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ABSTRACT. In this paper, we prove Hardy-Leray inequality for three-dimensional
solenoidal (i.e., divergence-free) fields with the best constant. To derive the
best constant, we impose the axisymmetric condition only on the swirl compo-
nents. This partially complements the former work by O. Costin and V. Maz’ya
[4] on the sharp Hardy-Leray inequality for axisymmetric divergence-free fields.

1. Introduction. Let N > 3 be an integer and v € R be a real number. In
what follows, D.,(RV)Y denotes the set of all smooth vector fields u : RY — RY,
u(x) = (ui(z),uz(x), - ,un(x)) for & = (z1,22,--+ ,xn) With compact support
such that u(0) =0if vy <1 — % Then, the Hardy-Leray inequality with weight
v € R is given by

2
e g1 [ o< [ wupps 0
By || RN
for all u € D, (RY)N, where the constant (’y + % - 1)2 is known to be sharp. This
was proved for N =3, v =0 by J. Leray [12] along his study on the Navier-Stokes
equations, as an N-dimensional generalization of the one-dimensional inequality by
H. Hardy [8]. For general v # 0, the inequality (1) was derived as a special case of
more general one given by Caffarelli-Kohn-Nirenberg [3]. In the context of hydro-
dynamics, it is an interesting problem whether the value of the optimal constant
increases by imposing u to be solenoidal, i.e., diva = 0. Costin and Maz’ya [4] ob-
tained a positive answer in every dimension N > 3, under the additional assumption
of axisymmetry. Corresponding result is recently obtained for irrotational vector
fields, i.e., curlu = 0 in [7].
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Hereafter let us restrict ourselves to the case N = 3. Main result in [4] in the
three dimensional case reads as follows:

Theorem 1.1 (O. Costin and V. Maz’ya [4]). Let v € R and let u € D, (R?)? be
an azxisymmetric solenoidal vector field. Then
2
C,y/ M|a/;|27dac < / |Vu|?|x|? dx
R3 R3

||
2 4+(y-%)*
+ )y == or v<1
holds with the sharp constant C., = (’Y 2)2 2+(v-4)° for v <
(’y—l—%) +2, for v>1.

It is clear that Cy > (y+ %)2 for v # —%, so we see the solenoidal and axisymmet-
ric constraint improves the best constant of the Hardy-Leray inequality. However,
since the sole assumption of axisymmetry does not change the optimality of the con-
stant (y+3)? in (1) y—3, it is expected that the condition of axisymmetry in Theorem
1.1 can be relaxed. Indeed, we shall show in this paper that Theorem 1.1 does hold
by imposing only one component of u to be axisymmetric. To be more precise, let
us introduce the spherical polar coordinates (p, 8, ) € [0,00) x [0,7] x [0,27) in
which z € R? is represented by

x=po, o= (cosb,sinbcosp,sinfsinyp) € S
For each (6, ¢), define the orthonormal frame (o, eq,e,) € SO(3) by
ey = (—sinb, cosf cos p, cosfsiny) ,
e, = (0,—sinyp, cosp) .

Then a vector field u : R? — R? at every point & = po is expanded in that frame
as
U = OUp + eglUg + e,ly,

where the last term ey u, is called the swirl part of u, which we abbreviate as
U, = eyu,. Also, the scalar function w,, is called the swirl component of w. *
A vector field w is called azisymmetric if its three components u,, ug and u, are
independent of .

Now, let us assume that u € D,Y(R?’ )3, and that its swirl part U, is axisymmetric,
i.e., u, is independent of . Then as we shall show later, u, becomes a solenoidal
field and satisfies the inequality

2
(b7 +2) [ Melapiar < [ (Vg Plafas @
R || R3

with the optimal constant (y+ 4)%+2 . Since it is just the same as C; in Theorem
1.1if v > 1, we observe that the effect of the swirl part is dominant in this case.
Accordingly, it is also interesting to evaluate the constant if we fix the swirl part of
u.

Now our main theorem is the following:

Theorem 1.2. Let u € D, (R®)3 be a solenoidal field. If w is swirl-free, i.e.,
u, = 0, then the inequality
2

c/ —|w|27dx§/ IVl dx 3)
R R3

s |zf?

'n many papers, swirl component is defined in the cylindrical coordinates in R3. However,
there are no differences between the two definitions.
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holds with the optimal constant C' = C,, o given by

_ 1\2 . 8(y—1)
Cro = (v + 1 + 2+ min (= + 3 )

2
(2V7_1+\/§) ; fOT%S’YS’YO7

- 1\2 4+(-3)? ,
=) —25 th
( + 2) (-2 otherwise,
_3 44311 4 ~
where o = 5 + (4 + 3%5)3 — 3(4+4m)% ~ 2.8646556.
33/2

More generally, for a given non-zero scalar function g : R® — R3 which is
independent of ¢ such that g = ge, € D (R®)3, let us define

G:={ueD,(R*? : divu=0, u,=g}.
Then (3) holds for any w € G with the sharp constant C = C, 4, where

Jps |Vg|2|w|27d$}
,0 > _ .
Jrs 19|22 da

Cy,g = min {C’nY

Jes [Vgl? 2?7 da 2
Lo ROt gy 22 0, 0 e

Cy,g 2> C, for all v € R. Then it directly follows from Theorem 1.2 that:

Since C, 0 > C5 and

Corollary 1. Let u € D, (R?)3 be a solenoidal vector field. We assume that u, is
azisymmetric, i.e., the swirl component u,, is independent of ¢. Then the inequality

2
¢, [ laprac< [ (VuPlafar
R3 R3

|z|?
holds with the same constant C., in Theorem 1.1.

This corollary shows that the axisymmetry assumption of w in Theorem 1.1
can be weakened to that of the swirl part u,. In other words, the non-swirl part
U — Uy, = €,U, + eguy need not be axisymmetric to obtain the optimality of the
constant in Theorem 1.1. Moreover, in a recent paper [6] it turned out that the
axisymmetric assumption in Corollary 1 can be further removed completely; the
same C in Theorem 1.1 was derived by decomposing solenoidal fields into “poloidal-
toroidal” (or shortly “P-T”) parts; in fact, the C, ¢ in Theorem 1.2 coincides with
the best constant of Hardy-Leray inequality for “poloidal” fields. However, the “P-
T” decomposition method is not suitable for the proof of Theorem 1.2, since the
swirl-free field u — wu,, is not necessarily “poloidal.” Thus we emphasize that the
result of Theorem 1.2 is not still included in that of [6]; our calculation method for
the proof of Theorem 1.2 is elementary and quite different from [6].

In the context of fluid mechanics, the effect of the swirl component of a velocity
vector field is well-studied from various view points; see for example, [11], [15], [1],
[9]. [10], [13], [16], to name a few. By Corollary 1, we see that the effect of the swirl
component is significant also from the view point of general optimal inequalities,
such as Hardy-Leray inequality with the improved best constant.

2. Preparation. Here we give some basic tools that will be needed for the proof of
our main theorem. As introduced in §1, the position of every point & = (z1, z2, z3) €
R3 is written in the spherical polar coordinates (p,,¢) € [0,00) x [0, 7] x [0,27)
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by & = po, where o € S? together with the orthonormal basis (o, eg, e,,) € SO(3)
given by
o = (cosf, sinfcosp, sinfsinp),

ey = Opo = (—sin b, cos b cos v, cos O sin ) , (4)
e, =P,0 = (0, —sin, cos p).
Hereafter we use the notations dy = %, 0, = %, and also we use the abbreviation
_ 1
@‘P - sinQaSO'

By differentiating o, ey and e, we verify that
Opeg = —0, Oge, =0, (5)
@Weg =e,cotl, &wew = —0 —egcoth .

We expand the gradient operator V = (a—‘zl, 6—22, 6—23) in the frame (4). By use of

the chain rule together with (4), we have
Ox ox oz

8p:6—p~V:a'~V, 89:%-V:peg-v, 8¢:%-V:(psin9)e¢~v,
where “-” denotes the standard inner product in R3. Then it turns out that
V=00,+ %VU ,

6
where V, = egdy + eg,ﬁy, is the spherical gradient operator. (©)

Now let u = ou, + egug + e,u, be a smooth vector field in R®. By using (4), (5)
and (6) we can check that the divergence of u is given by

pdivu = pV -u = (0pd, + egdy + e,P,) - (ou, + egug + e uy)
= (p9, + 2)u, + Doug + as@“so ) (7)
where we have introduced the derivative operator Dy = 0y + cotf which is the
L?(S?)-adjoint of —0p:
—/ (Opf)gdo z/ fDggdo , do = sinfdfdyp (8)
s2 s2

for any f,g € C°°(S?). From (7), it is clear that

divu, =0, .
divui div(u — ) } if we assume that OJ,u, =0 . 9)

As for the L? integral of Vau under such assumption, we have the following lemma.

Lemma 2.1. Let u = ou, + egup + e, u, be a smooth vector field in R3\{0}.
Assume that the swirl part u, = eyu, is azisymmetric. Then we have

/82 \V'u,|2da:/§2 |V(u—u¢)|2da+/SZ|Vu<p|2do,

where the two terms in the right-hand side are expressed in terms of components as

Optt)? + (pOpg)? + 202 + (Dgu,)?
¢ [ 19— )P = | (PO + (pOpun)” + 205+ Oo)*
s2 S2 +(DGUQ) — 4ue69up + (&pup) + (&pue)

02/ [V |[*do :/ ((Papusa)2+ (DGuw)Q)dU :
s2 s2
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Proof. By use of (6), (4) and (5), we directly have the following calculations:
PPIVul? = |po,ul? + [V, ul,
Voul” = [Opul” + |J,ul”
2 2
= |63(a'up + egug + eg,,u(p)| + |ﬁ¢(o'up + egug + eg,,uq,)|
2
= ’egup + O'@gup — oug + egdyug + e¢89u¢|
+ |epu, + o ou, + e, (cot O)ug + egPyug + (—o — ey cot O)uy, + e@ﬁq,uwﬁ
= (Opu, — ug)? + (up + Dgug)® + (3‘91@)2 + (5¢,up - u@2
+ (Ppug — uy cot 0)% + (u, + ug cot O + Jou,)?.
We now assume that u,, is axisymmetric. Then O,u, = 0 and integration by parts
yield
[ IVouldo = [ (@0, = )+ + Boa)? + @0 + By )
§? §?

+ (Ppup — uy, cot 0)* + (u, + ug cot 9)2)d0

uj

2 2 2
:/ ( 2u, + (Qgup)” + (Dgug)” + (sin )2 do
S2

—2U969up + 2u,Dgug + (6¢Up)2 + (6¢U9)2

+ /S ((agu¢)2 + (Siﬁ>2>da
(

where the last equality follows from (8) and the commutation relation
L
(sinf)? °
Then adding to the both sides of the above integral equation by
[ otz = [ ((00,0,)% + (080 d+ [ (00,057

2

09Dy — D0y =

we have

pZ/ \Vu|?do = / (pyup)” + (pyu0)” + 2y + (Ogu,)” do
S2 S2 +(D9U9)2 — 4U989Up + (ﬁwup)Q + (ﬁW’LLg)Q

- ~/Sz ((p9pug)? + (Douy,)?) do

This, together with letting u, = 0 or u, = ug = 0, gives the desired formula. O

3. Proof of Theorem 1.2. Asin [4], let w # 0 and let the right-hand side of (3)
be finite: [ps [Vu|?[x|*Vdz < oo, since otherwise there is nothing to prove. Then
the smoothness of w implies the existence of an integer m > —vy — % such that
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Vu = O(|z|™) as |z| — 0. Moreover, the condition u(0) =0 for v < —1 in the
definition of D, (R?)? leads to

m+y+3, if y<-1,

10
y+3, i y>-1. (10)

=N

lz| "t 2 u(z) = O(|z|?) , where (= {

[

Since 3 > 0, this ensures the finiteness of the left-hand side of (3): [ps [w|?|x[*Y2dx <
oo. We now introduce the vector field v : R® — R? as the left hand side of (10):

v(z) = [z Tu(),

which is called the Brezis-Vézquez-Maz’ya transformation [2],[14]. Then the right-
hand side of (3) is written in terms of v as

/ |Vu|?|x|* dv
1) 2
('y+2),u)’ 2 p*dpdo
]R+><S2
- 2

7// p~ O3 )(Vv (7+%)—"v>‘ P> 2dpdo

R+XS2 P

2

= [[ (9oP+ G+ 2 gt — b [ oo

R4 xS? Ry xS?

Vo2 e ]2
= dr + (y+ 3 —=dx
/. o] WO [P

where the last equality follows from |v(0)] = 0 and the support compactness of v.
Dividing the both sides by [, |u|?|x]|*"~2dz = [5, [v]?|2]| ?dz, we have

2 dx
fis[Vullefde (4o Jee VO] Tl (11)
Jgs |ul?|z|>—2dx 2 Jrs \v|2‘m|z3

Therefore, the minimization problem of the left-hand side, the Hardy-Leray quotient
for w with weight ~, is reduced to that for v with weight —1/2 .

3.1. The case u, = 0. In this case, u —u, # 0 by the assumption u # 0. Firstly,
we evaluate the infimum value of the Hardy-Leray quotient for v # 0 under the
assumption of swirl free. To do so, let A and f denote the components of the 1-D
Fourier transform of v(x) = v(po) = v(e'o) with respect to the radial variable

t=logp:

v\, o) e"My(ela)dt = oh(\, o) + egf(\, o)

v ke

for (\,0) € R x S2. Then the radial and spherical components of p/V\'U are given by

_—

p0,u(\, o) = B\, o) = iAD(\, o), Vov=V,0.
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By use of these relations and Lemma 2.1, the Hardy-Leray quotient of v with weight
—1/2 in (11) is calculated as follows :

Jgs Vo & Tz] fooo (P? Jsz [Vv[*do) %
Jas [0 \aj\% Joo (fea ‘”|2d‘7)@

// (Bpp)? + (p0pv0)® + 202 + D)\ dp
— ao
Ry xs? \ +(Dovg)? — 400, + (Dpv,)? + (Dpv9)? | P
// v +v9 dpda
R+><Sz
A2\h|2+/\2|f|2+2|h|2+|agh|2
// ) _ ) 5 d\do
rxs2 \ +|Dof|* — 4Re(fph) + P h|> + D, f|

//M (1% + |£[?)dAdo

(12)

Here the last equality follows from the isometric relation [ (v} + v7) </ b = [ (5,°+

Go2)dA.

On the other hand, we now represent the solenoidal condition divw = 0 in terms
of v :

=pdivu=p dlv(p_'*_%'v) )p TTEIVp-v+ p 7 2 pdiv

(=7 —
= p 7% (pdive = (y+ 3)v,)
which is equivalent to
pdive = (pd, + 2)v, + Dgvg = (v + 3)v,
by (7) and the assumption v, = 0. That is,
(at -7+ %) v, = —Dyug (13)

since pd, = 0. Integrating both sides of (13) with the complex measure e~ Mt
over R, we find the equivalent solenoidal condition written in terms of ¥ = ch+eq f
as

iIA—v+ %)h: —Dyf, that is,

37) foraﬂ )\7&0
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8
Then integration by parts in each of the

Now let us substitute (14) into (12).
numerator and the denominator in (12) yields

fR3 Vol 5 JR3 TV L ]
v 2
ng “w||3 dx
XD +0s Dol _ 4R TOsDol 4 |, 12
S d\do

// (- DT
B8\ ANfP + DR + |, f1?
1Dafl* |f|2> d\do

(89 Do)* _ ATtdy—4 2
// ((7—3)2+>\2 ((7 Teaz T 1) 09Dy + A >f()\,o') Dde
RxS2 +|a h|2+‘6 f|2
ffoS2f A o) % +1) f(A\ o)d\do
(v=35)*+

S (FQO =To) f + P ohI* + |9, f17) dAdo
[ Fa\ =To) fdrdo 7

where we have introduced the second-order differential operator

Ty = 0g Dy ,

and where g(\, —Ty) and Q(\, —Ty) are operators defined by the polynomials in «

o
Aa) = 1,
a? A2 44y —4 >
Aa) = +1)a+ A2,
Qi) (v=3)+ A <(7—§’)2+A2

by putting @« = —Ty. To evaluate (15), we expand f by using eigenfunctions
) of =Ty as

{0 (0)}ren C C([0, 7
3 —T v — Py, 2 y2d :1,
FO0.0) = 3 fu(\ ) (0),  where { aeyw :ugfn. Cliathed

v=1

(See Lemma 4.1 in Appendix.) Discarding the non-negative term |J,h|? + |, f|?
in the right-hand side of (15), we then see

Jzs VO 2% [avse FQN, —Tp) fdrdo
fRs |U| \z|3 N ffRng?Q(/\’ ~Tp) fd\do

211 fR\{o} Q()‘val/)|fl/(>\a
chjozl f]R\{o} q(\s )| fu (A,
QM ay) = inf inf F, (2, o),

> inf inf ——"—5
A£0veEN q(A, )  2>0veEN

©)|2d\do
©)2dNdo
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where F, is defined by

a? +<x—|—4fy—4 +1)a .
Qz, o) _ (1—3P+a \(y-3)P+e Y
Fﬁ(xaall)_ - Qy,
q(Vz, ay) 5 +1
(y—3)P+=

—o+(1- x+;,,(1+_<3)—3>2)°‘”

for > 0. Here we note that F,(z,q,) is just the same as the equation (2.36),—3
n [4]. As in [4] again, by observing that

F7($7041/) Z F(0,0d,/) = (1 - M) ay

ay+(y—3)?
) for v<1,
OF(0,00) _ 1 _ w >0
da, (o +(v—%)2)*
)a 4(y -1 — 3)2
8%(3:’0[”):1—1— S )(x+(’y32)2)>0 for v>1,
a (+au+ (-3
we find
I Jof Py ) = mig o, en) "
Fw(O,al)—Q—ﬁ, fOI"YS17
= . 8(7—1) f (18)

Combining (17) to (16), we arrive at

Jro |V”|2\m\

[MEE Ts > mnOlF (z,a1).
R |

To show that

Jrs Vo> & Jrs VU ]
S e = minFy(z,a), (19)
”350 fRS v =3 z20

divu=u,

let A, € R denote the value of X that attains the minimum of F,(A\? «a;). Define
the sequence {v,, : R? — R3},cn of smooth vector fields by

v (x) = v, (elo) = ( — oDy +ep(0 — v+ %)) (5(%) cos(Ayt) sin 9)

for every n € N | where £ : R — R is an even smooth function # 0 with compact
support on R. Tt is clear that v, satisfies (13), and so u,, = p*'y’%vn is certainly
solenoidal with compact support on R?*\{0}. Also note that ¢;(f) = sinf is the
first eigenfunction of —Tp = —0yDy associated with a; = 2, see Lemma 4.1 in
Appendix. Now let us denote the radial and angular components of v,, respectively
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as h, and f,. Then the 1-D Fourier integration of v,, gives

v,(A\ o) = m/ e~ Mo, (elo)dt = oh,(\, o) + egfu(N, o)

1 | o
— \/72?(— 20 cosf + eg(iA— v+ 3) s1n0) /]R
—in(A+A4)t —in(A—=Xy)t
c e —£(t)dt.

n (—20’c059+69(i)\—’y+%)sin9)/R 5

e ME(L) cos(A,t)dt

" Vor

Extracting the coefficients of o and ey, we have ﬁwhn = éﬂ,fn =0 and
n,. ) ~ ~
fah o) = 5 (A =7+ 3)(sind) (En(A+ 1)) +E(n(A=2,))) |
where £(\) := F Jpe ™E(t)dt for all X € R. Also the first eigenvalue equation
—Tofrn = ayfn follows directly from —dyDgsin® = 2sinf. Then inserting v = v,

and (h, f) = (hn, frn) into (15), we find
]@Ww%% [fzxse Fn@, —Tp) fudAdo
fRs |Un| |w|3 ffogz qu\a —Ty) fndXdo
QO a) (¥ + (v = D)[EMA +Ay)) +E(n(A = 1)) [Fdr
Jaarar) (A2 + (v = 2)2)|[E(n(A+ A,)) + E(n(A = 1)) | *dA
Q\y, 1) .
— m =F,(\, )= r/\nellgFﬁ,(/\aal) .

(n—o0)
Therefore, {v, }nen is certainly a minimizing sequence for the v-part of the Hardy-

Leray quotient, which completes the proof of equation (19).
Returning to (18), we compute the minimum value of F,(z,c1) = 2 + o +

3)2 for v > 1 : by differentiation of this equation, we have

8(y—1)
z+2+(v—
0 G
%F’Y(l‘aal): W(x) N2’
@+z+mfg))
where G (z) = (:17 +2+(y-3) ) . It is easy to check that the quadratic
function G, has the two roots x = -2 - (’y — f) + Q\f\/ . By numerical

calculatlon they satisfy

e 3 3 4 1 4
if $<y<vw=35+ (4+3\3/ﬁ2)3* vt
3(4+33/2)

- +
z, <0<zy <0,
r; < xj/‘ <0, otherwise.

Thus it turns out that
)2 f 3 <<
, for 3 Y< %,

Fy(af,on) =4V2/7 =1~ (v -3

min F, (z, 1) =
s fy( ) FA/(O, al) -9 + % , otherwise.
2
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Now the computation of (18) is done. Finally, combining this to (19)=(18) and
returning to (11), we arrive at:

i Jas [Vul?|x|*Vda

0, u|?|xz|?27—2d
0 s TPl

2
(Y+ 32+ F@f,a)=2y7—1+V2)", for $<y<9
24+(fy—%)
2+(r-3)"’

div

(v+ 32+ Fy(0,00) = (v+3) otherwise,

Mw

7,0 >

which completes the proof of Theorem 1.2 for u, = 0.

3.2. The case v — u, = 0. In this case, u = u, # 0 is an axisymmetric swirl
field by assumption. This also implies that v — v, = 0, and that v = v, # 0 is
also axisymmetric swirl. By Lemma 2.1, the Hardy-Leray quotient for v = v, with
weight —1/2 is estimated from below as

Jpa Vv 2% Jas Vv, 2% ffR+><S2 ((p0pv0) + (Dovy)?) %pda

Jo P Jo ol [
ffR xs2 ( D9vw)2dpd0 ffR xs2 Vo _T9)vwdlda !
> > a .
ffR+szvQ ©Ldo ffR+><S2U % do

To see the infimum of the left-hand side among such v is equal to the right-hand
side, we choose a sequence of axisymmetric swirl fields {v,, }nen as

vy (e'o) = e, &(t/n)sind |

where £ : R — R is a smooth function # 0 with compact support. Then it is easy
to check that

S [V0n* 5 2]

—s ] as n— 00 .
fR3 |vn|2|i% '

Therefore we have

inf Jra IV2P 5 ol _

v= vgﬁéO f]R?’ |'U‘ |a:|3
Opve

041:2.

Returning to (11), we have the inequality (2) for any axisymmetric w, with the
optimal constant (y + 3)? + 2.

3.3. The case u € G. In this case, the swirl part u, = g = ge, € D, (R?)3
non-zero and axisymmetric. We may assume u — u, # 0 by the results in the
former subsections. By Lemma 2.1, we can split the Hardy-Leray quotient for
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into the swirl and the non-swirl parts:
Jeo Va2l e [ |V (0w — wg) Pl de + [ [V 22 do
Jos ulPle72de foo lu — wg P> 2da + [, [ug?|2*7—2da
o IV (= )Pl + [y Vgl dr
Jgs [u — wo 2@ —2dz + [oo |g]?|z[>7—2da
o e V= w ) Plaf s [ Vgl
- Jps [u —ug Pl "2dz 7 oo |g]Ple|*2de
Jes [Vg? |7 d }
,0 —

Jrs 1912 [a]>7~2da
where the last inequality follows from the result in subsection 3.1, since u — u,, is
swirl-free and solenoidal by (9).

To see that the infimum of the left-hand side of (20) among G is equal to the

right-hand side, we choose a sequence {@,},en of solenoidal and swirl-free fields
such that

> min {CA, =C,yq, (20)

/ i [22[22dz =1 and / Vi, Pl de — C. o as n— oo,
R3 R3

On the other hand, since 9,9 = 0, the vector field g = ge, is also solenoidal by
(7). Then it follows that the sequence {u,, = nt, + g}nen belongs to G and that

ng |Vun|2|m\2"’d:r:

Tos TunlPlel™ %z — C,,0 as n — co. Consequently, we reach to the desired result.

4. Appendix. The second-order derivative operator Ty = JpDy = 0p(0p + cot 0)
is self-adjoint in L?(S?). Here we specify its spectrum:

Lemma 4.1. Let C§°([0,7]) = {¢ € C>([0,7]) ; ¥(0) = ¢(7) = 0} and let
T = L(&L + cot ) be the second-order derivative operator in C§([0,7]). Then the
set of eigenvalues of =T is given by

Spec(—T) = {a, =v(v+1); v €N},

Correspondingly, the eigenfunction of —T belonging to o, for every v € N is given
by

¥, (0) = Py_1(—cosf)sinf
(up to multiplying constant) for some polynomial P,_1 of degree v — 1. More-

over, the sequence {1, },en spans a complete orthogonal basis of the Hilbert space
L2([0, 7], sin 6d0).

Proof. Let ¢ € C§°([0,7]) and put (0) = ¢(#) sinf. Then we can see the function
¢ : [0, 7] = R is smooth in (0,7) and continuous on [0, 7], that is,
¢ € C((0,m)) NnC([0,7]).

d
do’

Ty = 0y (89 + cot 9) (¢psinb)
= (sin) ((9p + 3cot 0)dp — 2)¢ .

Also, abbreviating as dy = we have

Then the eigenequation —T% = a1 for a € R is reduced to
— (0g +3cot0)dpd = (. —2)¢ . (21)
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We now transform the variable 6 into = — cos € [—1, 1], whose differential obeys
the chain rule dyp = (sin )9, . Then the derivative operator in the left-hand side of
(21) is written as

(89 + 3 cot 9) Op = (89 + 3 cot 9) (sin 0)0,
= (cos0)0; + (sin 0)0p0y + 3(cos 0)0,
=(1—2%)0? — 420, .
Hence equation (21) is transformed into
(1 —22)0%¢p — 420,06 + (a —2)p =0 . (22)

The solutions of this eigenequation are known to be given by the 5-dimensional
Legendre Polynomials {P,_1},en :

o1 A\ 2\v
Pra(e) = (12?7 () (1-a?)",
with eigenvalue o« = o, = v(v + 1) for each v. (See, e.g. [5].) Consequently, the
v-th eigenfunction of —T is given by 1, (0) = P,_1(— cos ) sin .
By the Weierstrass approximation theorem, the sequence

{¢V (9) = Pvfl(_ Ccos 0) sin Q}DEN

spans a dense subspace of C§°([0, 7]) with respect to the topology of uniform con-
vergence, since every ¢ € C§°([0,7]) is expressed as ¥(0) = ¢(0)sin@ for some
¢ € C([0,7]). Additionally, it is well-known that C§°([0,]) is a dense subspace of
L2([0,7],df). Therefore, we obtain

Span{wu}veN de%se Lz([oa 77}7 da)

This holds also with respect to the measure sin 8df, which concludes the lemma. [
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