 if the
semigroup is bounded in the sector Xy = {t € C\{0} | |arg¢| < 6} for each 6 € (0,7/2) [8,

Definition 3.7.3]. The boundedness in the sector implies the bounds on the positive real line

’

C
(1.2) ISOI<C 1450 < —. >0,

where || - || denotes the operator norm. The estimates (1.2) are important to study large time
behavior of solutions to (1.1). In terms of the resolvent, the boundedness of S (¢) of angle
/2 is equivalent to the estimate

B C
(1.3) (A=A~ < ﬁ A€ Zginpa.
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When Q is a half space, S (¢) is a bounded analytic semigroup on L%, of angle 7/2 [47], [62],
[13]. The problem becomes more difficult when Q is an exterior domain. For n > 3, the
boundedness of S (f) on L is proved in [15] based on the resolvent estimate

n
(1.4) LNVl + 1121V + IVl < Cllfll, 1< p< >

forv=_(1- Ap)‘lf and A € Xg,5/2 U {0}. The estimate (1.4) implies (1.3) for p € (1,n/2)
and the case p € [n/2, ) follows from a duality. Due to the restriction on p, the two-
dimensional case is more involved. Indeed, (1.4) is optimal in the sense that

IV2Vllr < CllA Vs, v € D(A)),

is not valid for any p € [1n/2, o) [14]. Here, D(A,) = W*F N W(;’p NLY and W(;’p denotes the
space of all f € W' vanishing on dQ. For n = 2, the boundedness of the Stokes semigroup
on LY is proved in [17] based on layer potentials for the Stokes resolvent (see also [63]).

We study the case p = co. When Q is a half space, S (f) is a bounded analytic semigroup
on L of angle 7r/2 by explicit solution formulas [27], [58]. Here, L;; is defined by

L2(Q) = {f € L2(Q) ‘ fgf .Vddx =0, VO € GI(Q)},

and G'(Q) = {V® € L'(Q) | ® € L] (©)}. For a half space and domains with compact
boundary, L agrees with the space of all f € L™ satisfying div f =0inQand f-N =0
on 0Q. Here, N is the unit outward normal vector field on d€Q. Since S (¢) is bounded on
L™, the associated generator A is defined also for p = co. For bounded domains [3] and

exterior domains [4], analyticity of the semigroup on L7 follows from the a priori estimate
12 2
(1.5) Wllzs + £Vl + AVl + fdvlize + tIVglle < Clivollze,

forv = S(t)vp and ¢t < T. The estimate (1.5) implies (1.2) for # < T and that S (¢) is analytic
on LY. Moreover, the angle of analyticity is /2 by the resolvent estimate on L [5]. When
Q) is bounded, the sup-norms in (1.5) exponentially decay as ¢t — oo and S (¢) is a bounded
analytic semigroup on L7 of angle nr/2. For exterior domains, it is non-trivial whether the
Stokes semigroup is a bounded analytic semigroup on L.

For the Laplace operator or general elliptic operators, it is known that corresponding
semigroups are analytic on L™ of angle /2 [46], [61], [42]. Moreover, if the operators are
uniformly elliptic, by Gaussian upper bounds for complex time heat kernels, the semigroups
are bounded analytic on L™ of angle /2. See [26, Chapter 3]. In particular, the heat semi-
group with the Dirichlet boundary condition in an exterior domain for n > 2 is a bounded
analytic semigroup on L™ of angle /2. For the Stokes equations, the Gaussian upper bound
may not hold. See [27], [58], [51] for a half space.

Large time L™ -estimates of the Stokes semigroup have been studied for n > 3. Maremonti
[43] proved the estimate



(1.6) IS @vollz= < Clivollz=, >0,

for exterior domains and n > 3 based on the short time estimate in [3]. Subsequently, Hieber-
Maremonti [36] proved the estimate #|AS (H)vollz~ < Cl|[vollz~ for ¢ > 0 and the results are
extended in [12] for complex time ¢ € Xy and 6 € (0, 7/2) based on the approach in [43]. Of
these papers, the case n = 2 is excluded. We are able to observe the difference between n > 3
and n = 2 from the representation formula of the Stokes flow due to Mizumachi [49], [35].
See below (1.9). In this paper, we study large time behavior of Stokes flows for n > 2 by a
different approach.

Our approach is by a Liouville theorem. A Liouville theorem is a fundamental property
to study regularity problems. It rules out non-trivial solutions defined in Q X (—o0, 0], called
ancient solutions. See [40], [54] for Liouville theorems of the Navier-Stokes equations
and [39] for the Stokes equations. Liouville theorems are also important to study large time
behavior of solutions. In this paper, we prove non-existence of ancient solutions of (1.1) in
exterior domains under spatial decay conditions. We then apply our Liouville theorems and
prove the large time estimate (1.6) for complex time ¢ € £y and 8 € (0, 7/2).

We say that v € Llloc(ﬁ X (—00,0]) is an ancient solution to the Stokes equations (1.1) if
divv=01in Q X (-=00,0), v- N = 0 on 9Q X (—o0,0) and

0
(1.7) f f v (0ip + Ap)dxdt = 0,
—0 JO

for all ¢ € C>'(Qx (—c0, 0]) satisfying div ¢ = 0 in QX (—co, 0) and ¢ = 0 on IQX (—c0, 0)U
Q x {t = 0}. The conditions divv = 0 and v - N = 0 are understood in the sense that

f v-V®dx =0, a.e.re(—00,0),
Q
forall ® € C g (ﬁ). Our first result is:

Theorem 1.1 (Liouville theorem). Let Q be an exterior domain with C3-boundary in R”,
n > 2. Let v be an ancient solution to the Stokes equations (1.1). Assume that

(1.8) v E L®(—00,0; L) for p € (1,0).
Then, v = 0.

If one removes the spatial decay condition (1.8), the assertion of Theorem 1.1 becomes
false for n > 3 due to existence of stationary solutions which are asymptotically constant
as |x| — oo [14]. See Remarks 2.7. For n = 2, it is known that bounded stationary so-
lutions do not exist [22]. We show that ancient solutions in L*(—c0, 0; L”) are extendable
to bounded entire functions by using boundedness and analyticity of the Stokes semigroup.
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The Liouville theorem then follows from the kernel property of the Stokes operator on L.,
e, N(Ap) ={ve D)) | Apv =0} = {0}. See [33] for n > 3 and [22], [17] for n = 2.

Theorem 1.1 is useful to study the large time estimate (1.6) for + > 0. We invoke the
representation formula of the Stokes flow

(1.9) vix, 1) = L I'(x =y, HHvo(y)dy + f(; f;g Vix—y,t =T, s)N(y)dH(y)ds.

Here, T = Vv + VIy — gl is the stress tensor and V = (V;;(x, 1))1<; j<n 1s the Oseen tensor

(1.10) V(6. 1) = T(x, 083 + i), f E(x 9Ty, Ddy,
Rﬂ

defined by the heat kernel I'(x, ) = (4nt)™ 2¢=1/41 and the fundamental solutions of the
Laplace equation E, i.e., E(x) = (n(n—2)a(n))'|x[~"2 forn > 3 and E(x) = —(21)"! log | x|
for n = 2, where a(n) denotes the volume of the unit ball in R”. The formula (1.9) is obtained
by regarding v = S (f)vy as the Stokes flow in R” with a measure as the external force. See
Lemma 3.8. It describes the asymptotic behavior of bounded Stokes flows as |x| — co. We
show that if the Stokes flow is bounded for all ¢ > 0, the stress tensor is also bounded on 0Q.
Observe that by the pointwise estimate of the Oseen tensor

(1.11) [V(x, 1) < xeR", t>0,

(l + 1172y

the remainder term is estimated by

(1.12)

C
v(x, 1) — f ['(x =y, Hvo(y)dy| < = P 1Tl 00) (),
Q

O<s<t

for |x| = 2Rg and ¢ > 0 such that Q¢ C By(Ry), where By(Ry) denotes the open ball centered
at the origin with radius Ry > 0. The right-hand side is decaying as |x| — oo uniformly
for t > 0if n > 3. We show that the large time estimate (1.6) is reduced to showing non-
existence of ancient solutions by a contradiction argument. Since (1.12) yields a spatial
decay condition for ancient solutions as |x| — oo, we are able to derive a contradiction by
applying the Liouville theorem (Theorem 1.1).

We apply a similar argument on the half line y = {r € C\{0}| argz = 6} and prove (1.6)
for complex time ¢ € Xy and 6 € (0,7/2). To this end, we consider ancient solutions in the
sector

A={teC\{0}|-n+6<argt < -n/2}.

We set the segment It ={re A|-T <Ret <0, Im¢t=-Ttan6} for T > 0. We say that
v is an ancient solution in Q X A if v satisfies the Stokes equations (1.1) on each segment I
for T > 0 in a weak sense, i.e., v € Llloc(ﬁ X Ir) satisfiesdivv =0in QX Iy, v-N =0 on
0Q X Ir and



0
(1.13) f f v(x,a + iB) (0 + Ap)dxda = — f v(x, =T + iB)p(x, —T)dx,
-TJQ Q

for 8 = —T tan6 and all ¢ € C>'(Q x [T, 0]) satisfying div ¢ = 0in Q x (-7, 0) and ¢ = 0
on 9Q x (-T,0) U Q x {a = 0}. We prove non-existence of ancient solutions in the sector A
under the condition v € L*(A; L?) for p € (1, 00) (Theorem 2.6). Since the formula (1.9) is
extendable for complex time, we apply the Liouville theorem in the sector and obtain (1.6)
fort € Xy and 0 € (0, 7/2). We now state our main results.

Theorem 1.2. When n > 3, the Stokes semigroup is a bounded analytic semigroup on L7 of
angle /2.

For n = 2, the remainder term estimate (1.12) is different. By a simple calculation from
the formula (1.9), we see an asymptotic profile of the two-dimensional Stokes flow:

C
< — sup |IT]|z=50)(5),
x| O<s<t

(1.14)

v(x,t) — f I'(x -y, Hvo(y)dy — ft V(x,t — s)F(s)ds
Q 0

for |x| > 2Ry and ¢t > 0, with the net force

F(s) = f T(y, )N(y)dH(y).
00

Since Ifol V(x, s)ds| < log(1 + t/1x1%) by (1.11), the decay as |x| — oo of the third term in
(1.14) is not uniform for ¢ > 0 in contrast to (1.12) for n > 3. If the net force vanishes, the
situation is the same as n = 3 and we are able to prove (1.6). For example, if initial data
is rotationally symmetric, the net force vanishes. Following [18], we consider initial data
invariant under a cyclic group or a dihedral group. For integers m > 2, we set the matrices

_[cos2n/m) —sin(2n/m) J= 1 0
™7 \sin(2nr/m) cos 2n/m) |’ “\0 -1)°

Let C,, denote the cyclic group of order m generated by the rotation R,. Let D,, denote
the dihedral group of order 2m generated by R,, and the reflection J. Any finite subgroup
of the orthogonal group O(2) is either a cyclic group or a dihedral group. See [34, Chapter
2]. Let G be a subgroup of O(2) and Q€ be a disk centered at the origin. We say that a
vector field v is G-covariant if v(x) = "Av(Ax) for all A € G and x € Q. It is known that if
vg is Cy,-covariant, so is v = S (f)vg and the net force vanishes, i.e., F = 0 [35]. Thus for
C,,-covariant vector fields v € L>°, the remainder term estimate is the same as n = 3.

(o)
g

Theorem 1.3. For n = 2, the estimate (1.6) holds for t € Xy and vy € L, for which the net
force vanishes (e.g., Cp,-covariant vector fields when Q€ is a disk.)



Theorem 1.3 improves the pointwise estimates of the two-dimensional Navier-Stokes
flows for rotationally symmetric initial data [35], in which (1.6) is noted as an open question
together with the applications to the nonlinear problem. We are able to apply (1.6) to im-
prove the results although initial data is restricted to rotationally symmetric. See Remarks
5.4 (iii).

We hope it is possible to extend our approach to study the case with net force, for which
(1.6) is unknown even if initial data is with finite Dirichlet integral. The estimate (1.6) with
non-vanishing net force is important to study large time behavior of asymptotically constant
solutions as |x] — co. We refer to [2] for asymptotically constant solutions of the two-
dimensional Navier-Stokes equations. See also [44].

This paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3,
we give a spatial decay estimate of S (f)vg to prove (1.6) by a contradiction argument. In
Section 4, we prove (1.6) for positive time. In Section 5, we prove (1.6) for complex time
(Theorems 1.2). After the proof of Theorem 1.2, we note the case n = 2 (Theorem 1.3).

2. LIOUVILLE THEOREMS ON LP

We prove Theorem 1.1. We represent ancient solutions v € L*(—c0,0; L") as v(t) =
S+ T)v(-T) for T > 0 by the Stokes semigroup S (¢). Since S (#) is analytic and bounded
in the sector Xg for 8 € (0,7/2), ancient solutions are bounded entire functions on L?, i.e.,
0,v = 0. Theorem 1.1 then easily follows from the kernel property of the Stokes operator
N, ={ve DA, | A,y =0} =1{0}.

2.1. An adjoint problem. To represent ancient solutions by S(f), we prove a uniqueness
theorem for the Stokes equations (1.1) (Lemma 2.5). We apply a duality argument and
reduce the uniqueness to existence of solutions to an adjoint problem (Lemma 2.3). To do
this, we recall the Helmholtz projection and the Stokes operator on L?.

Proposition 2.1. (i) Let CZ°,(2) = {v € CZ(Q) | div v = 0},

L@ = Co @, GP@) = (VO € L/(Q) [ € L (), pe(l,).

loc

For f € LP, there exists a unique fy € LY. and V® € LP such that f = fy + VO and

follr +1IV@llzr < Cllfllr,

with some constant C, independent of f. We call P : f +— fy the Helmholtz projection
operator. Moreover, we have

2.1) Lg(Q):{feL”(Q)‘fﬁV(Ddx:O, VCDEGI’/(Q)}, 1p+1/p =1.
Q



The space Go(Q2) = {VO | ® € C‘;O(ﬁ)} is dense in GP(Q) with respect to ||V - ||».
(ii) Set

A f =PAf, feDA,),

(2.2)

D(A,) = WP n W, P 0 LE(Q),
with the graph-norm |Vlpa,) = IVl + [|ApvilLe. Then, D(A),) C W2P with continuous
injection.

(iii) The Stokes operator A, generates a bounded Co-analytic semigroup S (t) = er on LY of
angle n/2. Moreover, N(A,) = {v € D(A,) |A,v = 0} = {0} and R(A,) = {A,v | v € D(A))}
is dense in LL.. In particular, we have

(2.3) Lim IS @vollr =0, vo € LE(Q).

Proof. The assertions (i) and (ii) are proved in [56, Theorem 1.4, Lemma 3.7] and [19]. The
boundedness of S (¢) is proved in [15] for n > 3 and [17] for n = 2. The properties of the
kernel and the range are proved in [33, Corollary 3.6 (i)] for n > 3 and [22], [17, p.297] for
n = 2. The decay (2.3) follows from the density of R(A,) in L}. m

Proposition 2.2. For gy € C°(Q X (0,T)) satisfying div go = 0, there exists a solution
W, Vs) € C2H(Qx[0,T]) x C(Q % [0,T]) of

('),),ZI—AW+VS=gO, lel,//:() ll’lQX(O,T),

(24) =0 ondQx(0,T)UQx{t=0}

such that 6?61;1#, Vs e L*0,T; L) for 2s + |k| < 2 and g € (1, 00).

Proof. We set

W(x,f) = f S(t— s)go(s)ds, Vs =(1-P)Ay.
0

Since go is smooth and D(A,) ¢ W>4 by Proposition 2.1 (i), 88y, Vs € L*(0, T; L9) for
2s + |k| < 2. Since 0 — Agy = go on L, (yr, mr) satisfies (2.4).

It remains to show that (i, s) is continuous up to second orders in Q x [0, T]. Since g is
smooth, in particular Ay € C1([0, T1; L9) N C([0, T]; W'4). We take bounded domains Q"
and Q' such that Q” ¢ Q' c Q. Since the boundary is C3, we apply the higher regularity

estimate for the Stokes operator [30, Theorem IV.5.1] to estimate

||'//||W3vq(9”) + ||S||W2vq(Q”) < C(”Aql//”Wqu(Q') + ||‘J/||W1,q(gf) + [Isllzece))-



Thus, ¥ € C([0,T]; Wfo’cq(ﬁ)). By the Sobolev embedding for ¢ > n, we see that Vzdx is

continuous in Q X [0, T]. Since A 0 € C([0,T]; LY), 04 is continuous in Qx[0,T]. By
(2.4), Vs is continuous in Q X [0, T']. This completes the proof O

Lemllla 2.3. For fy € ( CX(Q % (0,T)) satisfying div fo = 0, there exists a solution (¢, Vr) €
C>lQx[0,T]) x C(Qx[0,T]) of

Oip+Ap—Vr=fo, dive=0 inQx(0,T),

(2.5) =0 ondQx0,THUQX{t=T},

such that Bfal;cp, Vre L*(0,T; L?) for 2s + |k| <2 and g € (1, o).

Proof. For g(x,t) = —f(x, T—t), we take (i, s) by Proposition 2.2 and set ¢(x, t) = Y(x, T—t),
n(x,t) = s(x, T —t). Then, (¢, 7) satisfies the desired properties. O

2.2. Uniqueness. We apply Lemma 2.3 to prove the uniqueness (Lemma 2.5). For the
proof, we use the Bogovskil operator.

Proposition 2.4. (i) Let D = {x € R" | 1 < |x| <2} and L{,(D) = {h € LYD) | [, hdx = 0}.

There exists a bounded linear operator B : Ll (D) — WS’Q(D), q € (1,00), such that
w = B(h) satisfies

(2.6) divw=h inD, w=0 ondD.
Moreover, the operator B acts as a bounded operator from Wg’p (D) to W§+1’q(D) for positive

integers k. Here, Wg’q(D) denotes the W*4-closure of C° (D).

(ii) Let Dg = {R < |x| < 2R)}. There exists a bounded operator By : LI (Dg) — Wé"’(DR)
satisfying (2.6) in Dg. Moreover, the estimate

2.7 IV Brt)llzo(pey < CIV hllLai
holds with some constant C, independent of R > 0.

Proof. See [10], [16], [30, Theorem II1.3.3] for the assertion (i). The operator By is con-
structed by (i) and dilation. O
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Lemma 2.5 (Uniqueness). Let v € L}Oc(ﬁ X [0, T]) satisfy divv=0inQx(0,T),v-N=0
on 0Q x (0,T) and

T
(2.8) f f V- (0 + Ap)dxdt =0
0 Jo

for all ¢ € C*'(Q x [0,T)) such that div ¢ = 0in Q x (0,T), ¢ = 0 on dQ x (0,T) and
Qx {t =T}. Assume that

(2.9) ve L®0,T;LP) forpe(l,o).
Then, v = 0.

Proof. We first extend test functions so that solutions of (2.5) satisfy (2.8). We then apply a
duality argument.

Step 1. We show that (2.8) holds for all ¢ € C>'(Q x [0, T]) such that div ¢ = 0 in
QAx(0,7),¢=00n0Qx 0, T)UQX{t=T},

(2.10) 0;0%p € L™(0,T;LF), 2s+Ikl <2, 1/p+1/p' =1.

We consider a cut-off function argument. Let By(Rp) denote an open ball centered at the
origin with radius Ry > 0. We take Ry > 0 so that Q¢ C By(Rp). Let 8 € C°[0, c0) be a
function such that @ = 1 in [0, 1] and 8 = 0 in [2, o0). We set Og(x) = 6(|x|/R) for R > Ry.
Since div ¢ = 0 in Q and ¢ = 0 on 0Q, the average of hg = ¢ - VO in Dy is zero. We set
wg = Bgr(hg) by Proposition 2.4 (ii) and consider its zero extension to R” (still denoted by
wg). Since ¢ € C>(Q x [0, T1), applying (2.7) implies that wg € C([0, T]; W>4(R™)) for
q € (1, 00). Thus V2wg € C.(RZx[0,T]) by the Sobolev embedding. Since d;wg = Bg(9d;hr),
we have d,wg € C.(R" X [0, T]). Thus wg € C>'(R" X [0, T]). We set

YR = @O — wp

so that g € Cf’l(ﬁ X [0, T]) satisfies div g = 0 in Q and ¢g = 0 on 0Q for ¢ € [0, T]. By
substituting ¢ into (2.8), we see that

T T
0= f f V- (01pbg + Apbr + 2V - VOr + ¢ABg)dxdt — f f v - (0;wg + Awg)dxdt.
0 Ja 0 Ja

By (2.9) and (2.10), we have

T T
lim f f V- (0rp0r + AOr + 2V - VO + @AOg)dxdt = f f v (00 + Ap)dxdt.
0 Q 0 Q

R—oo



Since d,wg = B(0;hg), by the Poincaré inequality [28, 5.8.1 THEOREM] and (2.7) we
estimate

||atWR||Lp’(DR) S RHVatWR”Ln’(DR) = R”VBR(athR)”Lp’(DR) S R”athR”Lp’(DR) S ||at‘P||Lp’(DR)-

In a similar way, we estimate IIVszllef(DR) SWVARlL gy S 1@l (pyy- It follows that
T
f f v - (0;wg + Awg)dxdt
0 Ja

Thus (2.8) holds for ¢ satisfying (2.10).
Step 2. We apply a duality argument. Since divv = 0in Q, v- N = 0 on 0Q, we have

T
s ||V||L°°(O,T;L1’(Q)) (f (||(9t90||Lv’(DR) + HSDHWLI’/(DR)) dt)
0

— 0, asR — .

f v(x,1)- VO(x)dx =0, a.e.t€(0,7),
o)

for all V@ € Gy. Since G is dense in G” by Proposition 2.1 (i), this equality is extendable
for all V® € G”'. Hence, v(-,1) € L”. by (2.1).
We take arbitrary fy € C. () and n € C°(0,T). We take a solution (¢, m) of (2.5) for

Neoa

fo(x, 1) = fo(x)n(r) by Lemma 2.3. Since ¢ satisfies (2.10), we have

T T T
f n(t) ( f v(x, 1) - fo(x)dx) dr = f f V- fodxdt = f f v (0,0 + Ap — Vm)dxdr = 0.
0 Q 0 Jo 0 Ja

Since 7 is arbitrary, we have

f v(x,t) - fo(x)dx =0, a.e.te(0,7T).
Q

By taking closure of C¢, in L”, the above equality is extendable for all fy € Lg/. For an
arbitrary f € C>, we set fy = Pf and V@ = (I-P) f by Proposition 2.1 (i). Since v(-, 1) € Lf,
it follows that

f v(x,t) - f(x)dx = f v(x, 1) - (fo(x) + VO(x))dx =0, a.e.t€(0,T).
Q Q

We proved v = 0. The proof is now complete. O



2.3. Liouville theorems. We apply Lemma 2.5 to prove Theorem 1.1.

Proof of Theorem 1.1. We take an arbitrary T > 0 and set u(t) = v(t — T) for ¢t € [0, T]. By
(1.7), u satisfies

T
(2.11) f f u - (00 + Ap)dxdt = — f u(x,0) - p(x,0)dx
0 Q Q

for all ¢ € Cf’l(ﬁx [0,T]),dive =0in Q%X (0,T),p =00n9dQ x (0, T)U Qx{t =T}
We set ii(f) = S(#)u(0). Since S(¢) is a bounded analytic semigroup of angle /2 on L”,
i1(1) is defined for Re ¢ > 0 and bounded in Xy for each 8 € (0, 7/2). Since () = S (t)u(0)
also satisfies (2.11), applying Lemma 2.5 implies u(t) = S(£)u(0). Thus u(z) is uniquely
continued for Re ¢ > 0 and satisfies

sup {llull () |t # 0, |arg 1] < 6} < Cllull(0).
Hence we have
sup {[Vllzr (1) | ¢ # =T, arg (¢ + T)| < 0} < CIWllr (=T).

Since the right-hand side is uniformly bounded for 7 > 0 by (1.8), by taking a supremum
for T > 0, the ancient solution is a bounded entire function on L”. Thus, d,v = 0 by the
classical Liouville theorem. Since d,v — Av = 0, we have Av = 0. Since N(4,) = {0} by
Proposition 2.1 (iii), v = 0 follows. O

To prove (1.6) for complex time, we prepare a Liouville theorem for ancient solutions in
the sector A = {t e C\{O} | -7+ 6 < argt < —n/2} for 8 € (0, /2).

Theorem 2.6. Let v be an ancient solution to (1.1) in Q X A for 0 € (0,n/2). Assume that
(2.12) ve L (A;LP) forp e (1,).

Then, v = 0.

Proof. We take an arbitrary T > 0 and set T = T + iT tan6. By translation, we set u(f) =
v(t — T) so that u satisfies (1.1) in Q x (0, T). In fact, by (1.13) we have

T
f f u(x, 1)(0yp + Ap)dxdt = — f u(x, 0)p(x, 0)dx,
0 Ja Q

for ¢ € C>1(Qx[0, T)) satisfying div ¢ = 0in Qx(0, T) and ¢ = 0 on dQx(0, T)UQx{t = T}.
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Then by Lemma 2.5, we have u(t) = S (£)u(0). Hence u(¢) is uniquely continued for Re ¢ > 0
and bounded in Xy for & € (6, 7/2), i.e.,

sup {llull- ()| t # 0, |argt] < 6’} < Cllull»(0).
Since v(r) = S (¢t + T)v(=T), v(¢) is continued for Re r > —T and
SUP{||V||LP(I)| t#-T, |arg(t+ T)| < 9'} < CIWlo (=T).

Since the right-hand side is uniformly bounded for 7 > 0 by (2.12), v(¢) is a bounded entire
function on L. Hence v = 0 follows as we proved Theorem 1.1. m]

Remarks 2.7. (i) Liouville theorems for the Navier-Stokes equations are studied in [40] in
connection with the regularity problem. It is proved in [40] that bounded ancient solutions
u € L(R" X (—00,0)) must be constant for n = 2 and for axisymmetric solutions without
swirl. For the case with swirl, a Liouville theorem is proved under the decay condition

Ul € ———, xeR3 1<0.
X2+ x5
It is conjectured in [54] that any bounded ancient solutions is constant. See [52], [32], [9]
for a half space. For stationary solutions, a Liouville theorem is known to hold under the
condition u € L*(R?) [30]. See, e.g., [21], [20], [53], [41], [55] and the references therein
for further improvements.

(i1) For the Stokes flow, Liouville theorems are studied in [39] for domains. It is proved
in [39] that bounded ancient solutions v € L*(Q X (—o0, 0)) must be trivial for Q = R", R}
and bounded domains for n > 2. For exterior domains for n > 3, Liouville theorem does not
hold for merely bounded ancient solutions due to existence of stationary solutions which are
asymptotically constant as |x| — oco. See, e.g., [30]. It is shown in [39] that bounded ancient
solutions v(x, ) must satisfy

v(x, 1) — a(t) = O(x ™) as |x| > oo,

for some constant a(¢). This characterization is based on the representation formula (1.9).
We proved a Liouville theorem for exterior domains for n > 2 under the decay condition
for the spatial variable v € L™ (—o0,0; L?) for p € (1, c0) based on the boundedness of the
Stokes semigroup on LY [15], [17].



3. SPATIAL DECAY ESTIMATES OF THE STOKES FLOW

We prepare a spatial decay estimate of the Stokes flow (Lemma 3.8) to prove (1.6) by a
contradiction argument. To do this, we prove the representation formula (1.9). We regard
S (#)vo as the Stokes flow in R” with an external force and apply the Duhamel’s principle.

3.1. The Stokes flow on L. We recall solutions of (1.1) for bounded data vy € L;’. Solu-
tions of (1.1) for vo € L are constructed by approximation by elements of C¢,.

Proposition 3.1. There exists C > 0 such that for vo € Ly there exists {vo,u} C Ceoy such
that

[Ivomllz= < Cllvollz,
Vom — Vo a.e x€L asm— oo,

(3.1)

In particular, we have LY = {f e L™ |div f =0inQ, f-N = 00n 0Q}. If vg € BUCy,
Vo.m — Vo locally uniformly in Q, where

BUC,(Q) = {f € BUCQ) |div f =0inQ, f =00ndQ}.

Proof. See [4, Lemma 5.1]. O

Proposition 3.2. (i) Let T > 0. There exists C > 0 such that

1kl
(3.2) sup (ﬂ 102kl (1) + tIIVqllm(t)) < Clivollz
0<t<T

forv==S8@®voand Vg = (I — P)Av for vo € C, and 2s + |k| < 2. The associated pressure q
satisfies

(3.3) sup d(x)|Vg(x, D) < Clwllz=@0) (),
xeQ
forw =—(Vv—=VTVWN and t > 0 with d(x) = inf{|x — y| | y € 0Q }.
(ii) For vo € Ly and vy, € CZ; satisfying (3.1), vy, = S()vom subsequently converges to a
limit v locally uniformly in Q x (0, o) together with 8fal;vm and Vq,, for 2s + |k| < 2.

Proof. The a priori estimates (3.2) and (3.3) are proved in [3] for admissible domains. See
also [4, Lemmas 2.8, 2.12]. It is shown in [4, Theorem 3.1] that exterior domains of class
C?3 are admissible. The assertion (ii) is based on (3.1), (3.2) and Holder estimates for the
Stokes equations [59], [60]. See the proof of Theorem 3.2 in [4]. O
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Proposition 3.3. (i) For vy € L7, there exists a unique solution (v,Vq) € C 2’1(5 x(0,T]) x
C(ﬁ X (0,T)) of (1.1) satisfying (3.2), (3.3), and v(-,t) — vo weakly-star on L™ ast — O.
(ii) The solution operator S (t) : vo — v(-,t) forms an analytic semigroup on L7 of angle
n/2 and satisfies

Moo ag
(3.4) sup #2870 (Dvolles < Clivollgs-
0<t<T
The semigroup S (t) is weakly-star continuous on L7 at t = 0 and strongly continuous on

BUC,.

Proof. Proposition 3.2 (i) implies existence of solutions to (1.1) for vo € L. The unique-
ness follows from a blow-up argument [4, Lemma 2.12]. Since (3.2) is inherited to v, (3.4)
follows. The estimate (3.4) implies analyticity of S(¢) on L;’ [4, Theorem 3.2]. The angle
7t/2 follows from a resolvent estimate on L™ [5, Theorem 1.3]. O

Remark 3.4. (The Stokes operator on L;Y). We define the Stokes operator on L by

S(t) 1

Asf = }im f, feDAx),
D(AOO) = {f € Lg_o |A00f € LO'

(3.5)

The domain D(Aw) is equipped with the graph-norm ||f|Ip.,) = IfllL= + A fllz=. See also
[27]. Although A, may not be represented by the projection P, by the following Proposition
3.5, we have D(A) C W P (Q) for p > n with continuous injection. In the sequel, we write
A = A if there is no confusmn

Proposition 3.5. For f € L7, there exists a unique solution (v, Vq) € le’p (E)X(Lf: l(ﬁ) N LZ"(Q)),
p > n, of the Stokes equations

v-Av+Vg=f, divv=0 inQ,

(3.6) v=0 ondQ,
satisfying the estimate
(3.7) Wllyzr @, + V4l @ < Clifll=

Here, Lf: l(ﬁ) denotes the uniformly local LP space equipped with the norm

;2 ) = sup {lgllrca.,ney | 20 € @

The space W P(Q) is equipped with the norm ||v||sz(Q) = k<2 ||8];V|IL5[(§) and L7 (Q)
denotes the space of functions g € LIOC(Q) such that dg € L*(Q).



Proof. See [5, Theorem 1.1]. O

Remark 3.6. For domains with non-compact boundaries Q c R”, analyticity of S(¢) on L7,
is also studied. See [1] for a perturbed half space (n > 3), [6] for a sector-like domain
(n = 2), and [7] for cylinders (n > 2). For layers (n > 3), S(#) may not be bounded on
Ly [11], [64].

3.2. Spatial decay estimates. We estimate the stress tensor on dCQ2 by using the resolvent
estimate (3.7). We then prove a spatial decay estimate of S (¢#)vy from the representation
formula (1.9).

Proposition 3.7. Let Qy = Q N By(Ry) and Ry > 0 such that Q° C By(Ry). There exists
C > 0 such that

(3.8) sup [ITlz=@0)(s) < C(||Vo||D(A) + sup ||V||L°°(Q)(S))a t>0,

O<s<t O<s<t

for T =Vv+VTy—ql, v=S(t)vy, vo € D(A) and q satisfying
(3.9) f q(x,t)dx = 0.
Qo

Proof. Since the average of ¢ in Q is zero, by the Poincaré inequality [28, 5.8.1 THEOREM
1], we estimate

91l o) < ClIVGllr @y < ClIVGllp g)-
By the Sobolev inequality for p > n, we estimate
lgllz=@x) < Cllgllwrqy < 1V4ll G-

Since v = S (s)vp satisfies (3.6) for f = v + Av and D(A) C le’p (ﬁ) c WH(Q) by Remark
3.3, we have

T~y < CAWlly2 g + Vel @) < C’IVllpea).-

We estimate the right-hand side for s < r. We may assume that # > 1. For s € (0, 1), we
apply (3.4) to estimate

IVlIpeay(s) = IIS ()vollze + [IAS (s)vollz= < C(lIvollz= + lAvollz=) = ClIvollpa)-



For s € [1, t], we have

IVl (s) = IS ()vollz= + [IAS (1S (s — Dol
< IS (svollz= + CIIS (s = Dwolle < C” sup [Vll=(s).

O<s<t

Thus (3.8) holds. O
Lemma 3.8 (Spatial decay estimate). (i) Let v = S (¢)vg and vo € D(A). Then,

t
(3.10) v(x,t) = f I'(x —y,H)vo(y)dy + f f Vix—y,t— )T, s)Ny)dH(y)ds,
o) 0 Joa

forxe Qandt > 0.
(ii) Let n > 3. There exists C > 0 such that

(3.11) v(x, Ol < lIvollz= + sup [[T{lz=@e)(s), x€Q, r>0.

d(x)n—Z 0<s<t

If q satisfies (3.9), then

(3.12) v(x, DI < |vollz> + lIvollpcay + Sup||V||L°°(S)), x€Q, 1>0.

el
d(x)n—Z s>0

Proof. By (1.11), we estimate

dH(y)ds
V(x = y,1 = TG, SNOAHS| < sup [T =0 (5) f [ s
Q 0<s<t oo (|x =yl + 5'/%)

1
< ——— sup |||z~ _
a2 oo I m)(s)fo (1+ s1/2>"

The right-hand side is finite for n > 3. Thus (3.11) follows from (3.10). The estimate (3.12)
follows from (3.11) and (3.8).
We prove (3.10). Let (¥, @) be the zero extension of (v, g) to R". Then, (¥, §) satisfies

05— AP +Vg=p, divi=0 inR"x(0,o0),

(313) \7:\_}0 Ol’anX{t=O},

for a measure u(-, 1) € M(R") such that

(.9) = fa TOONOWOMHO). ¢ € o),



See [39]. Here, Co(R") is the L*-closure of C;°(R") and M (R?) is the space of finite regular
Borel measures on R", equipped with the total variation. The bracket (-, -) denotes the pairing
for Cyp and the adjoint space M. Indeed, by integration by parts, (¥, g) satisfies (3.13) in the
sense that

d

d—tfV-cpdy—f\?‘Agpdy—fE]dngody=f TN-@dH(y), ¢€CI@R".
n n n (’jQ

Since T € L™ (0Qx(0, Ty)) for Ty > 0 by (3.8), we have u € L*(0, To; M). We set vy = %7,
qe = Mg * g and u = 1. * p with the mollifier ., € C°(R"). Then, by substituting r.(x — y)
into the above, we have

314 0ve —Avg + Vg = e, divvg =0 in R" x (0, o),
(3.14) Ve = Voe onR"X({t=0}.

Since u, € L2(0,T; LP(R™) for p € [1, 0] and V(x,1) is the kernel of /2P, applying the
Duhamel’s principle implies

ve(x, 1) = etAvo,g + f IPu,(s)ds
0
=1 * ( f (- =y, Hvo(y)dy + f f V(e =y,t=9T(, s)N(y)dde)-
Q 0 Joa

The right-hand side converges locally uniformly in Q for each ¢ > 0. Since v, — v locally
uniformly in €, sending £ — 0 yields (3.10). O

3.3. The case for complex time. We extend (3.12) for complex time 0 < argt < 6.

Lemma 3.9. Lety = {t € C\{0} | argt = 6} for 6 € (0,7/2). We sety, ={s €y ||s| < |t|} for
rey.
(i) There exists C > 0 such that

(3.15) sup [|T]|=a0)(s) < C(”VOHD(A) +sup ”V||L°°(S))a tey,

SEY; SEY;

forv =S (t)vo, vo € D(A) and q satisfying (3.9).
(ii) The formula

(3.16) v(x,t) = f I'(x -y, Hvo(y)dy + f f Vix—y,t =T, ) Ny)dH(y)ds,
Q Q

Yt

holds for x € Q and t € y. The second term is the line integral on ;.
(iii) Let n > 3. There exists C > 0 such that



(3.17) v(x, DI < C(||V0||L°" + sup ||T||L°°(ag)(s)) , X€EQ, tey.
57

1
d(x)n—Z s
If (3.9) holds, then

3.18) (x| < C{nvonm + (Ivollpeay + sup {IMllz=(s) | 0 < arg s < 6) )},

o
d( x)n—2

forxe Qand (0 < argt < 6.

Proof. The estimate (3.15) follows in the same way as (3.8) by using the semigroup property
St+s5)=8S®S(s), t,s5€y

Since (v, g¢) solves (3.14) in R" X y, applying the Duhamel’s principle on 7; yields (3.16).
Since the Oseen tensor satisfies

Co

Vi, )l £ ————,
Vel (Ix] + [ /2y

xeR", tey,

(3.17) follows from (3.16). We sety’ = {argt = 6’} for & € [0, 6]. By (3.17) and (3.15), we
have

v(x,nl < C {IIVolle + lIvollpay + sup ”V||L°°(S)]}

|
d(x)n—Z sey’

1
<C {||V0||L°° + A= (Ivollpeay + sup {lIvllz=(s) | 0 < arg s < ‘9})}

for x € Q, t € y'. By taking a supremum for 8’ € [0, 6], we obtain (3.18). m]

Lemma 3.10. For n = 2, we have

C
(3.19) v(x, DI < |lvollze + o (”VOHD(A) + sup IIVlle(S)), |x| > 2Ry, t > 0,
s>0

1
v(x, )] < C{llvolle + —(Ivollpeay + sup {IMlz=(s) | 0 < arg s < 6} )},

(3.20) Il

|x| > 2Rg, 0 < argr <6,

forv = S(t)vo, vo € D(A) and q satisfying (3.9) with zero net force



F(s) = f T(,s)Ny)dH(y) = 0.
0Q
Proof. Since the Oseen tensor satisfies

IVV(x,1)| < xeR" e,

[4
(Ix] + 1172)?

by a simple calculation, we have

V(x=y,0) = V(x, 0l < x| > 2Ry, y € 0Q.

(1l + [1/2)3°

Hence

f f Vix—y,t =Ty, s)N(y)dH(y)ds

Y JOQ

f f Vix—y,t—5)—V(x,t— ) T(y, s)N(y)dH(y)ds
+ JOQ

Y
Il dr 1 00 dr
< sup 1Tl (s) S—wﬂmmefﬁ————-
supliflleoo(®) |- o =iy S i SepiTllaas) |- Gy

Since (3.8) and (3.10) hold also for n = 2, (3.19) follows in the same way as (3.12). Since
(3.15) and (3.16) hold for n = 2, (3.20) follows. O
4. THE LARGE TIME ESTIMATE FOR POSITIVE TIME

We prove the estimate (1.6) for ¢ > 0. We first prove a large time estimate of S (¢#)vg for
vo € D(A) N L2. Since D(A) N L? ¢ L2 N L? c LY for p € [2, %], by (2.3) and the Sobolev
embedding we have

tliglo IS ()vollz~ = 0.
In particular, ||S (£)vol|r~ is bounded for all # > 0.
Lemma 4.1. There exists C > O such that

(4.1) sup IS (t)vollz=(?) < Clvollpeay, vo € D(A) N L2,

>0
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Proof. We argue by a contradiction. Suppose on the contrary that (4.1) were false. Then,

for any m > 1 there exists ¥y, € D(A) N L? such that

M., = sup |[|[Vpllz= () > ml[Po,mllpca)s
>0

for ¥, = S (H)Vo n- We set v, = ¥, /My, so that

1
sup [[villz=(®) = 1, vomllpa) < —.
>0 m

We normalize the associated pressure ¢, so that

f Qm(-xa t)dx = 0’
Qo

for Qp = Bp(Rp) N Q and Ry > 0 such that Q¢ C By(Ry). Then by (3.12), we have

1 c (1
(4.2) (a0l < — + YT (E + 1), xeQ, >0,

with some constant C, independent of m. We take t,, € (0, o) such that ||[v,,||z~(t,) = 1/2.
By (3.4), we may assume that ,, — co. We take x,, € Q such that

1

Vi (X tn)| = Z

Case 1. mm_md(xm) = oco. We may assume that lim,,_,. d(x,,) = oo by choosing a
subsequence. By (4.2), we see that

d(x,)=2 \m

ENT

1 C 1
§|Vm(xm,fm)|ﬁ—+—( +1)—>O, as m — oo,
m

Thus Case 1 does not occur.

Case 2. 1imyy—e0d(Xy) < 00. We may assume that x,, — X € Q by choosing a subsequence.
We set

um(x9 t) = Vm(X, r+ tm)9 pm(x, t) = Qm(xa r+ tm)

Then, (uy,, pm) is a solution of (1.1) in Q X (—t,, 0]. By (4.2), we have

1 C 1
(e < 2+ (Z . 1), T

Since u,, is bounded in Q X (—t,,, 0], 6f6§um are bounded in Q X (=T,0] for 2s + |k| < 2
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and T > 0 by (3.4). Thus, there exists a subsequence (still denoted by u,,) such that u,,
converges to a limit # locally uniformly in X (—co, 0]. By sending m — oo, we have

4.3) lu(x, 1| <

02 xeQ, teR.
X

It is not difficult to see that the limit « is an ancient solution to (1.1). We take ¢ € Cf’l(ﬁ X
(—00,0]) satistying div ¢ = 0 in Q X (—c0,0) and ¢ = 0 on QX (—o0,0) U Q X {r = 0}. Since
up, satisfies (1.1) in Q X (—t,,, 0] and ¢ is supported in Qx (—tm, 0] for sufficiently large m,
by multiplying ¢ by (1.1) and integration by parts, we have

0
f f Uy, - (0rp + Ap)dxdt = 0.
—tm Q

Sending m — oo implies (1.7). The limit u also satisfies div u = 0 in Q X (—c0,0) and
u-N =0on0Qx(—00,0). Since u € L*(—o00,0; L?) for p € (n/(n—2), o) by (4.3), applying
the Liouville theorem (Theorem 1.1) implies that u = 0. This contradicts |u(xc, 0)| > 1/4.
Thus Case 2 does not occur.

We reached a contradiction. The proof is now complete. ]

Lemma 4.2. There exists C > 0 such that

(4.4) sup [IS (Dvollz= < Clivolles,  vo € L.

>0

Proof. It suffices to show (4.4) for vy € C, by Proposition 3.2 (ii). Since S (¢)vy is bounded
on L fort € (0, 1] by (3.3), we consider the case ¢ > 1. Since S (1)vyp € D(A) N L? and

IS (Wvollpay = IS (Dvolleo + IAS (Dvolleo < Clivollze,
we apply (4.1) to estimate
IS Wwvolle = 11S (¢ = DS (Dvollz= < CIIS (Dvollpay < C'lIvollre-

We proved (4.4). |

5. EXTENSIONS TO COMPLEX TIME

We prove Theorem 1.2. We begin with a maximum principle in a sector.
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Proposition 5.1. Let 0 € (0,7/2) andy = {t € C\{0} | argt = 6}. Forvg € D(A) N L2

(5.1) Jim sup {IIS ()vollz |argr =0} =0,
t|—00

(5.2) sup {|IS (¢)vollz= | 0 < arg# < 6} < max {Sup IS @®)vollze, sup ||S(t)V0”L°"}~

>0 tey

Proof. We shall show that

(5.3) Tlim sup {[IS(vollr [Ret =T, 0 <argr <0} =0, pe[2,00].

The property (5.1) follows from (5.3). Since vg € D(A), S (¢)vy is strongly continuous on L*
att = 0. Since S (¢)vp is holomorphic in Xy and continuous in 2_9, (5.2) follows from (5.3)
and the maximum principle.

We take 8’ € (0,7/2). ForRet =T, 0 < argt < 0, there exists t; > 0 and #, such that
t=1t; +t and

/

tan 6
— ), argt, = 6.

tan 0’

h ZT(I

Since S (t2)vg is bounded on L? for 1, € 0, by S() = S(#2)S (¢1) and (2.3) we have

tan 0
J<n

sup {IIS(Ovollr |Ret =T, 0 <argt <0} < Csup{llS(tl)volle - 2 ) <n < T}

T(l

—0 asT — oo,

Thus (5.3) holds for p € [2, 00). Since D(A)) C w2p by Proposition 2.1 (ii), by the Sobolev
embedding, we estimate

IS Wvoll < CIIS (tvollwrr < C'(IS (BvollLr + 1A,S ()vollzr).
Since [|A,S (Dvollzr = 1A,S (DS (1 = Dvoller < CIIS (= Dvollre, (5.3) holds for p = 0. O
We prove (4.1) on the half line y.
Proposition 5.2. There exists C > 0 such that

(5.4) sup IS (Ovollze < Clivollpay,  vo € D(A) N L2

tey
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Proof. Suppose that (5.4) were false. Then, for m > 1 there exisits vo,, € D(A) N L? such
that

1
sup [[vmllz=(®) = 1, vomllpa) < —,
tey m

for v;, = S(#)vo,m. Since sup,q [lvmllze < 1 for sufficiently large m by (4.4), we apply (5.2)
to estimate

(5.5) sup {[[vullz=(1) | 0 < argr < 6} < 1.

We normalize the pressure g, so that (3.9) is satisfied. By (3.18), we have

1 1 1
(5.6) ) <Cl=+ ——[=+1|}, xeQ 0<arer<o,
m  d(x)""2\m

with some constant C, independent of m. We take t,, € y such that |[v,,||r~(t,) > 1/2. We
may assume that |¢,,| — oo by Proposition 3.3 (ii). We take x,, € Q such that |v,,(xp,, ;,)| =
1/4.

Case 1. Em_md(xm) = oo. We may assume that lim,,—,«d(x;;) = 0. By (5.6), we have

1 1 1 1
ZSlV(Xm,meSC{Z'FW(E'Fl)}ﬁo, as m — oo,

Thus Case 1 does not occur.

Case 2. limy—,eod(x,,) < 0. We may assume that x,, — Xe € Q by choosing a subsequence.
We set

Up(X, 1) = V(X E+ 1), Pm(X, 1) = @m(x, t + 1),
Then (u;,, py) satisfies (1.1) in Q X A, for
Am = {r € C\[0} ’ % —ty, —T+6<argl< —g, Imz> —|zm|sin9}.
Since |t,,] = oo, the domain A,, approaches to the sector
A= {IGC\{O} ‘ —m+6<argt< —g}

By (5.6), we have
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1 1 1
5.7 m(x, DN <Cys—+—(—+1];, Q, Ay,
5.7 ) {m+d(x)n_2 (m+ )} xeQ re

Since 8?3 u,, for 2s + |k| < 2 are uniformly bounded for each bounded domain in Q x A by
Proposition 3.3 (ii), there exists a sub_sequence (still denoted by u,,) such that u,, converges
to a limit « locally uniformly in Q X A. For each T > 0, we set

It ={te A| =T <Ret<0, Imt=-Ttanb}.
Since It C A, for sufficiently large m, (u,,, p,,) satisfies (1.1) in QX I7. We take an arbitrary

¢ € CH1(Qx[-T,0]) satisfying div ¢ = 0in QX [T, 0] and ¢ = 0 on QX (=T, 0)UQ X { =
0}. By multiplying ¢ by (1.1) in Q X I7 and integration by parts, it follows that

0
f f U (x, @ + iB) 0y + Ap)dxda = — f um(x, =T + iB)p(x,—T + iB)dx, [ =—-T tanéb.
T JQ Q

Sending m — oo implies that

0
f f u(x, @ + iB)(0qp + Ap)dxda = — f u(x, =T + iB)p(x, T + iB)dx.
-T Ja Q
Sincedivu =0in QX Aand u-N = 0 on dQ X A, the limit # is an ancient solution in
Q x A. Since u € L*(A; LP) for p € (n/(n — 2), 00) by (5.7), applying the Liouville theorem

(Theorem 2.6) implies u# = 0. This contradicts |#(xw, 0)| = 1/4. Thus Case 2 does not occur.
We reached a contradiction. The proof is now complete. O

Lemma 5.3. There exists C > 0 such that

(5.8) sup IS (Dvolle= < Clivollz=,  vo € L5

teXy

Proof. We observe that
(5.9) sup (IS (t)vollzs < Clvollz=,  vo € D(A) N L.
tey

The estimate (5.9) holds for |¢| < 1 by Proposition 3.3 (ii). For |f| > 1, we take ¢; = ¢ and
sett =1 + tp. Since S (f1)vg € D(A) N L2 by (5.4) we estimate

IS @vollze = IS (#2)S (t1)volle < CIIS (t)vollpeay < C'lIvollzs-

Thus (5.9) holds. By (4.4), (5.9) and (5.2), we obtain
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sup{[IS ()vollz= | 0 < argt < 6} < Cllvollz.

Since the same estimate holds for —6 < argt < 0, (5.8) holds for vg € D(A) N L.
For vo € L7 we take a sequence {vo,,} C C.,, satisfying (3.1). Then by choosing a
subsequence (still denoted by vy,), vi, = S (f)vo,, converges to S (¢)vy locally uniformly in

Qx (0, 00) by Proposition 3.2 (ii). By (5.8) and (3.1), we have

(5.10) sup |[[Vinlle < Cllvollze.

teXy

Since vy, is uniformly bounded in Q X X, Bfaﬁvm is uniformly bounded in Q X {§ <
Re t,|argt| < 6} for 2s + |[k|] < 2 and each § > 0. Thus by choosing a subsequence, vy,
converges to a limit v locally uniformly in Qx {6 < Ret,|argt| < 6}. Since v,,(-, ) satis-
fies (3.2), the limit v(-,¢) is also analytic on L™ for t € Xy. Since v agrees with S (¢)vy for
t € (0,00), we have v = S (¢)vg for all r € Zy. Since (5.10) is inherited to v = S ()vg, (5.8)
holds. The proof is now complete. O

Proof of Theorem 1.2. The assertion follows from Lemma 5.3. O

Proof of Theorem 1.3. For n = 2 and solutions with zero net force, the spatial decay esti-
mates (3.19) and (3.20) hold. By using (3.19) and the Liouville theorem (Theorem 1.1) for
p € (2,00), we are able to prove (4.4) in the same way as n > 3. For complex time, we use
(3.20). O

Remarks 5.4. (i) (Decay for the time derivative) Theorems 1.2 implies the large time esti-
mate

(5.11) sup {[IS (Dvollz= + HIAS (Ovollz~} < Clivollre,  vo € Ly
>0

Since S () is bounded on y = {argt = 6} for 6 € (0, 7/2), we are able to change the integral
path of the Laplace transform from (0, co) to v, i.e.,

A-A)'f= f B e NS () fdt = f e~ S (1) fdr.
0

Y

See [50, Theorem 5.2]. This gives the resolvent estimate

- C
(5.12) 1A= A)~ fliz= < ITGI’”f”LM’ A € Xgir/2, 0 € (0,7/2).
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Since S (¢) is represented by the Dunford integral of the resolvent (1 — A7, (5.11) follows
from (5.12).
(i1) (Decay for the spatial derivative) By (3.4), for each T > 0 we have

C
(5.13) IVS @®voll < mllvollm, 0<t<T.

We are not able to take 7' = oo in (5.13). To see this, we recall the decay estimate

(5.14) IVS (Hvollr < t>0,voell, 1<g<p<n.

WHVO”L%

See [38] for n > 3, [24] for n = 2 and [45]. The condition p < n is optimal in the sense that
(5.14) for p > nis not valid for all # > 1 and vy € LY [45], [37, Corollary 2.4]. If (5.13) were
true for all # > 0, by the semigroup property and the decay estimate

C
IS @vollz= < tn/(—zq)IIVolqu, 1>0,

proved in [38], [23] for n > 3, [25] for n = 2, we would obtain (5.14) for p = co.

(iii) Theorem 1.3 improves the pointwise estimates of the two-dimensional Navier-Stokes
flows for rotationally symmetric initial data around a unit disk Q°. Let u be a global-in-
time solution of the Navier-Stokes equations for initial data ug € L(Zr NL' N Wg_z/ 9(Q) for
g € (1,4/3]. It is proved in [35, Theorem 5.8] that if ug is D,,1>-covariant for some m > 0
mmmﬁ%%eWy@xﬂ+MWﬂ%@mLW@mMU+MWﬂ%@WL%&mm
u is Dy,4p-covariant and satisfies the pointwise estimates

W= 22, 1> 0,
(5.15) Wmms{tﬂﬁw,xeﬂt>0

The estimate (5.15) is obtained from the representation formula of the Navier-Stokes flows.
Although the right-hand side is unbounded at x = 0 and ¢ = 0, respectively, by estimating
the integral form of u by using (1.6), we are able to show that u is bounded in Q X (0, c0).
Hence (5.15) is improved to

(1 + )=+,

u(x, 1 s
|u(x, 1) { (1+I)—(m+3)/2, xeQ, t>0,

as noted in [35, p.1546, Remarks (ii)].
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