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APPLICATIONS OF p-HARMONIC
TRANSPLANTATION FOR FUNCTIONAL
INEQUALITIES INVOLVING A FINSLER NORM

SADAF HABIBI' AND FUTOSHI TAKAHASHI?

ABSTRACT. In this paper, we prove several inequalities such as
Sobolev, Poincaré, logarithmic Sobolev, which involve a general
norm with accurate information of extremals, and are valid for
some symmetric functions. We use Ioku’s transformation, which is
a special case of p-harmonic transplantation, between symmetric

functions.

Key words: Finsler norm, Functional inequalities, p-harmonic trans-

plantation.
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1. INTRODUCTION

The Sobolev inequality

. p/p”
(1.1) SNp (/ |ul|? dx) §/ |VulPdz
RN RN

which holds for every u € WY (RY), where N > 2, 1 < p < N,

Np

and p* = £, is one of the fundamental tools in analysis. The best

N—p’
constant Sy, is known as

N N\ PN
S = P2\ <N_p>p—1 F(g)F(Hg)
(1.2) p—1 D(N)C(1+5)
SN 1= 7Tp/2 N 17

1 <p<N,
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where p' = £, see [19], [25], [3] and [34]. It is well-known that the
best constant for 1 < p < N is achieved by a family of functions of the

form
N-—p

(1.3) Uz) = (a+b|x|p%)_7, a,b >0

and its translation U (z—x) for 7o € RY. If we replace RY by a domain
different from RY, then still Sobolev inequality with the same best
constant holds true for functions in VVO1 P(€)), however, the attainability
of the constant is lost.

Recently, Toku [23] obtained a new Sobolev type inequality for ra-
dially symmetric functions on the ball B with radius R > 0, which
admits extremals for the best constant in the inequality.

Theorem A (Ioku [23])

Let N > 2,1 < p < N and p* = NN—_p. Then for any radially

symmetric function v € Wy P(Bg), the inequality
p/p*

*

p

vy
swo| [ — | < [ v
(=) &
holds true. Here Sy, on the left-hand side is the same constant in
(1.2). The equality occurs if and only if v is of the form

v = (a+b U _Rz_ff>pfzv)”f

for some a,b > 0.

Ioku obtained the above theorem by exploiting a transformation be-
tween radially symmetric functions on By and on the whole RY. Then
the inequality in Theorem A is the ”disguised” version of (1.1) under
the transformation. His transformation is a special case of p-harmonic
transplantation initiated by J. Hersh [22], see also [4]. This point of
view is pursued in [33]. Harmonic transplantation is used to prove
the attainability of the supremum of Trudinger-Moser type functional,
see [20], [12], [13], [11]. Other applications for functional inequalities,
such as Hardy, or Hardy-Sobolev type, see also [32], [31], [30], and the
reference therein.

In this paper, we use the same transformation by Ioku, but between
radially symmetric functions on the whole space (resp. on the ball)
and Finsler radially symmetric functions on the ball (resp. on the
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whole space). The resulting inequalities include a general norm (Finsler

norm) with the precise information on the extremizers of the best con-

stant involved. For other inequalities involving Finsler norms, we refer
o [1], [16], [26], [29], [36], [37], [39], and the references therein..

2. AN INTEGRAL FORMULA FOR FINSLER SYMMETRIC FUNCTIONS

Let H : RY — [0,+00), N > 2 be a function such that H is convex,
H(¢) >0, H() =0 if and only if £ = 0, and satisfies
(2.1) H(t¢) = [t|H (&), VEeRN vteR.
By (2.1), H must be even: H(—§) = H(€) for all £ € RY. We assume
in this paper that H € C*(RY \ {0}). We call H a Finsler norm on

RY. Since all norms on R" are equivalent to each other, we see the
existence of positive constants a and 3 such that

alg| < H() < plgl, € eRY.
The dual norm of H is the function H° : RY — [0, +00) defined by
§-x
H%z) = sup
cern\ g0y H(§)

It is well-known that H° is also a norm on RY and satisfies the inequal-
ity

1 1
Zlz| < H(z) < —|z|, VzeRN.
ﬁlxl < H'(z) < alﬂfl T

The set
W={zeR" | Hz) <1}
is called the Wulff ball, or the H°-unit ball, and we denote Ky =

HY (W), where HY denotes the N-dimensional Hausdorff measure on
RY. We also denote

W, ={zeRY | H(z) < r}

for any r > 0.

Here we just recall some properties of H and H®. These will be
proven by using the homogeneity property of H and H?, see [6] Lemma
2.1, and Lemma 2.2.

Proposition 2.1. Let H be a Finsler norm on RN. Then the following
properties hold true:

(1) [VeH(E)] < C for any £ # 0.

(2) VeH(E) - &= H(E), VoH(z) -z = H(x) for any £ #0, z # 0.
(3)( )( ) \t|( )(f)foranyf;éo,t#o.

(4) H (V H(z)) = 1. HU(VsH(S))Zl-
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(5) H(x) (VeH) (Vo1 (2)) = .

For a domain @ C R"™ and a Borel set £ C RY, the anisotropic
H -perimeter of a set E with respect to €2 is defined as

Py (E;Q) = sup {/ divedz | o € C°(Q;RY), H(o(z)) < 1}.
ENQ

If E is Lipschitz, then it holds Py (E; () fﬂm‘)* dHN 1 where
0*E denotes the reduced boundary of the set I/ and V( ) is the measure
theoretic outer unit normal of 0*E (see [18]). For more explanation
about the anisotropic perimeter, see [2] and [7].

Now, we prove that Py(W;RY) = Nky. If HY is Lipschitz, then
OW is also Lipschitz and 0*W = 8W holds. In this case, the outer

unit normal of W is given by v = IV H0| Thus
Py(WiRY) = | H(v(z))dH" ()
oW
VH®
— H N-1
(o) @)

_ 1 N-1
= /aw VO dH” 7 (x).

Here we have used H(VH(z)) = 1 by Proposition 2.1 and the positive
1-homogeniety of H. Similarly, we have

(2-2) PH(WTQRN) :/8W |V;IO| dH"N~ 1( )

for any r > 0. On the other hand, by the fact H°(x) = 1 on W, the
formula x - VH®(z) = H°(x) by Proposition 2.1, and the divergence
theorem, we have

1
P RN = N-1
nOVED) /aw v )

L e,
- [, @

B T - VHO(x) N-1(,
_/aw NG

:/ z-vdHY " (2)

ow

= / divedr = NHY(W).
w
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Thus we obtain

(2.3) Py (W;RY) = NHN (W) = Nky.
Similarly, we have

(2.4) PyW,;RY) = Nuyr™™1 (r > 0).

The equality (2.4) is proved as follows: Recall W, = {H%(z) < r} for
r > 0. Then y = z/r € W = W), for z € W, by the homogeniety
of H°. On the other hand, since VH? is 0-homogeneous, we have
VH (x) = VH(y). Thus by (2.2), we have

vy [ AT ) dHN" (ry)
Pa(Wri R >‘/awr VHO ) /yeaw N (ry)|

_ dHYN " (y) _
=N 1/ — 2 = NIpL ().
o IVIO(y)| (V)

In the following, we call a function g of the form g(z) = h(H°(x))
for some h : R, — R as H’-symmetric , or Finsler symmetric function.

The following is a key fact in this paper. Though the statement is
widely known, we prove it here for the sake of completeness.

Proposition 2.2. (Polar formula) Let h : R, — R be such that h o
HY e L}, (RN). Then it holds that

/ h(H(z))dz = PH(W;]RN)/ h(s)s™ tds
HO(x) 0

(2.5) = Nkn /t h(s)sV"tds.

In particular, if ho H° € LY(RY), then

/ h(H(z))dx = NliN/ h(s)s™tds
RN 0
holds.

For the proof of Proposition 2.2, we use the coarea formula in the
following form.

Theorem 2.3. (Coarea formula) Let f : RY — R be Lipschitz and let
g € LY(RY). Then it holds that

(2.6) /f(m dx—// !st)c dHN " (x)ds.
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See for example [18] §3.4.4, or [8] §13.4.

Proof of Proposition 2.2.

For h : Ry — R as above, put g(x) = h( %(z)), f(z) = H(z) in
Theorem 2.3. Then (2.6), (2.2), (2.4), an

o
HO(z)<t

d (2.3) yield that

= / /Hox) VO >)| H (@)ds

=/0 ([, e

2.2

—

(24)

22) /t h(s) Py (Ws; RN)ds

dHNl(x)> ds

t
= / h(s) Py (W;RY)s"tds
0

¢
:PH(W;RN)/ h(s)sVtds
0

¢
22 NRN/ h(s)sVtds.
0

3. A TRANSFORMATION BETWEEN SYMMETRIC FUNCTIONS

Let v = u(x) be a radially symmetric function, thus, there exists
a function U defined on [0, +00) such that u(z) = U(|z|).
v = v(y) be a Finsler radially symmetric function on Wg of the form
v(y) = V(H (y)) for some V =V (s), s €
number. Let us assume that v and v are related with each other by
the transformation

(3.1)

Throughout of the paper, wy_1 denotes the surface measure of the
unit sphere S~ in RY. Under the transformation (3.1), we have the
following equivalence.

[0, R), where R > 0 be any

Also let
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Proposition 3.1. Let u,v be as above. Let F': R — R be continuous.
Then we have

/ |Vu|Pde = PN H(Vv)Pdy,
RN N

RN Wr

[ Futands =2 [ A

o\ rt)
- (4)

Proof. By (3.1), we see that if  runs from 0 to oo, then s runs from

N—
0 to R, and vice versa. Also by differentiating the relation Tt =
N— N—
sT» 1 — R™»1 with respect to s, we have

p—N r%_l @ _ p—N si;—]f_l
p—1 ds p—1 ’

which implies

ﬂ_ N—1 % @ N-1 1-N
ds dr
Since U'(r) = V'(s)(%), we compute
> R ds\"” dr
! p,.N—1 — / p [ 22 N-1 (="
/O U ()1 /0 V/(s) (m) (s) (ds) ds
R ds\?*
— Vl p - N—ld
[ e (G)
R d p—1
- /0 V()P (d—j) r(s)Ntds
R N-1 1-n\ p—1
:/ V(s (5T ()70 )" r(s)¥ s
0
R
(3.2) :/ V' (s)[PsNLds.
0
Now, for v(y) = V(H (y)), y € Wg, we compute

Vu(y) = V'(H(y))VH (y),
(3.3)
H (Vo(y)) = H (V'(H(y))VH (y)) = |[V'(H(y)| H(VH(y)) = [V'(H°(y)],
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here we used Proposition 2.1 Recalling Proposition 2.2 (2.5) with h(s) =
|V'(s)|P, we have

/ |Vu]pda::wN_1/ U’ (r)[PrN ~tdr
RN 0

R
@2 (X[]\/;;NHN/O V'(s)[Ps™Ntds

(2.5) WN—1

2 e [ vy

(3.3) WN-1

H(Vv)Pdy.

NIiN Wk
On the other hand, we compute

/OOO FU(@r)r¥tdr = /ORF(V(S))T(S)N_l (%) ds

_ r F(V(S)) N1
S5 (5 - R "N

(3.4) :/OR F(V(s)) — sV,

Thus again Proposition 2.2 yields that

[ Fe@yie = [ R0
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O

Next, let us replace the roles of v and v in Proposition 3.1. That
is, let v = v(y) be a radially symmetric function on By = {z € RY :
|z| < R}, here R > 0. Thus, there exists a function V' defined on
[0, R) such that v(y) = V(|y|). Also let u = u(z) be a Finsler radially
symmetric function on RY of the form u(x) = U(H’(z)), U = U(r),
r € [0,400). Assume u and v are related by the transformation

r=Hx),z € RY,

s=|y|l,y € B C RY,
(3.5) Sy EBrCR

Pl =gt — Rt
u(z) =U(r) =V(s) =v(y).

Then as before, under the transformation (3.5), we have the following
equivalence.

Proposition 3.2. Let u,v be as above. Let F': R — R be continuous.
Then we have

/ \VoulPdy = PN H(Vu)Pdz,
Br

NHN RN

/BRF(v(y))dy CN-1 /RN Flu(z) ey da

- N/{/N o N—p N—p
z) | p—1
<1+ (252) )

The proof is similar as above, and we omit it here.

4. FUNCTIONAL INEQUALITIES FOR SYMMETRIC FUNCTIONS

In this section, we will prove several functional inequalities which
hold for functions in the appropriate Sobolev space with some symme-
try. Though many similar inequalities can be derived by the same idea,
we record here few of them.

Following inequalities are direct consequences of Proposition 3.1,
Proposition 3.2, and the known inequalities on RY or Bg, with the
information of extremals.

4.1. The sharp LP-Sobolev inequality. First we treat the sharp
LP-Sobolev inequality.
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N
Finsler radially symmetric function v € Wol’p(WR), the inequality

Theorem 4.1. Let N > 2,1 < p < N and p* = N—_pp. Then for any

*

p/p

*

p

~ v
SNJD / | (y) P(N—1) dy < H(Vv(y))pdy
Wr o) N=2\ “N=p Wr
(1 _ (HI%(y)) p—1 )

holds true. Here

and Sy, is defined in (1.2). The equality occurs if and only if v is of
the form

p—N p—N

vly) = (QH((HO(@/))“ —Rp1>”pN) ’

for some a,b > 0.

Proof. For any Finsler radially symmetric function v € Wy?(Wg), de-
fine u € WH(RY) as u(z) = U(r) = V(s) = v(y), where r = |z|,
r € RY and s = H(y), y € Wg. U and V are defining functions of
u, v respectively. Then the LP-Sobolev inequality (1.1) for v (with the
information of extremals) and Proposition 3.1 yield the result. O

4.2. Gagliardo-Nirenberg inequalities. The following optimal Gagliardo-
Nirenberg inequality was established by del Pino and Dolbeault [14],
which includes the sharp L2-Sobolev inequality as a special case. Let
g>1if N=2and 1 < ¢ < & if N > 3. Then for any function

N-2
u € LY RY) N LM(RY) with Vu € L*(RY), the inequality
(4.1) ||U||L2q(RN) < AHVUH%?(RN)||U||E+01(RN)

holds true where

_ N(g—1)
(4.2) SN - (N—2)q)
and
(4.3)

(4= Dia+ D\ (2q+1) - Ng- D\ [ T 7
A:( 2N )( 2q+ 1) ) rE-y))
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A is optimal and the equality in (4.1) holds if and only if u is a constant
multiple and translation of functions

(4.4 bo() = (;> 050

0%+ |z|?
Note that the sharp L?-Sobolev inequality is recovered when ¢ = %
By the same argument in proving Theorem 4.1, but in this case we

use the transformation
r=|z|,z € RY,
S_HO(?J Yy € Wg CRY,
r 282 N R2 N7
u(zr) =U(r) =V(s) = v(y),

we obtain the following:

Theorem 4.2. Let N > 3 and 1 < q < N 5. Then for any Finsler
radially symmetric function v € I/VO1 2(VVR), the inequality

2q

2]
2

2q ~
/ ’U(y)‘ 2(N—1) dy - A ( H(vv(y))zdy)
W (1 _ (H(;éy))NJ)ﬁ e
1-6
q+1
[o(y)|*+
X / g W
WR HO( ) N—-2

<1 _ ( Ry )N72>

holds true. Here A = (%)ﬁ A, where 0 is in (4.2) and A is the

constant in (4.3). The equality occurs if and only if v is of the form

1

1 o
(02 +((HO(y)> - R”)szv) |
for some ¢ >0 and C' # 0.

o> 0.

v(y)=C

Nash’s inequality

14+2/N
(4.5) lull 4Ny < BlIVull 2 llull iz
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which holds true where for any u € WH2(RY)N LY (RY), is also a special
case of the Gagliardo-Nirenberg inequality. Let

[ 1 Vul*da

AV(B) = inf{ [ TuPds | ue Wl’Q(B),/ udr = 0,u is radially symmetric}
B B

denote the first non-zero Neumann eigenvalue of —A for all radially
symmetric functions u € W?(B) on the unit ball B ¢ RY with the
average zero. Carlen and Loss [9] proved that the best constant in the
right-hand side is

N\ e
A (B)wy -

and that the equality in (4.5) holds if and only if u is a constant mul-
tiple, scaling, and translation of the function

(4.7) U(|z]) = {((]](|17|) —U(1), E:z; i B

where .
U(r) =r—= Jn2(pr),
here J,, denotes the Bessel function of order v, and p is the first positive
zero of Jy, which turns out to be the first positive zero of U’ (r). By
this notation, AYY(B) can be written as A\YY(B) = 2.
Then as before, we have the next theorem.

Theorem 4.3. Let N > 3. Then for any Finsler radially symmetric
function v € W(}’Q(WR), the inequality
1+4

/WR W)l = < B( WRH(W@))?@)

z|w

holds true. Here B = <‘;’VN—,§> Y B, where B is the constant in (4.6).

The equality occurs if and only if v is of the form

o(y) = C¥ (A ((HO(y)> > — )77
for some A > 0 and C # 0.
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4.3. The Euclidean LP-logarithmic Sobolev inequality. The FEu-
clidean LP-logarithmic Sobolev inequality states that

N
(4.1) / |ul? log |u|Pdz < — log ,Cp/ |Vu|Pdx
RN p RN

holds for any function v € W?(R") such that [,y |f[’dz = 1. This
form of inequality was first proved by Weissler [38] for p = 2, Ledoux
[24] for p = 1, del Pino and Dolbeault [15] for 1 < p < N, and finally
generalized by Gentil [21] for 1 < p < co. Actually, Gentil extends the
result in [15] not only for all p > 1, but also for any norm on RY other
than usual Euclidean norm. Here the sharp constant £, is given by

Ly=ia2(O(N2+ 1)), p=1

1
~ e
B —1\P=1 __p2 (T(V/2+1) \P
L,=% (") v/ <F(N/p’+l)> , p>1

(4.2)

where p’ = B for p > 1. For p = 1, Beckner [5] proved that the

extremal functions for (4.1) are the characteristic functions of balls.
For 1 < p < N, it is proved in [15] that the extremal functions of (4.1)
must be of the form

u(x) = U(lz[) = C(N,p) exp (—%!x\p')

where ¢ > 0 and

e (A T+ D)
w9 o= (= (5)" T

and its translation.
From this and the same argument as in Theorem 4.1, we have

Theorem 4.4. Let1 <p < N and R > 0. Then

B P P N ~
WN-1 / [v(y)|Plog [v(y)| ——dy < —log | L, H(Vv)Pdy
NHN WR —p p( ) p WR

<1 - (HO(w) 5—1) n
R

holds true for any Finsler radially symmetric function v satisfying

WN-1 lv(y) P
dy = 1.
<N/‘€N) /VVR Nep p(N—1) y

()
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Here £~p = (“’N”) L,. The equality holds if and only if v is of the form

NRN

p—N p—N

v(y) = C(N,p) exp (—% (([—[O(y)) T _ RS )N—pp)

for 1 < p < N, where C(N,p) is defined in (4.3). When p = 1, then

the extremals are the characteristic functions of Wulff balls.

4.4. The Poincaré inequality on balls. The LP-Poincaré inequality
on balls states that

(4.1) M(BY) /B o(y)Pdy < R /B V(y)Pdy

holds for any function v € W, *(Bg), where B C R is a ball with
radius R > 0. Here, \;(By) is the first eigenvalue of —A,, (p-Laplacian)
with the Dirichlet boundary condition on the unit ball B; ¢ RY. To
the authors’ knowledge, the explicit expression is not known for A\ (B)
unless p = 2. The equality in (4.1) holds if and only if v is a constant
multiple of the first eigenfunction of —A, on Bpg, which we denote
ORr € VVO1 ?(Bgr). Known regularity and symmetry results assure that
the first eigenfunction of —A,, is C** for some « € (0,1) and radially
symmetric. Thus we can write ¢r(y) = Pr(|ly|), y € Bg, for some
Cl-function ®5 on [0, R) with ®p(R) = 0.
By these facts and Proposition 3.2, we have the following.

Theorem 4.5. Let 1 < p < N and R > 0 is arbitrarily given. Then

P
A(By) / [u(z) —dv <R’ [ H(Vu)de
R

p(
N N=p N—p RN
HO(z)\ p-1
(1 + () )
holds true for any Finsler radially symmetric function u(x) = U(H%(z)) €

WEP(RYN) such that u(oo) = 0. For fized R > 0, the equality holds if
and only if u is the constant multiple of

O <<(Ho(x))’;—f + R%V) H)

where ®p € C'([0, R)) is such that ¢r(y) = Pr(|y|), y € Bg, is the
first eigenfunction of —A, on Bp.

Proof. The proof follows for a given Finsler radially symmetric function
u € WHP(RY), define a radially symmetric function v(y) = V(|y|) as
v(y) = V(s) = U(r) = u(x) where s = |y|, y € Bg and r = H(z),
x € RY. Then use Proposition 3.5. O
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4.5. The sharp LP-Sobolev trace inequality. Let N >3, 1 <p <
_ (N-1)
N and put p, = T;f‘ Let
RY = {(z,t) e RV x R, }

denote the upper half space and identify ORY = {(z,0) | z € RN "'} ~
RN=1. The LP-sharp Sobolev trace inequality

p/Px
A1) Sea, ( / u(, o>|p*dx) < / Ve, t)Pdzdt
ORN RY

holds for every u € W'»(RN) = {u e L" (RY) | Vu € LP(RY)}, where

p* = NN__P;), ['he best constant Sy, is
(-1 i
. — N-1
(42) Spny = 7@V (u)p <((QL—1)))>
‘ N, (-1
p - 1 ( 2(17_130)

see Escobar [17] for p = 2 and Nazaret [28] for p € (1, N). Also it is
proven that the best constant St v, is achieved by a family of functions

_N-p z t E% %
(43) ou(a,t) =¢ ¢(—):<m) Y

where

B 1 =0
e = (rpe)

and its constant multiple and the translation C¢.(x — xg,t) for C' # 0
and xy € RV,
Let WX ™! denote the Wulff ball of radius R > 0 in RV~

Wit ={y e RV | H'(y) < R},

andlet 1 < p < N—1, N > 3. We relate functions u = u(xz,t) on RY of
the form u(x,t) = U(||,t), and functions on v = v(y,t) on Wi ' xR
of the form v(y,t) = V(H(y),t) for some U and V by the relation

r=|z|,r € RN,

s=HO%y),y e WYt c RY,
(4.4) p—uv—l)(y) yp—(N—lg% p—(N—1)

r »1 =g p1 — R p-1

u(z,t) =U(r,t) = V(s,t) = v(y,t).

Under the transformation (4.4), we have the following equivalence.
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Proposition 4.6. Let u,v be as above. Put

N-1-p %f{f)
HO = !
(4.5) AR@):{l—(%) } Cyewy

Then we have

/ / (Vo u(z, t)[Pdxdt
0o Jryn-t
a 2 p/2
- CUN 2 2 v _ /2
= A — A p :
N —1)krn_ 1/ /WN1< (V)" An(y )+<(9t> ) w(y) 4y

By Proposition 4.6 and Proposition 3.1 (N replaced by N — 1), we
have the following Sobolev trace inequality involving the Finsler norm:

Theorem 4.7. Let N >3, 1 <p < N —1 and p, = (]X,__l;p. For all

functions v € WP(WE™1 x R, of the form v(y,t) = V(H(y),t) for
a function V.=V (s,t), (s,t) € [0, R) x Ry, the inequality

Srn (/ le(w.0)
/ /WN 1 ( (Vv)*Agr(y) + (%)2)p/2AR(y)P/2dy

holds true, where A,(y) is defined in (4.5) and

P/ P
P Ag(y) ™" 2dy>

P—Px

WN_9 D

here St N is the same constant in (4.2). The equality occurs if v is of
the form

N
2(p—1)
€
v(y,t)=C ’

_(N_1) 2(p—1)

(e+t)2+ ((HO( )) p1 _R%yﬂ—m—l)

for some € > 0 and C # 0.

Remark 4.8. As in the classical case (4.1), it is not known that the
functions v(y,t) in Theorem 4.7 is the only extremizers or not for the
best constant St n,p, except for p = 2.
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Proof. Proof of the theorem is as before: For such a function v(y,t) =
V(H(y),t), define a new function u(z,t) by the relation (4.4), and use
the sharp LP Sobolev trace inequality for u. The information of the
extremals comes from the transformation and (4.3). O

4.6. Trudinger-Moser inequality. We can consider the same type
of transformation between u and v on the different dimension of spaces.
For example, let uw = u(x) be a Finsler radially symmetric function on
RY, N > 3, and let v = v(y) be a radially symmetric function on
Br C R? for some R > 0. Let us assume that u and v are related with
each other by the transformation

r=Hx),z e RY,
s=lyl,y € Br C R,
2N =log &,

u(z) =U(r) = V(s) = v(y).

(4.1)

Under the transformation (4.1), we have

Proposition 4.9. Let u,v be as above. Let F': R — R be continuous.
Then we have

/ IO T L, Hvus,
/B Fo@)y = [ F(u@)Winn(z)ds,
where
B 27 (N —2) R?
12 Winato) = (502 ) (e e

Proof. By (4.1), we see that if 7 runs from 0 to oo, then s runs from 0
to R, and vice versa. Also by differentiating the relation, we have

dr rN-1 1

ds N—2s
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Since V'(s) = U'(r)(%), we compute

R
/ Voly)Pdy = 2n / V/(s)|2sds
Br 0

—2 [P (j—) ) (5 )

T’N_l

=2 /000 |U’(r)|2ms(r)dr
2m 2N
- (N—Q)NKNNRN/Q \U'(r)|r™ " dr
2w

- s L ) s

2T 9
= V)N Jon H(Vu)“dz,
here we used
H (Vu(z)) = H (U'(H(2))VH"(z)) = |U'(H*(z)]

in the last equality. Also, we compute

/BR Flo(y))dy = 2 /OR F(V(s))sds

—or /OOO F(U(r))s(r) (%) dr
- /OOO FU(r))s(r)y =250 4,

T.Nfl
_ 27(N —2)
N N/ﬁIN

_ 27(N —2) R? exp{—2(H°(x))* "}
-2 / Flu(x)) S

_ /R F(u(e) Wi a(e)de.

Trudinger-Moser inequality [27], [35] on B C R? states that

(4.3) sup {/ W dy | v e WOI’Q(BR),/
Br

Br

|Vl dy < 1} < 00

and the supremum is attained by a radially symmetric function
(4.4) v(y) =Villyl), y€ BrCR%,
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see [10].
By this fact and Proposition 4.9, we have the following.

Theorem 4.10. Let N > 3 and put

B= {u € Wyrr(RY) | H(Vu)?ds < M} :

RN 27T

where W&}}?R(RN) denotes the set of Finsler radially symmetric func-
tions in Wy (RN). Then we have

sup/ e4m(x)QWH’R(x)dm < 00
ueB JRN

where Wy g(x) is defined in (4.2). Moreover, the supremum is attained
by

N

w(z) = Vy(Re H' @ g ¢ RN

where V, is a function in (4.4).
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