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Abstract

Quantum state control is one of the most important concepts in advanced quantum technology,
emerging quantum cybernetics and related fields. Molecular open shell entities can be a testing ground
for implementing quantum control technology enabling us to manipulate molecular spin quantum bits
(molecular spin qubits). In well-designed molecular spins consisting of unpaired electron and nuclear
spins, the electrons and nuclear spins can be bus and client qubits, respectively. Full control of
molecular spin qubits, in which client spins interact via hyperfine coupling, is a key issue for
implementing quantum computers (QCs). In solid-state QCs, there are two approaches to the control
of nuclear client qubits, namely, direct control of nuclear spins by radio-wave (RF) pulses and indirect
control via hyperfine interactions by microwave pulses applied to electron spin qubits. Although the
latter is less popular in the literature, the indirectness has advantage of greatly reducing unnecessary
interactions between a qubit system and its environment. In this work, we investigate molecular spin
optimization to find optimal experimental conditions which can afford to achieve a high fidelity of
quantum gates by the indirect control scheme. In the present quantum systems, one electron is directly
controlled by pulsed ESR techniques without manipulating individual hyperfine resonance, but the
states of two nuclear client spins are indirectly steered via hyperfine interactions. Single crystals of
potassium hydrogen maleate (KHM) radical and **C-labeled malonyl radical are chosen as typical
molecular spin gubits which exemplify the importance of the symmetry of hyperfine tensors and their
collinear properties. We have found that both the non-collinearity of the principal axes of hyperfine
coupling tensors and the non-distinguishability/non-equivalency between nuclear spins are key issues
which extremely reduce the gate fidelity.
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1. Introduction

Recently emerging quantum information science and relevant technology are expected to make some
computational tasks, which are exceedingly hard to perform on a classical computer, achieve rather
efficiently on a quantum computer [1]. Such applications will lead to a significant impact on
chemistry, as well, from the estimation of precise molecular energies and wave functions to the deeper
understanding of complex chemical reactions and properties, ultimately affording control or free
manoeuver of such processes. In fact, the first quantum algorithm for full-Cl calculations [2] appeared,
which is based on a quantum phase estimation (QPE) algorithm [3]. The QPE algorithm renders the
full-Cl calculations executable on quantum computers in polynomial time against the system size of
atoms and molecules. Furthermore, a novel quantum algorithm for full-Cl calculations of open shell
systems has been implemented recently [4]. The full-Cl calculation for open shell chemical entities has
been one of the most complex challenges in chemistry and physics, which are intractable with any
classical computers.

Until recently, there have been a number of proposals as to how to configure quantum
devices with various types of physical resources [5]. They make use of physical systems based on,
e.g., linear optics [6], trapped ions [7-9], nuclear magnetic resonance (NMR) [10-12], electron spin
resonance (ESR) [13], superconducting circuits [14-16], semiconductor quantum dots [17], to name
but a few. In this work, we focus on molecular spin systems, in which electron and nuclear spins
function as bus and client qubits, respectively. The electron spins are then controlled through pulsed
microwave irradiations and they transfer quantum information to nuclear spins through electron-
nuclear interactions [13, 18]. We term our spin system a molecular spin-based quantum computer
(MSQC) symbolically. Although the number of spins in the system we manipulate in the laboratory is
still rather limited, steering the quantum states of spin qubits at will is a challenging issue not only in
implementing practical MSQCs [19-22] but also in terms of their molecular optimization in synthetic
chemistry and materials science.

There are two major issues to be considered when attempting to realize prototypical MSQCs.
The first one is to characterize the fundamental properties of open shell molecular entities as spin
qubits, which govern their overall spin dynamics, i.e., the system Hamiltonian and the detail of the
relaxation process. Both are relevant to current levels of microwave manipulation technology.
Regarding the intrinsic nature of the Hamiltonian, the g, A (hyperfine coupling) and D (zero-field)
tensor engineering have been investigated to optimize the spin orientations with respect to the static
magnetic field and the spin interaction strength in open shell organic molecules [12, 24, 25] and metal
complexes [26]. At the same time, a great deal of effort has been made to understand their relaxation
process, to specify relevant parameters such as the spin—lattice relaxation time to establish pseudo
initialization conditions, and to make the coherence time elongated with respect to the spin interaction
strength to benefit from quantum mechanical effects on gate operations for quantum information
processing and quantum computing (QC) as much as possible [22, 27-30].

The other major issue is the precise control of multiple spins, which is the core technology of



quantum information processing and QC. The spin qubits of MSQCs are in principle controlled by
pulse-based microwave/ESR techniques, which can afford the counterparts of NMR-based spin
operations [18, 31, 32]. In fact, the experiments of MSQCs have already been performed with
rectangular pulses to implement various gate operations [13, 19-26, 30, 31]. The recent advance in
technology, however, has made arbitrary wave generators (AWGS) available in the field of pulsed
microwave/ESR spectroscopy, enabling us to manipulate molecular spins with arbitrary pulse profiles
in a desired manner [31-33]. This gives us more degrees of freedom in controlling the spin dynamics
of molecular multiple spin-qubit systems in various schemes.

As we will see below, quantum operations are applicable to appropriate molecular spin
systems, which consist of both electron and nuclear spins, by modulating the interaction field of
microwave that couples the electron with the nuclear spins. In this scheme, the nuclear spins are
indirectly manipulated through the electron spin. We emphasize that the full controllability through the
indirect access can be checked mathematically by looking into the system Hamiltonian. Once we have
verify the controllability, the next step is to compute pulse shapes to implement given operations. To
this end, there are two standard approaches, namely, Krotov algorithm [36] and Gradient Ascent Pulse
Engineering (GRAPE) [37]. While Krotov algorithm optimizes a pulse intensity stepwise in time,
GRAPE changes the entire pulse profile at once. In experiments for NMR-based QCs, quantum
algorithms have been executed by using GRAPE pulses applied to homonuclear spin systems [38, 39].
GRAPE pulses have also been employed in order to control the molecular spin system of malonyl
radical, whose electron and nuclear spins are coupled through hyperfine interactions [40, 41].
Furthermore, it is also applicable to the cases in which microwave field strength is strong (Q > 10000:
Q denotes the quality factor as a measure of the radiation loss in a resonator and gives the radiation
field strength), demonstrating the occurrence of the improved GRAPE optimization [42].

In this work, we investigate how molecular spin characteristics affect the effectiveness of
quantum control, especially when we control a multiple spin system indirectly through a small
gateway. More specifically, we consider physical situations in which we attempt to apply arbitrary
unitary operations on a three-spin system, consisting of two nuclear and one unpaired electron spins,
by manipulating the electron spin with microwave irradiation. Molecular spin qubits as testing grounds
are potassium hydrogen maleate (abbreviated as KHM) radical and *3C-labeled malonyl radical. They
have different spin structures and serve as models of different spin dynamics [43, 44]. Since our
primary interest here is the fundamental controllability, we focus on the unitary evolution of a closed
system, neglecting any spin relaxation processes in the spin systems under study. Nevertheless, when
designing the optimal pulses, the operation time is set to be sufficiently short so that the designed
pulses would be practically useful in the laboratory.
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Fig. 1 Molecular spin systems with the computational coordinates,
XYZ and molecular principal axes, xyz. (a) A molecular structure
of KHM radical and its Cartesian coordinates (abc) in the single
crystal, where the crystallographic axes are denoted by abc . Red,
grey and purple spheres represent 0, 2C and *°K nucleus,
respectively. An unpaired electron, *H2 and H3 spins are utilized
as the 1%, 2" and 3™ qubit shown as the numbers in red circles,
respectively. The unpaired electron is delocalized over the
molecule. (b) A molecular structure of $3C-labeled malonyl radical.
An unpaired electron, *H and *3C spins are utilized as the 1%, 2"
and 3" qubit shown as the numbers in red circles, respectively.
Coordinates (xyz) designate the principal axes of the hyperfine
tensor of 'H as the o-proton. Note that speaking exactly the
molecular structure of malonyl radical itself in the host crystal
lattice of malonic acid has not fully been determined in its crystal
structure, to our knowledge. The optimized molecular structure of
malonyl radical in the crystal lattice of malonic acid is given in
Supporting Information (4). The optimized structure of malonyl
radical in the crystal lattice has been obtained by considering
sixteen host molecules surrounding malonyl radical in the lattice.
(c) The definition of the computational coordinates, XYZ with
respect to the xyz coordinates. The angles, ¢ and 0 are defined as
Euler angles. The static magnetic field By is oriented along the Z
axis.




2. Theory

2.1 Controllability of spin systems

The controllability of spin systems under study can be verified by examining the Lie algebra generated
by spin Hamiltonians which fully describe the multiple spin states. The spin systems adopted in this
work can be described in terms of the Hamiltonians given in Egs. (3) and (4) [45, 46]. For the specific
systems considered below, it is shown that any unitary operations in SU(2"), where N is the number of
spin-1/2, can be realizable by modulating Hewni [41, 47], hence they are fully controllable except for
some special cases: Heyi is a time-dependent Hamiltonian termed a control Hamiltonian, as shown in
Eq. (4).

From such an algebraic analysis, we can see that what contributes to the controllability is the
non-commutativity of component Hamiltonians, e.g., [Ho, Hewn], [Ho,[Ho, Hewn]], etc. These new
operators that appear as a result of taking commutators lead to unitary operations that might look
nontrivial at the first sight. Therefore, intuitively, in order to have as many effective Hamiltonians as
possible, they should have substantial off-diagonal terms that lead to non-commutativity between
them. For the same reason, the more anisotropic the system, the better not to have any preferred
direction in the space. The importance of the off-diagonal terms and anisotropy will manifest in the
following sections: It is worth noting that the magnitude of the anisotropy of the magnetic properties
of spin systems is relevant to the fidelity of quantum gates.

2.2 Quantum state control in MSQCs

Quantum dynamics in a closed system (any spin relaxations not considered) is governed by
Hamiltonian of the system (H(t)), since the time evolution operator U(t) is described by Schrédinger
equation, as given in Eq. (1). In the quantum control theory, Hamiltonian H(t) is split into two terms
(Eq. (2)), i.e. Ho and Hct(t). The former one is the drift Hamiltonian that permanently acts on the
system, and then quantum states are manipulated by adjusting the control parameters of the latter
control Hamiltonian.

idu@)=HEUE.  UO)=1 D
H(t)=H, +Hg, () e

A field-free and unperturbed Hamiltonian Ho, called the drift Hamiltonian, describes the intrinsic spin
dynamics of open shell molecules, which is time-independent in the rotating frame of electron spins
after applying a secular averaging approach (SAA). The drift Hamiltonian Ho models the dynamics of
the spin system and denotes an uncontrolled part of the Hamiltonian, called “drift”. As seen below,
importantly microwave with a single frequency (vmw/2m) and its time-dependent amplitude (v1(t)) is
sufficient to control one electron bus qubit and two nuclear client qubits. Thus, two Hamiltonian
components in the laboratory frame (XYZ) can be simply described as follows:
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Hen (t) =V (t)sx (4)

Here, 4w is the frequency offset between Larmor and the microwave frequency of the electron spin,
and the static magnetic field By is applied along the Z-direction. yn and A are the nuclear
gyromagnetic ratios and the hyperfine tensor to the k-th nucleus, respectively.

Table 1 Relations between the principal axes of
hyperfine tensors and the low fidelity points. The
symbols ¢ and 6 denote Euler angles defined in Fig. 1(c).
The fidelity of a quantum gate is defined by Eq. 5.

a) KHM radical

Orientations
) of the static Low
Interaction
magnetic fidelity
with
field points
(p/°,01°)
2" qubit (*H2) (50, 90) 1)
2" qubit (*H2) (139, 30) @)
2" qubit (*H2) | (140, 120) (5)
3 qubit (*H3) (50, 90) Q)
3 qubit (*H3) (140, 60) )]
3 qubit (*H3) | (139, 150) 3)
b) C-labeled malonyl radical
Orientations
) of the static Low
Interaction
magnetic fidelity
with
field points
(p/°01°)
2" qubit (*H) 0,0) (6)
2" qubit (*H) (0, 90) @)
2" qubit (*H) (90, 90) (8)
3 qubit (*°C) (127, 175) (6)
39 qubit (*°C) (0, 93) @)
39 qubit (*°C) (90, 86) (8)




2.3 Optimization of microwave pulses by the GRAPE method

In order to find conditions of the molecular optimization appropriate to the quantum control of spin
qubits, we first need to optimize the control pulses to implement a given unitary operation Urarget. In
our approach, the total duration of an operation is prefixed at T and then the modulation of the
microwave magnetic field is so designed as for the resulting time evolution operator U(T) to be as
close to Utarget @s possible. The distance between the two operators can be evaluated by the fidelity f
defined as

f= %‘tr{u LU (T)] (5)

where N is the number of spin-1/2 particles. The fidelity f is by definition in the range of o< f <1 ;f

equals 1 when U(T) is identical to Utarget Up to a global phase.

Table 2 Typical conditions in the GRAPE simulations. The
parameters were selected so as to carry out ESR experiments
and qualify the GRAPE pulses.

Magnitude of By 1.1 T (Q-band)
Offset frequency, 4vo 10 MHz
Computational time step, At 5ns
Operation time for KHM radical 0.5 ps
Operation time for malonyl 0.3 ps
radical

When optimizing the GRAPE pulses, we have utilized the DYNAMO package, which is a
toolbox developed to run on Matlab [48]. For a given T and Urarger, it optimizes the amplitude va(t) of
Hcwi as a function of time, using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [49]. In this
method for optimizing the GRAPE pulses, the time profile of vi(t) over [0,T] is optimized
simultaneously for all time steps during the duration T, unlike other methods such as Krotov’s [37]. As
a result, the process tends to give a higher probability in finding more optimal pulse profiles, which is
recommended by DYNAMO.

2.4 The molecular spin systems and spin interaction parameters

We have selected two types of molecular spin qubits for our analysis, namely potassium hydrogen
maleate (KHM) radical [43, 50] and *C-labeled malonyl radical [30, 44]. The reason for the selection
is that they have different molecular symmetries, nuclear species of different nuclear quantization
axes, and axial properties of their hyperfine tensors, leading to different sets of hyperfine spin



Hamiltonians. Their salient features give us key elements to implement indirect optimal control in
molecular spin qubits from the viewpoint of quantum cybernetics. In other words, in this choice both
molecular spins have significant off-diagonal terms of the hyperfine tensors in a different way.
Moreover, they have been known as a robust sample for ESR experiments at ambient temperature,
thanks to the easiness of magnetic dilution and reasonably strong ESR signals of their single crystals
in desired orientations with respect to the static magnetic field.

KHM radical has a symmetric molecular configuration, whose molecular structure is of Coy
symmetry in the orthorhombic crystal (Fig. 1a) [43]. The unit cell contains two pairs of KHM
molecules, i.e., the four molecules, and each pair can be regarded independent because the magnetic
dilution makes the inter-pair interaction negligible. In our sample, signals attributable to the formation
of intermolecular triplet spin species have not been observed. Thus, we focus on a single pair of the
molecules (encircled in blue in Fig. 1a) for our analysis. The two pairs are only crystal-symmetry
related and magnetically distinguishable.

The electron spin and the two nuclear spins of *H2 and *H3 nuclei are utilized as the 1%, 2™
and 3" qubits, respectively. The hyperfine tensors used for theoretical simulations in the abc
crystallographic coordinates (note that xyz denote Cartesian molecular coordinates as depicted in Fig.
1a) are given as follows [48]:

-146 -37 74
Agna(H2)=| =37 -160 -6.3 | MHz (6)
74  -63 -230

~146 -37 -74
Agnn(H3)=| =37 -160 6.3 | MHz @)
-74 63 =230

The above hyperfine tensors with different signs of the off-diagonal elements have the same principal
values and they share one of the principal axes.

On the other hand, *C-labeled malonyl radical depicted in Fig. 1b has a very notable
property in terms of the hyperfine tensors: The principal axes of the hyperfine tensors of the *3C and o-
proton are nearly the same [44]. Since malonyl radical is in a triclinic crystal system, the single crystal
gives only one kind of molecular species in any orientation of the static magnetic field with respect to
the crystal. Having set the molecular coordinate (xyz) to match the principal axes of the o.-proton, the
hyperfine tensors can be expressed as [28, 30]

-560 00 00
An(H)=| 00 -915 00 |MHz (8)
00 00 -266



2118 10 -89
An(®C)=| 10 246 -13|MHz 9).
-89 -13 434

The relation between the laboratory frame (XYZ), in which the static magnetic field Bo and the
microwave field are applied, and the molecular coordinate (xyz) are shown in Fig. 1c. We define the
molecular orientation by Euler angles (g, #) as shown in the figure and the directions of the principal
axes are shown in Table 1.

2.5 Conditions for microwave pulse optimization

In the optimization based on the GRAPE algorithm, both the angles ¢ and 8, which denote the
direction of the static magnetic field, are swept over the half sphere, i.e., ¢, § € [0°, 180°], with an
increment of 5 degrees for each angle. The 5 degrees gave enough space resolution in our simulation.
The other parameters, such as computational time steps, the operation time of a quantum gate, the
strength of the static magnetic field Bo, and the offset frequency Av, of microwave, are fixed in the
computation as given in Table 2. The last two parameters, Bo and 4vo, are chosen to give a high fidelity
after a crude search for the near-optimal values of them (See Supporting Information). Other
conditions which alternatively give lesser fidelity are also discussed in Supporting Information. The
target quantum gates Urarger @S described in a matrix form are in the following:

CNOT1=

(7)

O OO PO OO O
O OFr OO OO O
P OO OO OO O
O PO OO OO O

O OO0 OO OO -
O OO OO Ok O
O OO OFr OO O
O OO0 OO PO O

CNOT2=

(8)

O OO0 OO OO
O OO0 OFr OO O
O OO0 OO0 P, O O
O OO OO OFr O
O OO0 PO OO O
P OO OO OO O
O PO OO OO O
O O OO0 OO O

SWAP1=

9).

O OO0 PO OO O
O PO OO OO O
O OFr OO OO O
P OO OO OO O

O OO OO OO -
O OO OO PO O
O OO0 OO0 O O
O OO OFr OO O




The basis in these matrices are aligned as ‘Tm, 119 HM. CNOT1 in Eq. (7) is a controlled-

NOT operation that flips the spin state of the 3 qubit as the target qubit when the 2" qubit as the
controlled qubit is in the spin down [ state. CNOT2 has a similar effect, but flips the second spin
qubit, conditional on the spin state of the third qubit. SWAP1 swaps the states of the two nuclear client
spins.

3. Results and discussion

3.1 Gate operations on KHM radical in the single crystal

Figure 2 shows the results of the fidelity optimization for the three types of quantum gates, i.e.,
CNOT1, CNOT2 and SWAPL. The calculated optimal fidelity is plotted as a function of the molecular
orientation defined by Euler angles, ¢ and 6. There are some areas where the fidelity is considerably
low, indicating that there is an apparent limitation on the controllability.

As seen in Fig. 2, there are five (four small and one large) bright spots, where their fidelity is
considerably low: All the five spots are evident in Fig. 2(c). These spots correspond to the orientations
along the principal axes of the two hyperfine tensors of the hyperfine qubits, *H2 and *H3 of KHM
radical. The orientation of ¢ = 50°, 8 = 90°corresponds to the co-principal axis of the hyperfine tensors
of the two nuclei, which can be calculated from Eq. (3) (see Table 1). For the CNOT1 operation, all the
orientations, including the one for Spot (1) at ¢ = 50°, § = 90°, revealing low fidelity appearing in Fig.
2, and the corresponding hyperfine elements, (Azx, Azy, Azz) of both the control and target hyperfine
qubits are summarized with their fidelity in Table 3. Only in the gate operation of CNOT1, Spots (4)
and (5) gave 0.99 of the fidelity.

Besides the five spots, there are two lines, one at ¢ = 50° and the other one at 8 = 90°, where
the fidelity is lower than in the other areas for CNOT1 and CNOT2. In Table 3, the hyperfine elements
corresponding to the two lines, as denoted by o and 3, are also given. As a reference of the fidelity, the
hyperfine elements at an orientation (¢ = 10°, @ = 150°), which is far from the areas with low fidelity,
are given for comparison. Below we discuss the mechanism which governs the fidelity and why the
molecular orientations corresponding to the above five spots and the particular two lines fail to get
high fidelity.



Table 3 Orientation dependence of the fidelity of CNOT1 gate for KHM radical
on the hyperfine tensor elements, where H2 is the control hyperfine qubit and H3
the target hyperfine qubit. The hyperfine elements for H2 and H3 at a given
orientation are written in the upper and lower row, respectively.
Orientation Hyperfine tensor
element/MHz Fidelity
Properties (pl°,0/0°) AZX  AZY AZZ
0.0 4.6 -26.6

Reference (10, 150) 0.99
-6.2 -8.3 -15.9

00 01 -19.0
Spot (1) (50, 90) 0.30
00 01 -19.0

9.8 0.1 -22.8

Spot (2) (140, 60) 0.50
0.1 0.0 -6.0
-9.8 0 -11.7

Spot (3) (140, 150) 0.50
-0.1 0.1 -28.5
0.1 0.1 -28.5

Spot (4) (140, 30) 0.99
9.8 0 -11.7
-0.1 0.0 -6.0

Spot (5) (140, 120) 0.99
-9.8 0.1 -22.8
1.7 -8.4 -22.1

Line (a) (50, 30) 0.75

1.7 8.4 -22.0

9.7 0.1 -11.5
Line (8 (140, 90) 0.75
-9.7 0.1 -11.5
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Fig. 2 Contour plots of the optimized fidelity distribution of KHM radical in the crystal as a function of Euler angles, ¢ and 9,
which define the molecular orientation. For a given orientation (¢, 6), the maximum reachable fidelity of the operation is
plotted. The orientations denoted by the numbers from (1) to (5) give particular low fidelity. (a) CNOT1 gate. (b) CNOT2
gate. (c) SWAP1 gate.



Referred to the gate operation of CNOT, the information on the control qubit state is merely
read and its state is not subject to active control. Thus, the interaction between the electron and the
control qubit nucleus is used only to read out the state of the latter, that is, the off-diagonal
components in the hyperfine tensor of the control hyperfine qubit are not necessarily requisites for the
operation. Although it sounds somewhat counterintuitive, it can be understood by considering a
diagonal two-spin Hamiltonian of the form Z®1+Z®Z collinear, where Z and | denote Pauli Z and
unit matrixes, respectively. Obviously, the dynamics of the first spin depends on the second one, and
thus the state of the second spin can be read out.

On the other hand, in order to control the target qubit the off-diagonal elements are necessary
to efficiently flip it. This can be observed in Fig. 2; the spots 2 and 3 along the ¢ = 140° line in Fig. 2a
correspond to the condition which makes the off-diagonal elements in the hyperfine tensor for the H3
(target qubit) vanishing. Because of the non-equivalence of the principal axes of the hyperfine qubits,
the two spots, 4 and 5, appear at different directions when the control and the target qubits are
exchanged during the CNOT?2 gate operation as in Fig. 2b. At the largest spot 1 in Figs. 2a and 2D, the
hyperfine qubits share the common principal axis, hence the fidelity is low in both the above cases.
The same feature can be seen in Table 3. In the case of the SWAP operation for the two nuclear spins,
all five spots appear in the plot of fidelity in Fig. 2c, since it entails spin rotations for both the
hyperfine qubits.

For the orientations ¢ = 50° and 8 = 90° on the two lines o and B, however, the off-diagonal
components of the hyperfine tensor are not close to zero, except for the crossing points of the two line.
The reasons are in the following. First we focus on the line & = 90°, and for the other line ¢ = 50° the
reason can be explained in a similar manner.

Recall that the contour plot in Fig. 2a is represented as a function of the direction of the
principal axes, in which the hyperfine tensor for the H2 hyperfine qubit is diagonalized. This is also
obvious for the plot in Fig. 2b (for the H3 hyperfine qubit). The two qubits are structurally correlated
by C,v symmetry and the principal values are the same. This implies that at the point (g, 8), which is in
the middle of the two spots, 2 and 5, the hyperfine tensors have essentially the equal values, modulo
their signs. In other words, the point (¢, 8) can be reached from the spots 2 and 5 by rotating the
coordinate by the same angle (but around the different rotation axes). The set of such points forms a
line of either ¢ = 50° or 8 = 90°. From the viewpoint of the indirect control via the electron spin, it is
then hard to distinguish between the dynamics of the two hyperfine qubits, because both react to the
signal from the electron spin in the same way. Therefore, the fidelity of operations becomes lower on
the lines o and B. The lines look dimmer in Fig. 2¢, because roughly speaking the two hyperfine qubits

can be dealt with equally in the case of the SWAP operation.
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3.2 Gate operations on malonyl radical in the crystal
The hyperfine tensors for the a.-proton (2" qubit) and the *3C (3™ qubit) nucleus of **C-labeled
malonyl radical have approximately the same principal axes and they are nearly collinear. This
property minimizes the number of spots (in the (¢, #)-plane) which correspond to very low fidelity for
the gate operations. The fidelity distribution as a function of the direction of the static field is
presented in Fig. 3. The off-diagonal elements of the hyperfine tensors vanish when the field is applied
along one of the principal axes, whose directions are in (¢, 8) = (90°, 90°), = 0°, and 6 = 180°.
Since the two nuclear species are different, they are always distinguishable in the gate
operation by using malonyl radical in the crystal. Thus, the straight lines, which are visible in Fig. 2 as
a result of coincidence of the tensors for the two hyperfine qubits, do not appear in Fig. 3.
Consequently, the overall gate fidelity with malonyl radical is higher over the entire region of
(o, 09) except for a few directions than that with KHM radical. Thus, for the purpose of indirect
guantum control of molecular spins, malonyl radical offers a more suitable test bed than KHM radical,
suggesting useful guidelines for molecular optimization and characteristics in quantum control
experiments.

3.3 Optimal conditions for molecular spin quantum control with GRAPE algorithm
Now that we have found that malonyl radical provides us with a good test bed for indirect quantum
control in molecular spin qubits, we discuss the optimal condition for the indirect control (Fig. 3a and
3b). Figure 3c suggests that the orientations far from the directions of the principal axes give the
higher fidelity. This is true as far as we confirmed the situations in the numerical calculations.
Typically, the four directions, (45°, 45°), (45°, 135°), (135°, 45°) and (135°, 135°), lead to the highest
fidelity.

As an example, a numerically obtained GRAPE pulse for CNOT1, executing the gate



operation at (p, 0) = (45°, 45°), is shown in Fig. 4. As the four directions are all equivalent, giving f =
0.99 for three types of the unitary operations under study, the results are essentially for the optimal
condition.

Figures 4c and 4d exemplify the optimal two pulses obtained with f = 0.99 and the different
length, respectively. The former one was generated by the standard condition used in Fig. 3, in which a
strong control oscillating magnetic field (>100 MHz) is applied. Taking account of the limit of the
feasible field strength (< 25 MHz) available in conventional experimental setups, the latter optimal

pulse is feasible from the experimental side with the elongation of the pulse length from 0.3 to 1.2 ps.
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Fig. 4 Plots of the fidelity and GRAPE pulse for experiments for (a) KHM radical and (b) *3C-
labeled malonyl radical. A black circle in (a) and (b) denotes the direction of the static magnetic
field (Bo // Z) direction. Blue lines, green circles and a red circle denote the directions for the
occurrence of the symmetric hyperfine elements, the directions of the hyperfine principal axes and
an optimal molecular orientation, respectively. In (c) and (d) are shown the optimal pulses (Q-
band GRAPE pulse) for CNOT1 at the optimal molecular orientation. The operation time is 0.3
s for (c) and 1.2 ps for (d).



3.4 Importance of GRAPE algorithm in quantum control

It is worth noting that spin-qubit based QC implementations have been carried out from the viewpoint
of spin Hamiltonian engineering, which enables us to access each molecular spin by conventional
rectangular microwave/radio wave pulses for quantum gates, and the relevant g- and A-tensor
engineering approaches have dealt with the first experiment on demonstrating the spinor property of
an electron spin, CNOT gate operations, a particular electron spin arrangement in periodic 1D (the
Lloyd model test bed [19]) etc. Also, from the theoretical viewpoint, heat-bath algorithmic cooling
[30] and adiabatic quantum computing [32] by using molecular spins have been proposed. Most of
these results were underlain by tailored molecular designs and syntheses for novel open-shell
compounds composed of electron bus qubits and nuclear client qubits.

The recent microwave pulse engineering technique, however, offers much to MSQCs to
utilize a global control paradigm instead of the access to individual spins. An optimal pulse technique,
GRadient Ascent Pulse Engineering (GRAPE) [37], is based on dynamical simulations of spins and
suggests that the optimal waveform of irradiation pulses applied to spin systems can afford an efficient
execution of quantum simulations. This approach no longer requires individual manipulations of
molecular spins to perform quantum gates. As exemplified here, the optimal microwave pulses are
capable of controlling nuclear spin states via electron spins in the solid state. This is the essential part
to fully control molecular spin qubit systems only by using the microwave pulses. Thus, we have
studied for the first time how to perform particular quantum gates in molecular spin qubits in terms of
the global control paradigm, and the findings here are relevant to synthetic strategies to realize QCs
with more spin qubits in the global control paradigm.

In this work, we have focused on the indirect control of nuclear spin qubits by the microwave
optimal pulse irradiation. The molecular spin systems under study, both potassium hydrogen maleate
(KHM) and 3C- labeled malonyl radicals, have one electron and two nuclear spin qubits which are
coupled with highly anisotropic hyperfine tensors. These molecules have salient features of spin
interactions and selected as realistic test beds to execute gate operations. KHM radical has hydrogen
homonuclear qubits with symmetrical hyperfine principal values arising from its molecular steric
structure. On the other hand, malonyl radical has hydrogen and carbon heteronuclear qubits, where
their hyperfine tensors are nearly collinear. In order to figure out their gate control accuracy (fidelity)
and what factors govern the fidelity, we have estimated computational performance of the two MSQCs
taking account of the controllability of quantum gates, noting that the full controllability is requisites
to perform universal quantum gates.

The optimal microwave pulse and relevant gate fidelity were calculated on the basis of the
GRAPE approach with scanning the static magnetic field (Bo) direction with respect to the molecular
axes, quantitatively sorting out the directional features of the fidelity. Throughout this work, the
orientation study is based on the fact that the spin Hamiltonian tensors depending on the By direction
make the controllability governed, and thus we can find intrinsic conditions relevant to the feasibility
of the magnetic tensors to use for MSQCs. These calculations were invoked only in three quantum
gates between the hyperfine qubits, e.g., two CNOT gates and one SWAP gate, which are the most



important for implementing QCs.

As a result, the fidelity in each orientation shows a clear correlation between the
controllability and the features of hyperfine tensors. The controllability is governed by a mechanism
relevant to the Lie algebra generated by spin Hamiltonians, which fully describe the multiple spin
states. Experimentally, the microwave pulse manipulates hyperfine qubits via the anisotropy of their
hyperfine interactions connecting the three spin qubits, and then the spin system acquires the full
controllability. Thus, the molecular spin system featuring in strong hyperfine anisotropy is suitable for
the optimal control. Furthermore, we have found that there are particular orientations which are
unfeasible to render nuclear spins controlled, when the relevant hyperfine anisotropy vanishes, i.e.
those along the principal axes of the hyperfine tensors. Generally, off-principal axis orientations are
further away from those directions, the higher control accuracies acquired. This suggests that the fully
co-axial or collinear properties of the hyperfine tensors are favored for hyperfine qubits to serve as
MSQCs such as **C-labeled malonyl radical. This also implies that the knowledge relevant to the
molecular optimizations for the quantum control entails useful molecular designs or synthetic
strategies for realistic MSQCs with more available qubits.

The present study of the orientation relevant to the hyperfine anisotropy suggests that qubit
distinguishability can affect the full controllability in molecular spins. This finding has appeared in the
QC experiment on KHM radical in a straightforward manner. The experiment illustrates that the
homonuclear qubits lack the distinguishability in terms of the symmetry of their hyperfine tensors,
suggesting that qubit distinguishability in molecular designs or optimizations is essential and that
highly symmetric molecular designing should be avoided except for molecular optimizations for
particular purposes relevant to the creation of highly degenerate nuclear spin states [51].

As described above, we have illustrated that the GRAPE approach based on microwave
irradiation can be a powerful tool for quantum control of nuclear spin sates in MSQCs if elaborately
selecting the orientations of the static magnetic field. In this approach, the hyperfine tensor properties
such as its anisotropy, symmetry and nuclear species are the key to success of the molecular design
and optimization for MSQCs. We note that this approach can afford only the first attempt to discuss a
strong correlation between the controllability of nuclear spin states and the spin dynamics of the
system when the optimal pulses of microwave are irradiated. We expect that the findings in this study
will serve as guidelines to improve quantum control theories, experimental implementations and to
perform time-consuming syntheses of novel MSQCs.

4. Conclusions
Quantum state control is one of the most important concepts in advanced quantum technology,

emerging quantum cybernetics and related fields. In this work, the effect of molecular characteristics
on indirect quantum control of nuclear spin states in molecular spin qubits such as realistic hyperfine
qubits has been dealt with. In our scenario of three-spin systems under study, microwave pulses are
applied to the unpaired electron spin only, i.e. a bus qubit and two hyperfine qubits are indirectly
controlled through their hyperfine interaction. Our analysis here shows that the controllability of the



spin system largely depends on the molecular orientation (with respect to the static magnetic field) as
well as the symmetry of the hyperfine tensors of the nuclear spin qubits. For the three spin qubit
systems under study, the hyperfine qubits are fully controllable, and the optimal microwave pulses are
implemented. Thus, we suggest guidelines for molecular optimization which enables us to identify
preferable orientations of the static magnetic field with respect to the magnetic tensors of molecular
spin qubits and to design molecular spin qubits suitable for executing indirect quantum control. To our
knowledge, this exemplifies the first attempt to achieve quantum control by using realistic molecular
spin qubits.

We have chosen two molecular spin qubits as a test bed for implementing molecular spin
based quantum control, i.e. KHM radical and *C-labeled malonyl radical in their crystal. The
comparison between the two representative molecular spins in terms of molecular characteristics
implies that malonyl radical is more suitable for the quantum control than KHM radical. This is
because both the client nuclear qubits of malonyl radical, i.e. the a-proton and **C nucleus, share
essentially the same principal axes of the hyperfine tensors and the collinearity of the hyperfine
tensors minimizes the probability occurrence of simultaneous uncontrollability of the two client
qubits. Moreover, the distinguishability between the two hyperfine qubits also helps entail the
individual controllability via the electron spin as the bus qubit.

Unlike malonyl radical, the hyperfine tensors of the two a-protons in KHM radical are of
symmetric configuration and they share only one co-principal axis. This particular molecular feature
makes it more difficult to differentiate between the two hyperfine qubits and thus leads to the lower
fidelity of the gate operations.

The comprehensive numerical analyses in this work have shown that the overall gate fidelity
is higher when the static magnetic field is applied in the direction far from the principal axes of the
hyperfine tensors of the nuclear client qubits. This appears to be a generic feature and has been
interpreted qualitatively. The findings in this work give useful guidelines for molecular designs and
molecular optimization of molecular spin based qubits, which enable us to implement quantum control
utilizing a more number of hyperfine qubits for more complex series of gate operations.

The GRAPE experiments on other types of molecular spin qubits are underway. Indirect
detection in the scheme of an electron spin nutation technique and time trace of the electron spin state
are planned in order to get further insights into the quantum control in molecular spin systems. The
approach can supply information on the nuclear spin states by back interaction to the electron.
Practically, we also plan to carry out direct detections [25] by the use of rectangular and GRAPE
pulses.

It is worth noting that molecular spin-based quantum computers (MSQCs) such as malonyl
radical, which is composed of one electron spin bus qubit and multiple nuclear spin client qubits in
ensemble, have an intrinsic disadvantage to qubit initialization due to small spin energy gaps of the
system. This is the reason why MSQCs in ensemble require gate operations at low temperature such as
below 2 K, e.g. at W-band experiments for malonyl radical under high static magnetic fields. In order
to overcome this disadvantage, a pseudo-pure electron nuclear spin state of malonyl radical in the
crystal was generated and the entanglement between an electron spin and a spin-1/2 nuclear spin (a.-
proton) was for the first time demonstrated [52]. The pseudo-initialization method, which is underlain



by the creation of pseudo-pure electron-nuclear spin states, invokes a particular spin relaxation
undergone in the malonyl radical system. On the other hand, another approach to establish qubit
initialization for MSQC:s is to exploit heat-bath algorithmic cooling at elevated temperature, and an
experimental attempt to use *3C-labeled malonyl radical in the crystal has been carried out [30], in
which pulsed radio-frequencies have been applied to directly manipulate the nuclear spin client qubits
at X-band microwave frequency experiments. In the algorithmic cooling experiment, full information
on spin relaxations entailed in the crystal system are essential in addition to the complete sets of its
spin-Hamiltonian parameters. We plan to carry out quantum computing experiments and simulations
by exploiting the indirect manipulation of the nuclear client qubits in the three-spin qubit system of
malonyl radical, in which its spin relaxations in the crystal are taken into account at both X- and Q-
band microwave frequencies. To avoid sensitivity reduction due to microwave power saturation effects
of the system occurring at low temperature, transmission spectroscopy in the dispersive regime is
considered [53].

We have shown that insights from the general theory of quantum control are useful and the
application to realistic molecular spins as a test bed can afford relevant quantitative analyses, which
entail any further necessary molecular optimization of molecular spin qubits for quantum information
processing.
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1. One electron and two nuclear spin systems in single crystals

1.1 The hyperfine tensors of protons in KHM radical

Potassium hydrogen maleate (KHM) radical depicted in Fig. S1(a) has been chosen as a test bed for
a molecular spin qubit with an one electron and two *H nuclear spins, in which the two hyperfine
qubits are equivalent except for one principal axis of the hyperfine tensors in this work. In the
previous studies,® 52 the orthorhombic crystal of the KHM host molecule was reported from the
X-ray diffraction measurements, and the ESR spectra of KHM radical generated by y-/X-ray
irradiation showed also the crystal symmetry (Fig. S1(b)). The unit cell contains four molecules and
two magnetically non-equivalent orientations for KHM radical, say orientations 1 and 2. The
hyperfine tensors of two protons for the orientation 1 in the abc orthogonal crystallographic

coordinate system are

-146 -37 74
Agon(H2)=| =37 -16.0 -6.3 | MHz (hf-1a)
74 -63 -230

-146 -37 -74
Acino(H3)=| =37 -160 6.3 | MHz (hf-1b)
~-74 63 -230

and those for the orientation 2 are

~146 37 -4
Aanp(H2)=| 37 -160 -6.3 | MHz (hf-2a)
~-74 -63 -230

~146 37 74
Aano(H3)=| 37 -160 6.3 | MHz (hf-2b).
74 63 -230

The difference between hf-1 and hf-2 is a sign of off-diagonal elements of the hyperfine tensors. In



the manuscript, we consider the orientation 1 for our purpose and simplicity. The electron spin, *H2
and 'H3 nuclear spins with the parameter set of hf-1 are named the 1%, 2" and 3 qubits,

respectively in the present molecular spin qubits. The nuclear spins are termed hyperfine qubits.

(a) (b)

Figure S1 The molecular and crystal structures of KHM radical (a) The molecular structure of KHM
radical. (b) The crystal structure of KHM radical in the abc crystallographic coordinate system
defined as the molecular coordinate (xyz) system, reported by the X-ray diffraction study. Atoms, €0,
12C and K atoms are denoted in red, gray and purple spheres, respectively. The orientation 1 and 2
are circled in blue and green, respectively. Note that the true molecular structure of KHM radical in
the crystal lattice of the KHM host molecule has not experimentally been determined yet, and
speaking exactly the structure have only been suggested by ESR spectroscopy and relevant

theoretical considerations.

1.2 The hyperfine tensors of the a-proton and *C-labeled nucleus in **C- labeled malonyl
radical
The 13C- labeled malonyl radical depicted in Fig. S2 has been utilized for a hyperfine qubit with
heteronuclear spin system which is composed of one electron spin (1%, *H nuclear (2"9) and 13C (3")
nuclear client spin qubits. Since the crystal of malonic acid having malonyl radical is triclinic, there
is only one molecular orientation.[S% From the experimental point of view, any precise orientation of
the static magnetic field with respect to the triclinic crystallographic coordinate system (abc) is very
difficult without a proper reference crystal composed of a certain stable open-shell entities with a
well-defined large hyperfine anisotropic tensor. Thus, we have chosen a crystallographic orthogonal
coordinate system defined in the crystal of malonic acid. The hyperfine tensors of the *H and 13C

hyperfine qubits in the crystallographic orthogonal coordinate system defined in the experiment are



_560 00 00
An(H)=| 00 -915 00 |MHz (hf-3a)
00 00 -266

2118 10 -89
An(2C)=| 10 246 -13|MHz (h-3b).
~89 -13 434

H

13

C
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Figure S2 The molecular structure of 13C- labeled malonyl radical. The molecular coordinates (xyz)
system is defined as the principal axes of the hyperfine tensor for the a-proton. The principal axes of
the hyperfine tensor for the 3C nucleus are approximately collinear with the xyz axes.



2. Fidelity of GRAPE pulses as a function of physical and operational parameters
Here, we discuss how physical or operational parameters affect quantum gate fidelity of GRadient
Ascent Pulse Engineering (GRAPE) pulses. We focus on the CNOT1 gate operation only. The other

operations are given in the manuscript.

CNOT1= (CNOTD).

O OO OO OO -
O OO OO O O
O OO kPO OO O
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O PO OO OO O
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The GRAPE pulse and its fidelity are numerically calculated by the DYNAMO toolbox[Sd!
running on MATLAB software. The calculated fidelity is plotted as a function of the direction of the
static magnetic field (Bo) defined with respect to the molecular coordinate (xyz) system. In the
following section, we define the reference condition (section 2.1) to discuss the fidelity as a
functions of magnitudes of the static magnetic field (section 2.2), offset microwave frequency

(section 2.3) and operation time (section 2.4).



2.1 Plots of fidelity foe the reference condition.

The set of the physical parameters for the reference condition is set to be the same as in the
manuscript. Those are listed in Table S1. The two reference sphere plots in Figs. S3a and S3b, have
the same fidelity values for KHM and malonyl radicals as depicted in the manuscript of Fig. 2a and

3a, respectively.

Table S1 The reference condition of the numerical calculations for GRAPE pulses.

Magnitude of Bo 1.1 T (Q-band)
Offset frequency (4vo) 10 MHz
Computational time step (4t) 5ns
Operation time (KHM radical) 0.5 us
Operation time (malonyl radical) 0.3 us
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Figure S3 Plots of fidelity for the reference condition. Each colored point in the molecular
coordinate (xyz) system shows the fidelity as a function of the direction of the static magnetic field
(Bo) from the center. (a) KHM radical. (b) *C-labeled malony! radical.



2.2 Plots of fidelity for different magnetic field strengths

The Bo dependence of fidelity is estimated by assuming typically 0.1 T (L-band) and 0.35 T
(X-band) in Fig S4 and S5, respectively. The other parameters are set to be the same as the reference
condition as listed in Table S1. The two figures show considerably lower fidelity in most orientations

compared with those for the reference condition (Q-band) of Fig. S3.
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Figure S4 Plots of fidelity for an L-band spectrometer. Each colored points in the molecular
coordinate (xyz) system shows the fidelity as a function of the direction of the static magnetic field
(Bo) from the center. (a) KHM radical. (b) *C-labeled malony! radical.
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Figure S5 Plots of fidelity for an X-band spectrometer. Each colored point in the molecular
coordinate (xyz) shows the fidelity with the direction of the static magnetic field (Bo) from the center.
(a) KHM radical. (b) **C-labeled malonyl radical.



2.3 Plots of fidelity for different offset frequency of microwave
We have numerically calculated the GRAPE pulse at the 0 MHz offset microwave frequency. The
other parameters are set to be the same as the reference condition, as listed in Table S1. The plots of

fidelity are shown in Fig. S6. The fidelity lower than that for the reference condition is obtained.
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Figure S6 Plots of fidelity at the 0 MHz offset microwave frequency. Each colored point in the
molecular coordinate (xyz) system shows the fidelity as a function of the direction of the static
magnetic field (Bo) from the center. (a) KHM radical. (b) *C-labeled malonyl radical.



2.4 Plots of fidelity at long operation time.

We have also calculated the GRAPE pulse for the larger operation time (= 1.2 ps) than the reference
condition. Physical parameters except for the operation time are set to be the same for the reference
condition, as listed in Table S1. The plots of fidelity is shown in Fig. S7. The fidelity is higher than
that for the reference condition except for particular molecular orientations being lack of complete
controllability. This suggests that the correlation between the fidelity and the corresponding

molecular orientation holds when varying the operation time.

(a) (b)

Fidelity

e e B

*+'4$¢+¢z¢+~..-«ll.. e A s e
1004

Baassasa s s adddddssttbtions 0.6

P2 POes e
Bocsrsrsiiis e T = T A
sssss . . . R DD P = 0.2
R I Y e .

Figure S7 Plots of fidelity at long operation time. The operation time of KHM radical and 3C-
labeled malonyl radical is set to be 1.2 ps. Each colored point in the molecular coordinate (Xyz)
system shows the fidelity as a function of the direction of the static magnetic field (Bo) from the

center. (a) KHM radical. (b) *3C-labeled malonyl radical.



3. Pulse sequence of GRAPE pulses.

Here, we show the suitable molecular orientations and the pulse sequences for GRAPE pulses acting
on the CNOT1 gate. The molecular orientations being far from the low fidelity orientations were
carefully selected as discussed in the manuscript. In the following subsection, the physical

parameters are fixed as listed in Table S2.

Table S2 The fixed parameters in the GRAPE calculations.

Magnitude of Bo 1.1 T (Q-band)
Offset frequency (4vo) 10 MHz

Computational time step (4t) 5ns




3.1 Pulse sequences for KHM radical.

The GRAPE pulses for KHM radical have numerically been calculated for the most suitable
molecular orientation (¢ =10°, & =150°) depicted in Figs. S8 and S9. Both show high fidelity of 0.99,
but with the different operation time. The GRAPE pulse in Fig. S8 was calculated under the
reference condition, i.e. the operation time of 0.5 us. On the other hand, the GRAPE pulse in Fig. S9
is for the larger operation time of 1.2 us, leading to the decrease in the control amplitude for the
ESR-QC experiments.

Optimized Control Sequence
200 : .

150

50

0
=50+
/=100 -

-150¢

o
(=]

Control amplitude /MHz

0.1 0.2 0.3 0.4 0.5
Time /micro sec

-200
0

Figure S8 The pulse sequence for KHM radical. The operation time is 0.5 us (the same as for the
reference condition).

Optimized Control Sequence
0 02 0.4 0.6 0.8 1 12
Time /micro sec

Control amplitude /MHz

Figure S9 The pulse sequence for KHM radical. The operation time is 1.2 ps, leading to the
decrease in the control amplitude.



3.2 Pulse sequences for °C- labeled malony! radical.

The GRAPE pulses for 3C- labeled malonyl radical have numerically calculated for the most
suitable molecular orientation (¢ =45°, 8 =45°) depicted in Figs. S10 and Fig. S11. These figures are
the same as in Figs. 4c and 4d in the manuscript. Both show high fidelity of 0.99, but for the
different operation time. The GRAPE pulse in Fig. S10 was calculated under the reference condition,
i.e. the operation time of 0.3 us. On the other hand, the GRAPE pulse in Fig. S11 is for the larger
operation time of 1.2 us, leading to the decrease in the control amplitude for the ESR-QC

experiments.

150 Optimized Control Sequence

100

wn
(=]

IL,JI.J‘ ) I|||I III‘ --'|||||| |I||.

Control amplitude /MHz
=

0 0.05 0.1 0.15 02 0.25 0.3
Time /micro sec

Figure S10 The pulse sequence for 3C- labeled malonyl radical. The operation time is 0.3 ps (the

same as for the reference condition).

Optimized Control Sequence
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0 0.2 0.4 0.6 0.8 1 12

Time /micro sec

Figure S11 The pulse sequence for 3C- labeled malonyl radical. The operation time is 1.2 ps.

leading to the decrease in the control amplitude.



4. The optimized molecular structure of malonyl radical in the host crystal lattice

of malonic acid and the spin Hamiltonian parameters for malonyl radical
Speaking exactly, the molecular structure of malonyl radical itself in the host crystal lattice of
malonic acid has not fully been determined in its crystal structure, to our knowledge. The optimized
molecular structure of malonyl radical in the crystal lattice is given below in detail. The optimized
structure of malonyl radical in the crystal lattice has been obtained by considering sixteen host
molecules surrounding malonyl radical in the lattice. The optimized structure of malonyl radical
obtained in the host crystal is the most probable one theoretically calculated so far.

The target molecular system is malonyl radical with sixteen surrounding closed shell molecules
of malonic acid. The geometry optimization was carried out at the level of UB97D/6-31G*. The
geometrical parameters of malonyl radical and the two COOH groups of malonic acid those form
hydrogen bonds with malonyl radical were optimized. The positions of other atoms were fixed
during the geometry optimization. The top and side views of the optimized structure of malonyl

radical are given with the sixteen surrounding molecules of malonic acid in Fig. S12.

Top view Side view
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Figure S12 The optimized molecular structure of malonyl radical with sixteen surrounding
closed-shell molecules of malonic acid. Ball and stick images denote malonyl radical, and only stick
images the closed-shell molecules of malonic acid. Dihedral angles between the central CH and
COOH groups are measured by H-C»-C;i-OH: D(H-C2-C1-OH) = 106.29 degrees, D(H-C,-C3-OH) =
-14.44 degrees.

It is worth noting that the optimized molecular structure reproduces the experimentally
determined hyperfine tensors for the 13-carbon atoms and a.-proton of the central carbon. The
calculated hyperfine tensors (at the UB97D/6-31G* level) for the C1, C, (central carbon), and Cs



atoms, and the a-proton are given in Fig. S13. The spin density plot (isosurface value = 0.005) of

malonyl radaical in the crystal, as calculated at the UB97D/6-31G* level is given in Fig. S14.

Results: Hyperfine tensors (UB970/6-31G* level)

c1
A, = -37.655 MHz
A, =-33.841 MHz
A, = -32.208 MHz

Direction casing

0.0087 0.9421 -0.3352
0.5812 02680 0.7683
0.8137 -0,2015 -0,5452

C3

A, = -36.130 MHz
A, = -35.331 MHz
A = -32.066 MHz

Direction casine

-0.1304 0.6380 0.7589
0.9245 -0.1983 0.3255
0.3582 0.7441 -0.5640

{
(_\..

C2 (central carbon)

A, = 31417 MHz
A, = 31.824 MHz
A, = 226.29 MHz

Direction casine

0.2816 0.0729 -0.4663
-0.1325 0.9865 00962
0.4530 0.1466 0.5794

H

A, = -98,803 MHz
A, = 72,293 MHz
A, = -26,940 MHz

Direction casine

0.8548 0.2388 -0.4608
0.4395 0.1394 08874
0.2762 0.9610 -0.0142

Figure S13 The hyperfine tensors calculated at the level of UB97D/6-31G* for the Cy, C» (central

carbon), and Cz atoms, and the a-proton are given.



Figure S14 The spin density plot (isosurface value = 0.005) of malonyl radaical in the crystal, as
calculated at the UB97D/6-31G* level is given.

Also, the calculated hyperfine tensors (at the UB97D/EPR-II level, geometry-optimized at
UB97-D/6-31G*) for the C4, C» (central carbon), and Cz atoms, and the a-proton are given in Fig.
S15. The principal values of the theoretically calculated hyperfine tensors at EPR-I1 are

overestimated.



C1

A, = -51.875 MHz
A,, = -48.064 MHz
A,, = -46.321 MHz

Direction cosine

0.0055 0.9418 -0.3362
0.5727 0.2726 0.7731
0.8197 -0.1968 -0.5379

Figure S15 The hyperfine tensors calculated at the level of UB97D/EPR-II (geometry-optimized at

C3

A, =-51.196 MHz
A,, = -50.523 MHz
A,, = -47.115 MHz

Direction cosine

-0.3034 0.6805 0.6670
0.8771-0.0741 0.4745
0.3723 0.7290-0.5744

C2 (central carbon)

A, = 66.292 MHz
A,, = 67.345 MHz
A,, = 270.529 MHz

Direction cosine

0.8581 0.1991-0.4732
-0.2448 0.9689 -0.0362
0.4513 0.1469 0.8802

H
A, = -98.622 MHz
A,, = -69.467 MHz
A,, = -24.304 MHz

Direction cosine

0.8551 0.2378-0.4606
0.4400 0.1370 0.8875
-0.2742 0.9616 -0.0125

UB97-D/6-31G¥*) for the C1, C, (central carbon), and Cs atoms, and the a-proton are given.
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