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GLOBAL WELL-POSEDNESS OF THE TWO-DIMENSIONAL EXTERIOR
NAVIER-STOKES EQUATIONS FOR NON-DECAYING DATA

KEN ABE

AssTrRACT. We prove global well-posedness of the two-dimensional exterior Navier-Stokes
equations for bounded initial data with a finite Dirichlet integral, subject to the non-slip
boundary condition. As an application, we construct global solutions for asymptotically
constant initial data and arbitrary large Reynolds numbers.

1. INTRODUCTION
We consider the two-dimensional Navier-Stokes equations in an exterior domain Q ¢ R?:

ou—Au+u-Vu+Vp=0 in Qx(0,c0),
divu=0 in QX (0,c0),

u=0 on 0Q x(0,00),

u=uy on x{r=0}

(1.1)

It is well known that the two-dimensional exterior Navier-Stokes equations are globally
well-posed for initial data with finite energy [40], [41], [37]. However, global solvability
is unknown in general for initial data with infinite energy. An example of infinite energy
solutions is a stationary solution with a finite Dirichlet integral, called D-solution [40]. It
is known that D-solutions are bounded in 2 and asymptotically constant as [x] — oco; see
Remark 1.2. In other words, D-solutions are elements of L™ N HOI, where H' denotes the
homogeneous L>-Sobolev space and Hé denotes the space of all functions in H', vanishing
on 0Q.

The purpose of this paper is to establish the global solvability of (1.1) for non-decaying
initial data ug € L7 N Hé. We set the solenoidal L*-space,

L2(Q) = {u e L™(Q) ‘ f u-Vodx=0 forge Wl’l(g)},
Q

by the homogeneous Sobolev space whQ) = {p € LIIOC(Q) | Vo € L1(Q) }. For exterior

domains, the space L agrees with the space of all bounded divergence-free vector fields,
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whose normal trace is vanishing on 9Q [5]. When Q is the whole space, the global solvabil-
ity of (1.1) is established in [28] for merely bounded initial data ug € L7]. Since the vortex
stretching is absent for the two-dimensional vorticity equation,

ow+u-Vo—-Aw=0 in R? x (0, o),

w = wo onsz{t:O},
the global a priori estimate
lwllpo@2y < llwollpe@zy >0,

holds for w = 1u* — du' by the maximum principle. (One may assume that the initial
vorticity is bounded by the regularizing effect on L™ [27].) The vorticity estimate plays a
crucial role in order to construct global mild solutions on L.

When Q is a domain with boundaries, vorticity propagation is more involved. The global
vorticity estimate may not hold and it is unknown whether the problem (1.1) is globally
well-posed on L. For exterior domains, local solvability on L7 is recently established in
[3] (see also [1]).

For initial data with finite energy, there is a global bound for vorticity. Since local solu-
tions exist in (0, T'] for some T > 0 and satisfies

1
sup 12{{lullz(0) + [Vall2(D)f < Clluoll,z,
0<t<T

by the energy equality,

!
f lu)>dx + 2 f f IVulPdxds = f luol>dx >0,
Q 0 Q Q

local solutions are continued for all # > T (see, e.g., [36]). In other words, global solutions
exist, provided that initial data is decaying sufficiently fast as |x| — oco. Since local solutions
are bounded and with a finite Dirichlet integral for each ¢ > 0, one may assume the regularity
condition up € L™ ﬂH(l) for initial data with finite energy. On the other hand, a finite Dirichlet
integral does not imply decay at space infinity. Thus the condition ug € L N Hé can be
viewed as an extension of finite energy.

Our goal is to construct a global mild solution for up € L7 N I-'Ié. As explained later in the
introduction, the space L; N Hé includes asymptotically constant vector fields. We prove
global solvability of (1.1) for non-decaying initial data ug € Ly N Hé, and deduce existence
of asymptotically constant solutions for arbitrary large Reynolds numbers. To state a result,
let S'(¢) denote the Stokes semigroup. Let P denote the Helmholtz projection. We construct
global mild solutions of the form

t
(1.2) u(t) = Sug — f St = )P - Vu)(s)ds.
0



Let C([0,T]; X) (resp. C,,([0, T]; X)) denote the space of all continuous (resp. weakly con-
tinuous) functions from [0, 7'] to a Banach space X. When X = L*, the space C,,([0, T']; L™)
denotes the space of all weakly-star continuous functions. Since the Stokes semigroup is
an analytic semigroup on L7 [5], the first term is defined for non-decaying initial data
ug € LY N Hy. The second term is defined by the Helmholtz projection on L? for u €
C([0, 00); L) satisfying Vu € C,,([0, 00); L?). The mild solutions constructed in this paper
are sufficiently smooth and satisfy (1.1) in a suitable sense (see Remarks 5.1). The main
result of this paper is the following:

Theorem 1.1. Let Q be an exterior domain with C3-boundary in R?. Assume that uy €
LY N Hé. Then, there exists a unique mild solution u € C,,([0, 0); L) of (1.1) satisfying
Vu € C,([0, 0); L?).

Remark 1.2. (D-solutions) We constructed global solutions of (1.1) in L® N H ! The space
L™ N H' is a natural space for studying non-decaying solutions. So far, various station-
ary solutions have been constructed in L* N H', while the existence of global solutions
was unknown for the non-stationary problem (1.1). Stationary solutions of (1.1) were first
constructed by Leray [40] based on an approximation as R — oo of the problem

—Aug +ug - Vug + VpR =0 1inQg,
div Uur = 0 in QR,
up =0 ondQ,

UR = U ON {|x| = R},

for Qz = Q N {|x] < R} and the constant u,, € R? (see also [38, Chapter 5, Theorem 5]).
The solutions constructed by the Leray’s method are with a finite Dirichlet integral and
called Leray’s solution. Later on, stationary solutions with a finite Dirichlet integral are
constructed also by the Galerkin method in [16, Theorem 3.2] ([18, Theorem X.4.1]). We
refer to any stationary solutions of (1.1) with a finite Dirichlet integral as D-solution. Note
that a finite Dirichlet integral does not imply a global bound as |x| — oo (e.g., u = (log|x]),
0 < @ < 1/2). It is proved by Gilbarg and Weinberger [30] ([31]) that Leray’s solutions are

bounded in Q and converge to some constant U, in the sense that fOZF lu(re,) — tis|*dd — 0
as r — oo, where (r,60) is the polar coordinate and ¢, = (cos®,sinf). Moreover, every
D-solutions are bounded and asymptotically constant in the above sense [6, Theorem 12].
Thus, D-solutions are elements of L’ N Hé.

When the constant u., is sufficiently small (#. # 0), Finn and Smith [15, Corollary 4.2]
constructed unique stationary solutions of (1.1) satisfying u — ue = O(1x|71/4) as |x| = oo
for some £ > 0. The solutions with this decay rate are called PR-solution [51, Section 4].
It is known that PR-solutions have the faster decay u — uo = O(lx|"1/?) as x| — oo [51].
Since the PR-solutions are with a finite Dirichlet integral [15, Lemma 5.2], they are element
of LY N Hé. See [17], [35] for more information about stationary solutions. Note that for
large Reynolds numbers, existence of stationary solutions is a long standing open question.
Here, we regard the constant |u| as the Reynolds number. As stated below in Theorem
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1.3, Theorem 1.1 implies existence of global solutions of (1.1) for arbitrary large Reynolds
numbers.

From a physical point of view, when the Reynolds number is large, a viscous fluid
can vary behind the obstacle periodically or irregularly. It is natural to consider the non-
stationary problem (1.1) for studying non-decaying flows of large Reynolds numbers. So
far, existence of global solutions of (1.1) was unknown for asymptotically constant initial
data. One may construct global solutions of (1.1) for small Reynolds numbers by subtracting
a PR-solution from u and reducing the problem to decaying initial data with finite energy.
We deduce existence of global solutions from Theorem 1.1 without constructing stationary
solutions, and obtain asymptotically constant solutions for arbitrary large Reynolds num-
bers.

To state a result, let BUC denote the space of all bounded uniformly continuous functions
in Q. Let BUC, denote the space of all solenoidal vector fields in BUC, vanishing on 9.
We consider asymptotically constant initial data ug € BUC, N Hé such that

lim sup |up(x) — Us| = 0.
R— Ix=R

For simplicity of the notation, we shall denote by ug — uc as [x] — oo. Since the Stokes
semigroup S (f)ug is asymptotically constant as |x|] — oo for such the initial data, sending
|x| = oo to (1.2) implies that mild solutions are also asymptotically constant. From Theorem
1.1, we deduce the following:

Theorem 1.3. Assume that us € R* and uy € BUC, N Hé satisfy uy — Ue as |x| — oo.
Then, the mild solution u € C([0, 00); BUC) satisfies u — uo as |x| — oo for each t > 0.

For the two-dimensional Euler equations, global solvability of the exterior problem is
proved in [34] for asymptotically constant initial data. In the paper, global solutions are
constructed by Schauder’s fixed point theorem for sufficiently smooth and asymptotically
constant initial data, satisfying the decay condition of vorticity

f(l + [1)|wo(x)ldx < co,  for some 6 > 0.
Q

For the two-dimensional ideal flows, vorticity moves along a stream line and does not in-
crease. Hence by using a stream line, the vorticity can be regarded as a fixed point of some
map between a space of bounded functions (see also [33]).

On the other hand, for viscous flows we expect increase of vorticity since there exist
boundary layers. As we have seen in the introduction, for decaying initial data sufficiently
fast as |x] — oo, vorticity is globally bounded in L? by the energy inequality, and solutions
are sufficiently smooth for all # > 0 even if new vortices are produced from the bound-
aries. For slowly decaying or non-decaying initial data, we expect that stronger vorticity is
produced from the boundaries. Indeed, for viscous flows of large Reynolds numbers, sep-
arations of boundary layers can produce turbulence behind the obstacle Q)¢ (depending on
shapes of the body Q°). See [39] for example. So far, a global vorticity bound was unknown
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for such non-decaying flows. We proved that vorticity of non-decaying flows in L*® N H'
are globally bounded in L? for each ¢ > 0 and solutions are sufficiently smooth for all # > 0
for arbitrary large Reynolds numbers. Note that Theorem 1.3 holds for exterior domains of
class C?, independently of shapes of the body Q.

Theorem 1.3 implies existence of global solutions for general viscosities v > 0 and arbi-
trary Reynolds numbers R > 0. Here, we set the Reynolds number by

R = Mdiam Q°.
v

In fact, for solutions (u, p) constructed in Theorem 1.3, we consider the scaling

1 X t 1 X t
MV(X, t) - V_au(vlﬂr’ yl+2a )’ pV(x’ t) - ﬁ (V1+0z’ V1+20z)

with some constant @ € R and obtain the global solution (u,, p,) for v > 0 in the exterior
domain Q, = v!™?Q satisfying u, — v %us as [x] — oo. The Reynolds number is a
dimensionless parameter, used as an important index for characterizing status of viscous
flows. One may observe that for fluid flows of large Reynolds numbers, the viscosities v > 0
are relatively small. However, such flows may not be simply understood like ideal flows.
Indeed, it is known that small viscosities v > 0 have a significant effect in boundary layers
[39]. Theorem 1.3 implies existence of global solutions for small viscosities v > 0 and large
Reynolds numbers R > 0.

It is an interesting question whether mild solutions approach stationary solutions as time
goes to infinity. When Q is the whole space, mild solutions for ug € LY N H' approach
constants as t — oo. Since the vorticity satisfies the global estimate

lwllzp g2y < lwollz2w2y >0,

11
2 r

for 2 < p < oo (e.g., [23, Chapter 2]), the Biot-Savart law implies that
||Vu||Lp(R2) < Cp”wHLP(RZ) —0 ast— oo for2< p < o0,

Since stationary solutions of (1.1) with a finite Dirichlet integral in R? must be constants by
the Liouville-type theorem [30, Theorem 2], one can rephrase that the limit as t — oo is a
trivial stationary solution.

When Q is a half space, global solvability of (1.1) is unknown for non-decaying initial
data; see [54], [43], [7], [3] for local solvability results. The statement of Theorem 1.1 is
valid also for a half space and global mild solutions exist for uy € LY N H)(R2). (For a
half space, the condition u € Hé implies a decay as |x| — oo. See Remarks 6.4 (ii).) It
is unknown whether the corresponding Liouville-type theorem holds for a half space since
vorticity does not vanish on the boundary. We refer to [49], [26] for Liouville-type theorems
in a half space. Note that for exterior domains, Leray’s solutions are indeed non-trivial
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[6, Theorem 29].

Let us sketch the proof of Theorem 1.1. We construct global mild solutions based on the
Stokes semigroup on L® N H'. We set

Al = IV A2,
I llzwnm = Iflle + 1 flgn-

The space L™ N H' is a Banach space equipped with the norm || - ||« Note that the norm
is homogeneous by the scaling, i.e., || fall;ongt = Al fllpong for f2(x) = Af(Ax), 1 > 0. We
first prove the a priori estimate of the Stokes flow

(1.3) sup (IS Ouollwnn + HIAS Ottoll gz } < Cllutoll oo
0<t<Ty

forup € LY N Hé and To > 0. Here, A denotes the Stokes operator. The estimate (1.3)
implies that the Stokes semigroup is an analytic semigroup on L; N H(]). When Q = R?, the
Stokes semigroup agrees with the heat semigroup and the estimate (1.3) holds; see Remarks
2.6 (i). We prove (1.3) for two-dimensional exterior domains by using fractional powers
of the Stokes operator on L? and an approximation for up € L N H(l). The estimate (1.3)
implies the regularity properties

(1.4) v, 12Vy € Cu([0, Tol: L), Vv € ([0, Tol; L),

for the Stokes flow v = S(#)up and ug € L, N H(]).
The second step of the proof is to construct local-in-time solutions of (1.1). In this paper,
we study local solvability of the Navier-Stokes system in a general form

ow—Aw+w-Vw+v-Vw+Vo=—-w-Vv—v-Vv in Qx(0,Typ),

s divw=0 in Qx(0,Ty),
(1.5) w=0 on 0Q x (0, Ty),
w=wp on QX {t=0}

Observe that the system (1.5) agrees with the original system (1.1) for v = 0. Moreover, for
the Stokes flow v = S (f)ug and the solution u of (1.1), the difference w = u — v satisfies the
system (1.5) for wy = 0. We establish a local solvability of (1.5) on L® N H' for a solenoidal
vector field v satisfying (1.4) and deduce the existence of the local solution u of (1.1).

A crucial step is to extend the local solution u of (1.1) by a global energy estimate. We
apply a global energy estimate of the perturbed system (1.5) for wy = 0 of the form



t
1
f Iwl?dx + f f IVwldxds < =V = 1) 0<t<T,,
Q 0 Ja 2

1
N = sup {IVlljeng + £21IVV]IL=}).
0<t<Ty

Since the global energy is bounded for the two-dimensional system (1.5), local solutions of
(1.5) for wy = 0 are globally bounded on L® N H!. We prove a global bound on L* N H!
by using an L”-blow-up estimate of the system (1.5). Since w = u — v solves the perturbed
system (1.5) for wy = 0 and v = S (f)up, we deduce that u—v is globally bounded on L* N H'
and the local solution u is continued for all 7 > 0.

This paper is organized as follows. In Section 2, we prove that the Stokes semigroup
is an analytic semigroup on LS N Hé. In Section 3, we establish local solvability of the
system (1.5) on L N Hé. In Section 4, we prove that mild solutions of (1.5) for wg = 0 are
globally bounded on L* N H'. In Section 5, we prove Theorem 1.1. In Section 6, we study
asymptotic behavior of the Stokes flow as x| — oo and prove Theorem 1.3. In Appendix A,
we prove local solvability of (1.5) on L? for p > 2 and deduce a blow-up estimate used in
Section 4. In Appendix B, we note LP-estimates of a fractional power of the Stokes operator
in a half space, related to Remarks 2.6 (ii).

After the first draft of this paper is written, the author learned the papers [48], [55] on large
time L*-estimates of bounded solutions in R%. Although vorticity of the Cauchy problem
is uniformly bounded for all # > 0, a uniform L*-estimate for velocity is unknown. In
[28], Giga et al. gave a double exponential bound for the sup-norm of velocity by using
a logarithmic Gronwall’s inequality. Their estimate is later improved by Sawada-Taniuchi
[48] to a single exponential bound by some approximation argument. More recently, the
result is further improved by Zelik [55] to a linear growth estimate by using a uniform local
energy. We refer to a lecture note of Gallay [19] for this uniform local energy estimate.
For periodic initial data in one space direction, a uniform L*-estimate is proved by Gallay-
Slijepcevié [21] (see also [20]).

The author learned a recent result of Maremonti-Shimizu [44]. In the paper, global
solutions in an exterior domain are constructed for merely bounded initial data by a per-
turbation from R2. See [3] for the local solvability result on L. For exterior domains
solutions near the boundary may be understood as finite energy because of the compact
boundary. On the other hand, for a half space global existence of non-decaying solutions
is unknown. Theorem 1.1 implies existence of global solutions at least for slowly decaying
data up € Ly N Hé(Ri). We refer to a recent paper [32] on stationary solutions in a half
space.

2. THE STOKES SEMIGROUP ON L™ N H!

In this section, we prove that the Stokes semigroup is an analytic semigroup on L N Hé.
We first prove the a priori estimate of the Stokes flow (1.3) for compactly supported initial
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data by using fractional powers of the Stokes operator on L?, and then extend initial data
by an approximation by using the Bogovskii operator. After the proof of Theorem 2.1, we
remark on higher dimensional cases (Remarks 2.6).

Theorem 2.1. Let Q be an exterior domain with C3-b0undary in R%. For Ty > O, there
exists a constant C such that the estimate

2.1) sup IS @)voll gt + AAS @vollonsn } < Cllvollen

0<t<Ty

holds forvg € L ﬁHé. In particular, the Stokes semigroup forms a (not strongly continuous)
analytic semigroup on L N Hé.

In the sequel, we use the following regularity properties of the Stokes flow deduced from
Theorem 2.1.

Corollary 2.2. Forvg € LY N Hé, the Stokes flow v = S (t)vy satisfies

1
2.2) sup {1 (voll e + 21IVS Ovollzs} < Cllvollsn
0<t<Ty
(2.3) v 12Vy € Cy([0.Tol; L), Vv € Cy([0, To: L),

Proof. The estimate (2.2) follows from (2.1) and the L*™-estimate of the Stokes semigroup
[5]. Since v = S(#)vg converges to vy weakly-star on L™ as t — 0, the function 112vy
converges to zero weakly-star on L*. Moreover, Vv converges to Vv weakly on L? by
(2.2). O
Let Hol,a denote the H'-closure of Cc» the space of all smooth solenoidal vector fields
with compact support in Q. In oder to prove Theorem 2.1, we prepare a characterization of
the space H(lw and an approximation for vo € L, N H(l) by compactly supported functions.

Proposition 2.3. Let Q be an exterior domain with Lipschitz boundary in R", n > 2. Then,
the space Hé - agrees with the space of all solenoidal vector fields in H ! where Hé denotes

the space of all functions in H', vanishing on Q.

Lemma 2.4 (Approximation). Let Q be an exterior domain in R?. There exists a constant
C such that for vo € L7 N Hé there exists a sequence {vo,},_, C Ly N Hé with compact

support in Q such that

[Vomllonm < Clivollpengts
Vom — Vo a.e. inf) asm— oo,

(2.4)



We shall give proofs for Proposition 2.3 and Lemma 2.4 later and first complete:

Proof of Theorem 2.1. Since the estimate

2.5) sup {IIS (t)vollz= + AIAS (t)vollzs} < Cllvoll=
0<t<Ty

holds for vp € LY N Hé [5], it suffices to show

(2.6) sup {IS (1ol + HIAS (Dol } < Clivoll -
>0

We begin with vgp € LT N H(l) with compact support in Q. Since the Stokes operator A is a
positive self-adjoint operator on L2, we are able to define the fractional power A'/? by the
spectral representation and we have

lulgn = |AZull2  for u € D(A?),

and D(A'/?) = Héa [52, Lemma 2.2.1]. Since vy is supported in Q and vanishing on 4,
the initial data vy is an element of Hé - by Proposition 2.3. It follows that

1 1
IS @volg = IAZS @Ovollz2 = IS (DA voll2

1
< IA2vollz2 = Ivolg-
Similarly, by the analyticity of the Stokes semigroup on L? [52, IV 1.5], we estimate

3 1
|AS (Dvolg = IA2S (Dvollr2 = [IAS (DA woll2

| 1
< ;”AZVOIILZ = ;|V0|Hl'

Thus (2.6) holds.
For general vo € LY N Hé, we apply Lemma 2.4 and take a sequence {vg,} with compact

support in Q satisfying (2.4). By applying (2.6) for v,, = S (t)vo,m, we have

sup {[vmlg1 + 14l } < Clvoll -

>0
Since vg,, — Vo a.e. in Q, by choosing a subsequence, v,, converges to v = S (f)vg locally
uniformly in Q X (0, c0) [5]. Thus the estimate (2.6) holds for vo € LY N Hé. O

In the sequel, we prove Proposition 2.3 and Lemma 2.4 by using the Bogovskii operator
[8] ([18, Theorem III 3.1]). Let L%, (D) denote the space of all average zero functions in
LP(D),i.e., fD fdx =0. Let Wé’p (D) denote the space of all functions in wlr(D) vanishing
on 0D for p € [1, o0].
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Proposition 2.5. Let D be a bounded domain with Lipschitz boundary in R", n > 2. Let
p € (1,00). There exists a bounded operator B : L% (D) — Wé’p (D) such that u = B[g]
satisfies divu = g in D, u = 0 on 0D and

(2.7) IVullrpy < Cligllzrp).-

The constant C = Cp is independent of dilation of D, i.e., Cp = Cp for A > Q.

Proof of Proposition 2.3. We reduce the problem to the cases of a bounded domain and the
whole space by a cut-off function argument. We may assume 0 € Q° by translation. Let
0 € C[0, c0) be a cut-off function such that = 1in [0,1], 6 = 0in [2,c0)and 0 < 6 < 1.
We set Og(x) = 6(|x|/R) so that g = 1 in Byp(R) and g = O in Bo(2R)c. Here, By(R)
denotes the open ball centered at the origin with radius R. We fix R > 1 sufficiently large
so that Q¢ C By(R). For vg € H(l) satisfying div vop = 0 in Q, we shall construct a sequence
{vom} € C¢,, such that vo,, — vo in H I Let B = Bp, be the Bogovskil operator on
Dg = {x € Q| R < |x|] < 2R}. We decompose v into two terms by setting

v = vobgr — Blgrl,
vo = vo(1 = 6g) + Blgrl,

for gp = vo - VOg. Since the average of gg is zero in Dg by div vg = 0 in Q and vy = 0 on 9,
v1 and v; are defined by the Bogovskii operator on Dg. Observe that v; € Hé (Qy) satisfies
divv; = 0in Q; = QN {|x| < 2R}, and v, € H'(R") satisfies div v, = 0 in R”, spt vy C
{lx] > R}. Since the assertion of Proposition 2.3 is valid for bounded domains and the whole
space [52, II. 2.2.3 Lemma and II. 2.5.5 Lemma], there exist sequences {vi,} C C2,(€21)
and {vy,,} € C2(R") such that

Noa

|
Vim — v in Hy(Ly),

Vo — vy in H'(R).

We identify vy, as an element of C.(Q) by the zero extension to R"\Q_l. Since v, is
supported in {|x| > R}, we may assume that v, ,, is supported in Q. Since vo = v| + v, we
obtain the desired sequence vo; = Vi + vam in Cop (Q). O

It remains to show Lemma 2.4. Since the H'-semi-norm is invariant under the scaling
fa(x) = f(1x), A > 0, for the two-dimensional space, the approximation (2.4) holds with the
L™ N H'-norm (see Remarks 2.6 (iv) for n > 3).

Proof of Lemma 2.4. Let 6 be a cut-off function used in the proof of Proposition 2.3. We set
0,,(x) = 6(|x|/m) so that 6,, = 1 in Bo(m) and 6,, = 0 in BO(Zm)L, and take m > 1 sufficiently
large so that Q¢ C By(m). For vy € LY N HJ, we set




Vom = V()em — Um,
uy = Bp, [gm] for gm =vy- Vb,

by the Bogovskii operator Bp, on D,, = {x € Q| m < |x| < 2m}. We identity u,, and its
zero extension to R?\D,,. We observe that vo,m 1s with compact support in Q and satisfies
div vo,, = 01in Q, v, = 0 on 9Q. Since vg,, — Vg a.e. in Q as m — oo, it suffices to show

IVounllz=ne < Clvollpsng-

We observe that

VoBmllr~ < lIvollzs,
IVOoOmlir2 < IVvollzz + [Vollz= IVl 2-

Since the H'-semi-norm is invariant for 6,,(x) = 6(|x|/m), i.e.,

IVOull2r2) = IVOll2R2)s

we have

V0Ol onm < Clivollpongts

with some constant C, independent of m > 1. We shall show

(2.8) et + IVttmll 2y < Clvoll=(-

The desired estimate for vy, follows from (2.8). We estimate the cut-off function 6,, and
observe that

Cy
llgmllrp,) < s1vollz= @)
1
m r

holds for p € [1, oo]. We apply (2.7) to estimate

(2.9 Vunllzro,) < Callgmllzrp,,)-

Since the constant in (2.7) is invariant under the dilation, the constant C, is independent of
m. We take p = 2 and obtain a uniform estimate for Vu,, in L?. It remains to show the
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L*-estimate for u,,. Since u,, vanishes on dD,,, we apply the Poincaré inequality [14] to
estimate

LD,y < MC3|[VupllLep,,)-

with the constant C3, independent of m. The above estimate is obtained by applying the
inequality in D; and rescaling. We apply the Sobolev inequality [42, Lemma 3.1.4] for
p > 2 to estimate

1-2 2
V4 V4
el < Callttmll iy IV smllg

1-2
< C4(mC3)" ?[|Vupllrp,,)

1-2
< C4C3 7 CrChlvollz=(g)-

Since the constants C; — C4 are independent of m, we obtain the estimate (2.8). The proof
is now complete. O

Remarks 2.6. (i) When Q is the whole space, the heat semigroup forms a bounded analytic
semigroup on L*® N W', where W' denotes the homogeneous L"-Sobolev space. We set

flyrn = IV fllze,
I llznwra = Ifllze + [ f Ty

The space L* N W' is a Banach space equipped with the norm || - || «qy14. Since spatial
derivatives commute with the semigroup, we estimate

levolyyia = lle“Vvollzn < ClIVvolls,
14

|Ae™volyn = |Ae™ Vvl < —lI¥vollis, 1> 0.

Since the heat semigroup is a Cy-semigroup on L", it is strongly continuous for vy € L™ N
Wb ie., Ve vy — Vvgin L" as t — 0.

(i) When Q is a half space, the Stokes semigroup is a bounded analytic semigroup on
LYN WO1 " where Wé " denotes the space of all functions in W', vanishing on the boundary.
We estimate the W'!"-semi-norm by the estimates of the fractional power

1

(2.10) IVullr < CrllAzul|,
1

(2.11) lA2ull» < CollVullgn,

for u € D(AY?) and D(A'/?) = Wé’(’;, where Wé’('; denotes the W!"-closure of CZ,.. The
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estimate (2.10) is proved in [9, Theorem 3.6 (ii)] for general L”-norms. The estimate (2.11)
follows from a duality; see Appendix B. Applying (2.10) and (2.11) together with the ana-
lyticity of S () on L" implies that

1
IS Dvolyyrn = VS @voller < C1llA2S (D)vollz

1
< ClllAZ vl
< CliVvollzr,

C’
|AS (H)volyin < 7||VV0||U, t>0,

for vg € D(A'/?). Since we are able to approximate vo € LY N WS’" by elements of D(A'/?)
by a pointwise convergence as remarked below in (iv), we have

|S (t)vO|W1,n + t|AS (t)vO|W1,n < C||v()||meWl,n, t>0

forvg € LY N Wé’”. Since the Stokes semigroup is a bounded analytic semigroup on L7
[13], [54], it forms a bounded analytic semigroup on L N W(l)’" forn > 2.

(ii1) When Q is bounded, S (¢) is a bounded analytic semigroup on L [4]. Moreover, the
estimates (2.10) and (2.11) hold (see Remark B.2). Thus S(#) is regarded as a bounded
analytic semigroup on L7 N Wé’” . When Q is an exterior domain, the estimate (2.10) does
not hold for n > 3 [10, Theorem 1.1 (ii)] (see also [29, Theorem B], [11, Theorem 4.4].)
Whenn = 2, Lz—theory is available and we obtained (2.1).

(iv) The assertion of Lemma 2.4 is extendable for higher dimensional cases for n > 3. Since
the W!"-semi-norm is invariant under the scaling fi(x) = f(4dx) for 4 > 0,x € R", by the
same way as we proved Lemma 2.4, for vp € LY N WS’” we are able to construct a sequence

{vom} C LY N Wé’" with compact support in Q satisfying

(2 12) ”vo,m”LD@le,n S C”vO”LmﬂWUly
. Von — Vo a.e.inQ,

with some constant C. By a similar cut-off function argument, we are able to construct a
sequence satisfying (2.12) also for a half space Q =R}, n > 2.

3. LOCAL SOLVABILITY OF THE PERTURBED SYSTEM

In this section, we prove local solvability of the perturbed system (1.5) for non-decaying
initial data in L N H' (Theorem 3.1). The local solvability on L™ N H' is used in the next
section in order to construct global solutions for wy = 0. We apply regularizing estimates of
the Stokes semigroup proved in the previous section and establish the solvability on L N H!
by an iterative argument.

We consider the perturbed system of the form



ow—Aw+w-Vw+v-Vw+Vr=—-w-Vv—v-Vv in Qx(0,Tp),

il divw=0 in Qx(0,Ty),
(3.1 w=0 on 9Q x(0,Ty),

We assume that the perturbation v is a solenoidal vector field in €, vanishing on the bound-
ary, i.e., divv = 0in Q and v = 0 on 0L, and satisfies

(3.2) v, 112V € C,.([0, To): L), Vv € Cy([0, Tol; L?).

Our goal is to prove local existence of mild solutions of the form
!
w(t) = S(HOwo — f S—PW-Vw)ds, w=w+w.
0
Theorem 3.1. Let v be a solenoidal vector field in Q satisfying (3.2). Set

N = sup {IMllmnm @ + VY= ().

0<t<Ty

There exists a constant € such that for wo € LY N Hé, there exists T > eK™2 for K =
Iwoll;ongt + N, and a unique mild solution w € C,,([0,T]; L™) of (3.1) satisfying 2vw e
C([0, TT; L) and Vw € C,([0, T1; L?).

In order to prove Theorem 3.1, we recall L™ -estimates of the Stokes semigroup.

Proposition 3.2. Let Ty > 0 and a € (0,1). There exist constants C1 — C4 such that the

estimates

1
(3.3) IS (OWollwps + 21IVS Owolle < Cillwollpsnpt»

s
(3:4) 121038 (P Sl < Callfllz2,

|k|+1—a . _
(3.5) 2 |I05S (Pdiv Flipe < C3lIF|I;=IFIIS,
1

(3.6) 2|IS OP fllponm < Callflz2,

hold for wo € LY N H}, f € L F € W(}"’" satisfying div F € L?, |k| <2, and 0 < t < T,

Proof. The estimate (3.3) follows from Corollary 2.2. Since the Stokes semigroup S (¢) is an
analytic semigroup on L2, the estimate (3.4) holds [52, IV.1.5]. The estimate (3.5) is proved
in [2, Theorem 1.1] for F € C. It is proved in [3, Theorem 2.2] that the composition
operator S (#)Pdiv is uniquely extendable to a bounded operator S (£)Pdiv from Wg’m to L7
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together with (3.5). Since S (f)PdivF agrees with S (#)PdivF for F € Wé’“’ satisfying div F €
L?, we have (3.5).
It remains to show (3.6). Since t'/2||VS (t)Pf]l» < C||fll» by (3.4), it suffices to show that

C
(3.7) (IS (OPfllL= < t_l”f“Lz'

We estimate v = S (#)Pf by interpolation. By the Sobolev inequality [42, Lemma 3.1.4], we
have

1 1
Vil < CIVIZ NIV,

We estimate the L*-norm by the H'-norm. We invoke the Sobolev inequality

1 1
(3.8) llellz+ < Cligll 2 ligl,,

for ¢ € H'(Q). The estimate (3.8) is known for Q = R? (e.g., [38, Chapter 1, Lemma 2])
and extendable for the exterior domain Q c R? by a suitable extension of ¢ € H'(Q) to
R2\Q, . We apply (3.8) for ¢ = v and Vv. By L?-estimates of the Stokes semigroup (3.4) for
|k| < 2, we obtain (3.7). The proof is complete. |

Proof of Theorem 3.1. We set a sequence {w;} by

!
(3.9) Wit :S(t)wo—fo St—s)Pw;-Vw;ds, Ww;=w;+v,
wy = S(f)wo,
and the constants

Kj = sup {Iwjllponm @) + 1 21Vwll=(0)},
0<t<T

K= sup {I0)llpenm @) + 2Vl (0)).
0<t<T
We may assume that 7 < 1. We first show that

(3.10) K;<CK forj=1,2,---,

for T < &K% with some constant &g > 0 and K = [Woll;onzn + N. We apply (3.3) to
estimate

!
W jetllnn < Cillwollpengn + f IS (¢ = SYBW; - Vvl o yn ds.
0



We set F; = wjW;. Since div F; = W; - Vip,, it follows that

I1Fjlleo < I~(12',
N 2 5,
IVFjlloo < m T

ldiv Fjll, < K.

Since s < 1 fort < T, we observe that

a
5 1= 7 220-0)p2 2 22
IE jllee “IF I o < K (K,- + S_;Kj)

2\" .
(136
52

a

o2
< =K,
§2

where ||Fj||1,oo = ”Fjuwl,oo. We apply (3.5) and estimate

where

By (3.4) we estimate

! !
- C ~
f IVS (¢ — s)Pdiv Fj|lods < f 2 -lldiv Fj|l2ds
0 0 (t—19)2

= 1
< 2C2Kjt2.
We obtain
~5 1
Wjsillonm < Cillwollpeongr + BYC3M, + 2C2)K?t2‘

Similarly, applying (3.3) and (3.5) implies



1 ) 1
12[[Vwjsillzs < Cillwollpsng + 3*C3MaK12.
By combining the above estimates and

f(jSKj-f-N
SKJ'+K,

we obtain
Kju1 < CsK + Co(K; + K)*T?
with the constants

Cs =2Cy,
Ce = 2QC3(M1 + M) + 2C5.

We take T < 9K~ for

o= ()
07\ Ce2Cs + 12)

and obtain (3.10) for C = 2Cs. Since S (f)wg is weakly-star continuous on L™ at time zero
by Corollary 2.2, the sequence {w;} is uniformly bounded in C,,([0, T']; L*). Moreover, the
sequence w; satisfies tl/szj € C,([0,T]; L*) and Vw; € C,,([0, T]; L?).

We show that {w;} converges to a limit w € C,,([0, T]; L*). We set

Pj=Wj=Wj-1,

i
L= sup {||Pj||LoomH1(l)+f2||VPj||L°°(f)}-
0<t<T
Since

Wj . VW]' —Wj_l . VWj_l = Wj . V(Wj —Wj_l) +Wj . VWj_l - (Wj_l —Wj) . VWj_l —Wj . VWj_l

ZW]"ij +pj'VWj_],

we estimate

!
Pj+1 :—fS(t—s)P(wj-ij+pj-ij_1)ds.
0



We set F'y = wjp;. Since div F'y =W; - Vp;, we have

IF1lle < K;L;,
2 .

IVFilleo < ijLj,
Idiv Fill» < K;L;.

Since s < 1, it follows that

_ ooy 2o )
IFIS N o < (KL “(Kij + —lKij)
s2

a

| (oY)

<

C

KL,

A
IR

We apply (3.5) to estimate

(t—9)2

! !
C
f IS (t = $)Pdiv Fileods < f —— IF IS CF o ds
0 0

!
3 d
< 3"C3Kijf S —
0 (t—s5)2 52

~ 1
=3%C3M, K;Ljtz.
Similarly, applying (3.5) and (3.4) yields

!
f IVS (t = $)Pdiv Filleods < 3°C3MaK;Lj,
0

!
f IVS (t — $)Pdiv Filds < 2CoK;L ;7.
0

By combining the above estimates, we have

t t
f IS (¢ = $)Pdiv F || pds + 12 f IVS (¢ - s)Pdiv Fy|| ~ds
0 0

< (3°C3(My + My) + 2C)K,Ljt>.

By a similar way, we set F, = p;Ww;_1 and estimate



! !
f IS (t = $)Bdiv Falljwpgds + 12 f VS (¢ — 5)Pdiv F|l»ds
0 0

< (3°C3(My + My) + 2C)K ;1 Ljt?.
By combining the above estimates for | and F,, we obtain

Lj+1 < C7([~(j + f(j_l)LjT%

with the constant C; = 3%C3(M; + M») + 2C». Since the estimate (3.10) holds for C = 2Cs5,

it follows that
kj < Kj +N
<2CsK+N
< (2Cs + DK.

We take 7' < &, K2 for
| 2
g=—1,
"“ac20s+ 1)
so that
1 .
Lj < ELj for j=1,2,---.

It follows that

Ljy < (%)le — 0 asj— co.

Thus, w; converges to a limit w € C,,([0, T]; L*) uniformly in Q x [0, T] and the limit w
satisfies t'/2Vw € C,,([0, T]; L*) and Vw € C,,([0, T]; L?). By sending j — oo to (3.9), the
limit w satisfies the integral equation. It is not difficult to show the uniqueness by estimating
difference of two mild solutions. We proved the existence of mild solution for 7 > 0
satisfying T < e,K =2 for &£ = min{eo, ;). Thus the existence time is estimated from below

by T > eK~? for

The proof is now complete.
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4. GLOBAL SOLUTIONS OF THE PERTURBED SYSTEM

The goal of this section is to construct global solutions of the perturbed system (3.1) for
wo = 0 (Theorem 4.5). We first show that mild solutions on L*® N H' satisfy the system (3.1)
in a suitable sense and a global energy estimate holds. In the subsequent section, we prove
that mild solutions are globally bounded on L™ by using an LP-blow-up estimate. We then
estimate a global H'-norm of mild solutions by using an integral form.

4.1. Energy estimates. We first show that the mild solution for wy = 0 satisfies (3.1) on
L2

Lemma 4.1. Assume that wy = 0. Then, the mild solution w of (3.1) satisfies

weC(0,T;LF), 2< p<oo,

4.1
“.D Vw e C([0,T]; LY), 2<g< co.
Moreover,

(4.2) dw, Vwe L50,T; L%, se(l,c0),

and w satisfies (3.1) on L2 fora.e. t € (0, T) with the associated pressure 7.

In order to investigate regularity properties of mild solutions, we prepare an L”-estimate
of the Stokes semigroup.

Proposition 4.2. There exists a constant C such that

C
(4.3) IS (OPfllLr < ———IIPfllz2

t2 b

holds for f e L*>,2 < p < oo, |k| <1and 0 <t < Ty.

Proof. It suffices to show the cases p = 2 and p = co. Then, the desired estimates follow
from interpolation. When k = 0, (4.3) holds for p = 2 and p = oo by (3.4) and (3.6). When
|k| = 1, (4.3) holds for p = 2 by (3.4). By the L™ -estimate of the Stokes semigroup [5], we
have

IS @ fll =[5 (5) (5)27].

£ S(%)Pf”w.

1
12

Since (4.3) holds for |k| = 0 and p = oo, we obtain
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C
IVS OF flleo < —lIPfl2-

We proved (4.3) for |k]| = 1 and p = oo. O

Proof of Lemma 4.1. We estimate the mild solution

w= f S — s)Pfds
0

for f = —w-Vwand w = w+v. Since w satisfies w € C,,([0, T']; L) and Vw € C,,([0, TT; L%
by Theorem 3.1 and (3.2), we observe that

feL™0,T;L%.

If follows from (4.3) that

A
IIWIILnSf IS (2 — )PfllLr-ds
0
! ds
SCf —l_l”Pf”L“(O,T;Lz)
0 (t—s)2»

141
< Ct2+p||f||Lm(0’T;L2) -0 ast—0.

Thus, w € C([0, T]; L?) for p € [2, o0]. By a similar way, applying (4.3) for |k| = 1 implies
that Vw € C([0, T]; LY) for g € [2, o).

It remains to show (4.2). By the maximal regularity estimate of the Stokes operator A
[12, Theorem 4.4] ([52, IV. 1.6.2 Lemma]), we estimate

10wl 07,02y + 1AW 50,7322 < Cllfllpso,rzz2)  for s € (1, 00).
By the resolvent estimate, we have
IV2wlla < C'(Iwllz + lAw]Lo).

Thus (4.2) holds and w satisfies (3.1) on L? with the associated pressure . O

Since the mild solution w satisfies (3.1) on L?, by integration by parts we obtain the global
energy estimate.
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Lemma 4.3. The estimate

!
1
(4.4) f wl2dx + f f IVwiPdxds < (V"= 1) 0<t<T,
Q 0 Ja 2

holds for mild solutions of (3.1) for wog = 0 and Ty > 0 with the constant N in Theorem 3.1.
In particular, w € L4(0, To; L4).

Proof. We multiply 2w by (3.1) and observe that

d
— f Iw?dx + 2 f [Vw|>dx = -2 f (w-Vv) - wdx — 2 f (v-Vv) - wdx.
dr Jo Q Q Q

Applying the Young’s inequality implies that

IZf(w-Vv)-wdx
Q

:|2f(w-Vw)-vdx
Q

< 2lwllzVlleolVWll2

20112 2
< Wiz + [Vwll3,

2 2 2
< [VlISlwllz + IVl

|2f(v-Vv)-wdx
Q

It follows that

d
— f Iwl?dx + f [Vw]?dx < 2N? f Iw?dx + N2.
dr Jo Q Q

We set

o(0) = f widx,
Q

and observe that ¢ satisfies ¢(0) = 0 and

d
eV = (g~ 2NN

< N? e—ZNzt‘
Integrating the both sides between (0, r) yields that
1wy
ety < S = 1.

It follows that
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t t
f Iwl>dx + f f |Vw|*dxds < 2N? f @(s)ds + N*t
Q 0 Q 0

!
<N? f (V'S _ 1)ds + Nt
0

— 1(621\721‘ _ l)

2

We proved (4.4). By the Sobolev inequality [38, Chapterl, Lemma 1], we estimate
1 1
Iwlla < Csllwlly IVl .

By the global energy estimate (4.4), w € L0, Ty; L*) follows. O

4.2. L*-bounds. The global bound in L*(0, T; L*) implies:
Proposition 4.4. The mild solution w of (3.1) for wy = 0 is globally bounded in Q x [0, T).

Proof. We observe that the mild solution w is locally bounded in L* by (4.1). We shall show
the global bound

(4.5) w € C([0, Tol: LY.

The global bound (4.5) implies that w € C([0, Tp]; L™). In fact, by the local solvability of
the perturbed system on L* (Lemma A.1), for each fy € (0, T), we have

(4.6) (t = 10)*Vw € C(lto, 10 + T11; L*),
for T) > &4K,* with the constants

Ky = [wllz(t0) + N7 (1o).
N(to) = sup (Wl () + (7 = 10) 21Vl (0))-

to<t<Ty

The constant N(#y) is bounded for ¢y € (0, Tp] by (3.2). The global bound (4.5) implies that
K4 is bounded for all ty € (0, Ty]. Thus the constant 7 is uniformly estimated from below
for to € (0, To]. Since Vw is bounded in L* near ¢ = 0 by (4.1), it follows from (4.6) that

Vw € C([0, Tol; L.

By the Sobolev inequality [42, Lemma 3.1.4], we estimate
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1 1
Wlleo < CsllWliZIIVWll;

Thus, w € C([0, To]; L™) follows.

We prove (4.5). Suppose that there exists some T € (0, Tp] such that w blowsup att = T
on L*. Then, applying Corollary A.2 implies that

8/
Wlla(t) + N2() > —2+— fort < T.,
(T* - t)Z

with some constant g). Since N(#) is bounded for all 7 € [0, To] by (3.2), we have

T .
f Iwil}de = oo,
0

This contradicts w € L*(0, To; L*) by Lemma 4.3. We reached a contradiction. The proof is
complete. O

It remains to show that Vw is globally bounded in L.

Theorem 4.5. The mild solution of (3.1) for wy = 0 is globally bounded in L™ N H', i.e.,
w € C([0, Tol; L™ N H').

Proof. We set
J(T) = sup [[Vwll2(0).
0<t<T
The constant J = J(T) is finite up to some T € (0, Ty] by Theorem 3.1. We show that
J(Tp) < 0.
Since w is globally bounded on L? N L™ by Lemma 4.3 and Proposition 4.4, we have
R(To) = sup {[wll2 + [IWlleo} < 0.
0<t<Ty

We separate Vw into two terms and estimate
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t
(Vw2 < f IVS (t = s)PW - VW||2ds
0

t t
< f [IVS (¢t = s)PW - Vwllads + f [[VS (2 = s)PW - Vy||ods
0 0
= I+1I

We estimate /. By (3.4) and a duality, we have

c
4.7) IS (OPdiv Fll, < =2[|F|l, for F € H', t < Ty.
12

It follows from (3.4) and (4.7) that

VS (1 — $)Piv - V|l = HVS(“TS)S(I_TS)%W (o)

V2,
<

- 1

(r—9)
2
2 |~
< —IWllliwll.
r—s

2

s (t_—s)Pdiv (ow)

2

2

Since the right-hand side is not integrable near s = ¢, we use the constant J = J(T) and
estimate /. Applying (3.4) implies that

C
VS (1 = $)PW - V||, < —2

Wl VWl

(t—9)

By combining the above two estimates, we have

1 1
IVS (t = $)PW - Vwllz = [[VS (t — s)PW - Vw||J[[VS ( — $)PW - V||

1 1
2C2 2 C, 2
< (ﬁuwnmnwuz) ( 1 ||v~v||oo||Vw||2)

(t—19)2

3
2
2

1 1
< IWlleolWlI5 VWIS -

(t - 5)i

We estimate
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JAES S
rs [ 9w ds
0

(t—9)3

3 o d
< \/ECZZ(R+N)R%J%f S3
0 (t—9)%

3
= 4\2C2 (R + N)R?J3TH,

with the constant N in Theorem 3.1. Here, the time variables are suppressed for J = J(T)
and R = R(T). We estimate /1 by (3.4). It follows that

LGy
1l < =[[W - Vv|ds
0 (t—s)2

< 2C5(R + N)NT?.
By combining the estimates for I and I/, we obtain
J<CR+N)RE AT + NT?),
with some constant C. Applying Young’s inequality implies that
J<CHR+ N)ZRTO% +2C(R + N)NTO%.

Thus J = J(T) is bounded for all T < Ty. We proved that Vw € C([0, To]; L?). The proof is
now complete. O

5. MILD SOLUTIONS ON L® N H!

Now, we construct global solutions of (1.1) for ug € L) N Hé. It suffices to show a global
bound for local solutions on L* N H'

Proof of Theorem 1.1. We apply Theorem 3.1 for v = 0 and observe that for ug € LY N Hé,
there exists

€

2 2
ol

and a unique mild solution u € C,,([0, T]; L®) of (1.1) satisfying t'/>Vu € C,,([0,T]; L*®)
and Vu € C,,([0, T1; L?). We set
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f
u(®) = S(uy — f St = )P - Vu)(s)ds
0

=l ur +up.

We observe that v = u; satisfies the condition (3.2) by Corollary 2.2 and u; is a mild solution
of (3.1) forwg =0, i.e.,

us(t) = —f St — 5P -Vu)(s)ds, u=uy+v.
0

Since u, is globally bounded in L® N H! by Theorem 4.5, the local solution u is globally
bounded L® N H' and extendable for all # > 0. The proof is now complete. ]

Remarks 5.1. (i) (Regularity) The mild solutions c_onstructed in Theorem 1.1 are Holder
continuous up to first derivatives, i.e., Vu € CHH2(Q % [6,T]) for 6,T > 0 and u e (0,1).
Since the regularizing estimates

1 L ®)
oi?spﬂ {””“Lm(t) + 22| Va| (1) + 12 [VM]Q (t)} < Cilfuof -

(62) €3]
ilelg {[u][é,Tl](x) + [Vu][(s,r,](x)} < CZHMOHLN’
hold for 8,y € (0,1),6 € (0,T;) and T} > s/lluollgo with some constants €, C; and C» [3],
applying the above estimates for u € C,, ([0, o0); L) and each ¢ > 0 implies the Holder
continuity of mild solutions. Here, [']g) denotes the g-th Holder semi-norm in Q. The mild
solution satisfies (1.1) in the sense that

foo f (- (0rp + A@) + uu : Vo)dxdr = —f up(x) - @(x,0)dx
0 Jo Q

for all ¢ € CZ,(Q X [0,00)). We observe that the second derivatives are in leoc(ﬁ) for
ae. t € (0,00). We set u = uj + up as in the proof of Theorem 1.1 and invoke that u; €
Cxul+u/ 2(5 X [0, T]) satisfies the Stokes equations in a classical sense [5]. Since u €
C,.([0, 00); L) satisfies Vu € C,,([0, o0); L?), the maximal regularity estimate [12] ([52])
implies that 0;u», V2uy € L5(0,T; L?) for s € (1,00) and each T > 0. Thus u, satisfies the
inhomogeneous Stokes equations

Oy — Aup +Vpry = —u-Vu on L?

for a.e. t € (0, 00) with the associated pressure p,. Thus 0,u, Vau e leoc(ﬁ) for ae. t €
(0, ).

(ii) (Associated pressure) We multiply the projection Q = I — P : L> — L? by (1.1) and
observe that the associated pressure of a mild solution u is expressed by
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Vp = QAu — Qu - Vu.

Since the mild solution u € C,,([0, 00); L) satisfies Vu € C,,([0, 00); L?), the second term
is defined as an element of L? for each # > 0. Although the first term may not be defined
for mild solutions on L* N H', we are able to define the associated pressure by using the

solution operator K : Lg;, (0Q2) — L3(€2) of the homogeneous Neumann problem

Ag=0 inQ

0
X _ divgo W on 0Q.
on

Here, L7 (0Q) denotes the space of all bounded tangential vector fields on 9Q and L3(€2)
denotes the space of all locally integrable functions f in Q such that df € L*(Q) for d(x) =
inf,cso [x—yl and x € Q. The symbol divsq denotes the surface divergence on Q. Note that
Au-n = divgg W for W = wn* and w = 0,u® — dru', where n = (n', n?) denotes the unit
outward normal vector field on dQ and n* = (n?, —n'). The associated pressure of (1.1) is
then expressed by

Vp =KW -Qu-Vu

for the mild solution u on L* N H'. See also [3, Remarks 1.2 (v)].

6. ASYMPTOTIC BEHAVIOR AT THE SPACE INFINITY

We prove Theorem 1.3. We show that the Stokes flow converges to a constant as |x| — oo
for asymptotically constant initial data uy € BUC, N Hé. We subtract initial data from the
Stokes flow and estimate a spatial decay of the difference by using a fractional power of
the Stokes operator on L2. After the proof of Theorem 1.3, we remark on a half space case
(Remarks 6.4).

Lemma 6.1. Let uy € BUC, N Hé satisfy

lim sup |u(x) — U] =0
R— |xI=R

for some constant u, € R2. Then,

lim sup |S (Hug — sl =0 foreacht > 0.

R—00 >R
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We observe that S (f)ug — ug decays as |x| — oo.

Proposition 6.2. The estimate
1
6.1) IS (Duo — uollz2 < Cr2{lupllpen g

holds for up € LY N H(l) and t > 0 with some constant C. If in addition that uy € BUC, then
S (Hug — up € BUC N L? for each t > 0.

Proof. We first show (6.1) for up € L, N Hé with compact support in Q. By the analyticity
of S (¢) and an estimate of a fractional power on L? [52, III. 2.2.1 Lemma], we have

!
1S (tyut0 — woll 2 < f JAS (s)uoll2ds
0
[
< f IAES ()4 bl 2ds
0

t

1 1 1

< j(; T||A7M0||L2d5 = 2t2||Vug||;2 fort > 0.
S2

Thus (6.1) holds. For general uy € LY N H!, we take a sequence {ug,} C Ly N I-'Ié with
compact support in Q satisfying (2.4) by Lemma 2.4 and obtain (6.1) by approximation. O

Proposition 6.2 implies the pointwise convergence S (f)ug — uyp — 0 as |x] — oco. We
prepare the following Proposition 6.3 and then give a proof for Lemma 6.1.

Proposition 6.3. Assume that f € BUC N L*(Q). Then,

lim sup [f(x)| = 0.
R— o0 [x=R

Proof. Suppose on the contrary that

im sup [f(x)| =96 > 0.

1
R—o0 IXI>R

Then, there exists a sequence {R,,} such that

sup 1f(0)] > g

|X|ZRHI

and R,, — oo as m — oo. We then take x,, € Q such that |x,,| > R,, and
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lf(xm)l 2 5 sup |f(x)l

[X|=Rp

\
IS N~

Since f is uniformly continuous in Q, for arbitrary & > 0 there exists 7 > 0 such that
lf(x)— fl <& forx,yeQ satistfying |x —y| <n.
We take € = /8 and estimate

FON = 1F0) = Gl = 1 f )|

> fory € By, ().

o

The constant 17 depends on ¢ and is independent of m > 1. By choosing a subsequence if
necessary, we may assume that B, () N By, (17) # 0 for m # [. It follows that

N
o> [ [ffPdx> f |fI*dx
L n; BXm(U)
2

0
> (g) |Bo(IN — 00 as N — oo,

We reached a contradiction. The proof is complete. O

Proof of Lemma 6.1. For ug € BUC, N I-'Ié satisfying 1y — U as |x| — oo, we observe that
S (tyug — ug € BUC N L? by Proposition 6.2. Applying Proposition 6.3 implies that

lim sup |S (Hug —up| =0 foreachr > 0.
9 |x>R

It follows that
sup [S (Hup — ueo| < sup IS (H)ug — up| + sup |up — ool
[x|=R |x|=R [x|=R

— 0 asR — oo.

We now complete:
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Proof of Theorem 1.3. We set

!
u(®) = S{tuy — f S(t— )P - Vu)(s)ds
0
=:u;+u forr>0.
It suffices to show that
(6.2) u(-,1) € BUC N L*(Q) foreach s> 0.

In fact, the condition (6.2) implies that

lim sup |ua(x, )| =0,
R—oo [xI=R

by Proposition 6.3. It follows from Lemma 6.1 that

SUp (X, 1) — ttool < SUP 1 (X, 1) — ttoo] + sUP lu2(x, 1)
|x|>R |x|=R |x|=R

— 0 asR — oo.

Thus the assertion of Theorem 1.3 holds. It remains to show (6.2). We set f = —u - Vu and
observe that

feL®0,Ty;L*) for Ty >0,

by u € C([0, To]; BUC) and Vu € C,,([0, To]; L. By the same way as the proof of Lemma
4.2, applying (4.3) implies that

1,1
lleallr < Ct27 7| fll o0, 7:22)

for 2 < p < co. Moreover, we have Vu, € C([0, Ty]; LY) for2 < g < co. Thus u; € BUCNL?
for each t > 0. We proved (6.2). The proof is now complete. O

Remarks 6.4. (A half space case) (i) The statement of Theorem 1.1 is valid also for a half
space. Since the Stokes semigroup is a bounded analytic semigroup on L N Hé as in Re-
marks 2.6 (ii), the proof of Theorem 1.1 is valid also for a half space without modifications.
(ii) The space Hé (Ri) consists of decaying functions as x| — oo in the sense that

T
(6.3) lim | |u(re,)?dd = 0.
0

r—00



32

See [32, Proposition 5.6]. For the reader’s convenience, we outline the proof given in [32].
We first observe that u/x; belongs to L2(R?) by the Hardy’s inequality [45, 2.7.1]

u
I, = 219ty

for u € H(l)(Ri). We set D, = (By(2r)\By(r)) N Ri for r > 0. Since the L?-trace on
0By(1) N R2 is estimated by the H'-norm in D1, by dilation we have

1 1
—lull2amynz) < C(-llliz, + 1Vulm,)
r2

Since x € D, satisfies r < |x| < 2r and

2 2
_S_

<
x| — x2

2

N | =

we estimate

1 u
—||lu < 2“— .
iz, x 12(D))

Hence we have

Jim el o) = 0

Transforming this by the polar coordinate implies (6.3).

APPENDIX A. LOCAL SOLVABILITY OF THE PERTURBED SYSTEM ON L”

In Appendix A, we prove local solvability of the perturbed system (3.1) on L? (p > 2) and
the blow-up estimate used in Section 4. The proof is by an iterative argument and parallel
to that of Theorem 3.1.

Lemma A.1. Let v be a solenoidal vector field in Q satisfying (3.2). For p € (2, 00), there
exists a constant &, such that for wy € LL, there exists T > spK;ZP Ip=2) for

1=-2
Kp = lwollr + N* 7,

N = sup {IMlzonm @ + 2191 (1)},

0<t<Ty

(A.1)

and a unique mild solution w € C([0, T1; LP) of (3.1) satisfying t'/*VYw € C([0, T1; LP).
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Corollary A.2. Let w € C([0, T.); L?) be a mild solution of (3.1) for wy € L. Suppose that
w blows up att = T, on LP. Then,

4

(A2) wllr () + N> 2 —"—— fort<T.,
(T, -0

where

N@) = sup {IMlzeng () + (s = DZIVVL=(s)},

t<s<Ty

1/2-1/p

’
and £, =&y

Proof. We fix an arbitrary ty € (0,7.). By Lemma A.1, there exists 7| > spKljzp 1P~ for

K, = [wll,(t) + N(1)'72/? and a unique mild solution w in [#y, ty + T1]. Since w blows up
att = T,, the existence time 7' is smaller than T, — o and (A.2) holds. O

In order to prove Lemma A.1, we prepare LP-estimates of the Stokes semigroup.

Proposition A.3. Let p € [2,00) and Ty > 0. There exist constants Cy and Cy such that the

estimates
[
(A.3) 121658 (OPwoll, < Cillwoll,,
1_ 1, W
(A4) 27T 23S (RS, < Callfllbs

hold for wg € LP, f € L% k| <1and0 <1< Ty

Proof. The estimate (A.3) follows from the analyticity of the Stokes semigroup [53], [24]
and the boundedness of the Helmholtz projection on L? [50]. It follows from (3.6) and (A.3)
that

ISP fll, < IS OPAIGIS ORFI,™

C
< —=Ifll,
t2

for o =1 -2/p. By combining (A.3), we obtain (A.4) for |k| < 1. O

Proof of Lemma A.1. We set the sequence {w;} by

3
wj+1:S(t)w()—fS(t—s)P(wj~ij+v-ij+wj-Vv+v-Vv)ds,
0

wi = S (Hwo,
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and the constants

1
Kj= sup {lwll,(0) + 2[[Vw;ll,(0)},  for p > 2.

0<t<Ty

By the Sobolev inequality [42, Lemma 3.1.4], we estimate

C
(A.5) Wil < —K; for0<r<T.
194

We may assume that 7 < Ty. We first show that
(A.6) K; <2CiKy forj=1,2,---,

and

2p

T < oK. "2,
(A7) = #0%0

1=2
Ko = |woll, + N"" 7,

with some constant £9. We apply (A.3) and (A.5) to estimate

[|S(r — S)P(Wj . VWj)||p < C1||Wj . VWj”p
< C1C3K2

= 1,170
spt2

IS (t = P - Vw)ll, < Cillv- Vwjll,

C
< <INK;.
§2

It follows from (A.4) and (A.5) that

G
—1w; - V2

(t—s) 7

C,C
21 31 1 KJN’
(t—s)2 rsp

IS (t = PO - V)|, < &
(t—s)

By integrating the above estimates in (0, ), we obtain

IS (& — $Pw; - V)|l, <

N2

_1
P

D=

1_1

1,1
wjstlly < IS (Owoll, + C(KATT™7 + NK;T? + NT2*0).
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By a similar way, we estimate
1 1 PN | 1 gl
2||Vwill, < 22|IVS (Owoll, + C (KiT? » + NK;T? + N°T277).
It follows from (A.3) and (A.7) that
|1 r_ 1 A
2rs—=— p-2 5 p-2 5+
Kj+1 SC1K0+C4(KJ-T2 I’+Ko KjTZ +KO T2 »r),

with some constant C4. We take a constant &g > 0 and T > 0 satisfying (A.7). It follows
that

p+2
Kji1 < C1Ko + Cy(K3Ky {KoT?7) +K; (K 2T2)+K0(K” 2T2+v))
1,1
< C1Ko + C4(K2K, & 7 +K80 + Koel "),

By a fundamental calculation, we obtain (A.6) with some constant gy satisfying

1

_1 1 1,1
C4(4CTe> ™7 +2C 1807 + &2 7) < C).

Since S (f)wy is continuous on L? and #'/2VS (f)wg vanishes at time zero, w; ;i € C(0, T, L)
satisfies t1/2Vw] € C([0,T]; LP) and t1/2||Vw]||p —0ast— 0.

We show that the sequence {w;} converges to a limit w € C([0, T']; LY). We set

Pj=Wj=Wi-1,

1
Lj = sup {llojll,@) + 2 119p;l,(®)}.
0<t<T

By the Sobolev inequality, we have

C
(A.8) lojlle < =L; for0<t<T.

tr

By a similar way as the proof of Theorem 3.1, we estimate
f
Pj+1 = —f St—s)PWw;-Vp;+p;-Viv;_)ds
0

!
—fS(t—s)P(wj-ij+v-ij+pj-ij_1+pj-Vv)ds,
0

where w; = w; + v. It follows from (A.3)-(A.5) and (A.8) that
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IS (r = $)P(w; - VoI, < Cillw; - Vpjll,
C\C3
sp2
Ci
IS (t = )P - Vopll, < —NLj,
s2
C\C3
IS = 9P(oj - Vwj-Dllp < ——LjKj1,

sP 2

C>C
IS (t = $)P(p; - VW)|l, £ ————L;N.

(t—s)2 rsr

We integrate the above estimates in (0, f) and obtain
lojelly < C(K; + Kj1)L;T*" 5 + NL;T?).
By a similar way, we estimate
21Vpjll, < C'(K;j + Kj-)L;TZ 7 + NL;T?).
By (A.6) and (A.7), we obtain

P
Livi < Cs(KoT>"7 + K2 THL,

We set
2p

KOFZ T <e¢g

and observe that
1

Lj+1 < EL]‘,

for some constant g; satisfying
SN
Cs(e; "+¢&])< 5

Thus we have

Ljyi < (%)le -0 asj— oo,



37

for

T < 82K0 P2 and & = min{gy, &1}.

Thus the sequence {w;} C C([0, T1; LY) converges to a limit w € C([0, T1; LL) satisfying
'2vw e C([0,T]; LP) and tl/ZIIlelp — 0 ast — 0. The limit w satisfies the integral

equation and is unique. The existence time is estimated from below by T > €K, 2102 gor

The proof is now complete. O

APPENDIX B. A FRACTIONAL POWER OF THE STOKES OPERATOR IN A HALF SPACE

In Appendix B, we show L?-estimates of a fractional power of the Stokes operator A in a
half space.

Lemma B.1. Let Q =R}, n > 2. For p € (1, ), there exist constants C| and Cy such that

1

(B.1) IVull, < CillAZullp,
1

(B.2) lA2ull, < Col[Vullp,

hold for u € D(AY?) and D(AY?) = WS’(’;, where W(;’[’; denotes the W'P-closure of Cy

Proof. The estimate (B.1) is proved in [9, Theorem 3.6 (ii)]. We prove (B.2). It suffices to
show (B.2) for u € C¢, since Wé’(’; is the closure of C¢, in WP, We use L*-theory. Since

the Stokes operator is a positive self-adjoint operator on L?, by a spectral representation we
are able to define the fractional power A2y forv e D(AY?) = Hé .- and we have

(AZu, A2v) = (Vu, V).

Here, (-, ) denotes the inner product on L?. Moreover, for ¢ € C?” there exists v € D(A'/?)
such that A/?y = Py [52, I11.2.2.1 Lemma ]. Since the Helmholtz projection P acts as a
bounded operator on L [46], [9, Theorem 3.1], it follows from (B.1) that

1
VWil < ClIAZ V]|
< Cllglly,



38

where p’ is the Holder conjugate of p € (1, c0). The above estimate implies that

1 1
(AZu, @)] = |(A7u, Py)|
= [(AZu, A2v)|
= |(Vu, V)| < C’IVull gl

Since ¢ is arbitrary, the estimate (B.2) holds. O

Remark B.2. The estimates (B.1) and (B.2) hold also for bounded domains of class C> in
R", n > 2. The estimate (B.1) for bounded domains with smooth boundaries is proved in
[25] by estimates of pure imaginary powers of the Stokes operator. Later, more strongly
H>-calculus is proved in [47] with C3-regularity (see also [22]). By the same way as we
have seen above, the estimate (B.2) is deduced from (B.1) also for bounded domains.
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