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CLASSIFICATION OF TORIC MANIFOLDS OVER AN n-CUBE
WITH ONE VERTEX CUT

SHO HASUI, HIDEYA KUWATA, MIKIYA MASUDA, AND SEONJEONG PARK

ABSTRACT. We say that a complete nonsingular toric variety (called a toric
manifold in this paper) is over P if its quotient by the compact torus is homeo-
morphic to P as a manifold with corners. Bott manifolds (or Bott towers) are
toric manifolds over an n-cube I™ and blowing them up at a fixed point pro-
duces toric manifolds over vc(I™) an n-cube with one vertex cut. They are all
projective. On the other hand, Oda’s 3-fold, the simplest non-projective toric
manifold, is over vc(I3). In this paper, we classify toric manifolds over ve(I™)
(n > 3) as varieties and also as smooth manifolds. As a consequence, it turns
out that (1) there are many non-projective toric manifolds over vc(I™) but
they are all diffeomorphic, and (2) toric manifolds over vc(I™) in some class
are determined by their cohomology rings as varieties among toric manifolds.

1. INTRODUCTION

A toric variety of complex dimension n is a normal complex algebraic variety
with an algebraic action of (C*)™ having an open dense orbit. In this paper, we are
concerned with complete nonsingular toric varieties and call them toric manifolds.
As is well-known, the category of toric varieties is equivalent to the category of fans,
by which the classification of toric manifolds as varieties reduces to a problem of
combinatorics. Indeed, this fundamental fact enables us to classify toric manifolds
of complex dimension < 2 as varieties and also as smooth manifolds (see [10], [15]).

However, the classification of fans up to isomorphism is not an easy task in
general, and not much is known about the classification of toric manifolds as smooth
(or topological) manifolds in complex dimension > 3. An intriguing problem posed
in [13] for the classification of toric manifolds as smooth (or topological) manifolds
is what is now called the cohomological rigidity problem, which asks whether toric
manifolds are diffeomorphic (or homeomorphic) if their integral cohomology rings
are isomorphic as graded rings.

Let X be a toric manifold of complex dimension n. Its quotient by the compact
torus (S)™ of (C*)™ is an n-dimensional manifold with corners. It is often homeo-
morphic to a simple polytope as a manifold with corners, e.g., this is the case when
X is projective or n < 3 but not the case in general ([18]). When the quotient is
homeomorphic to P as a manifold with corners, we say that X is over P.

Date: May 22, 2017.

2000 Mathematics Subject Classification. Primary 55N10, 57515; Secondary 14M25.

Key words and phrases. toric manifold, polytope, Oda’s 3-fold, moment-angle manifold, coho-
mological rigidity.

The third author was partially supported by JSPS Grant-in-Aid for Scientific Research
16K05152.



2 S. HASUI, H. KUWATA, M. MASUDA, AND S. PARK

Toric manifolds over an n-cube I™ are called Bott manifolds (or Bott towers)
and form an interesting class of toric manifolds ([11]). A Bott tower is a sequence
of an iterated P'-bundles starting with a point, where each P'-bundle is the projec-
tivization of the Whitney sum of two complex line bundles, and a Bott manifold is
the top manifold in the sequence. The cohomological rigidity problem is not solved
even for Bott manifolds but many results have been produced in support of the
affirmative answer to the problem, see [3], [4], [5], [6], [12].

Let vc(I™) be an n-cube with one vertex cut. Blowing up Bott manifolds at
a fixed point produces toric manifolds over vc(I™). They are all projective since
so are Bott manifolds. On the other hand, Oda’s 3-fold, which is known as the
simplest non-projective toric manifold, is over ve(I?). So, it would be meaningful
to classify toric manifolds over vc(I™) as varieties and also as smooth manifolds,
and we carry out the task in this paper.

In order to state our main results, we introduce some terminology. We assume
n > 3. The boundary complex C, of the simplicial polytope dual to ve(I™) is
the underlying simplicial complex of the fans associated with the toric manifolds
over ve(I™). The simplicial complex C, has 2n + 1 vertices, which we give labels
1,2,...,2n+1. The vertex corresponding to the facet of v¢(I™) obtained by cutting
a vertex of an n-cube I" is a distinguished vertex and we label it 2n 4+ 1. There is
a unique (n — 1)-simplex in C,, which does not intersect with the link of the vertex
2n + 1. The n vertices of the simplex are labelled by 1,2,...,n. Then the labels of
the remaining vertices of C,, are uniquely determined by requiring that the vertices

1 and n + ¢ do not span a 1-simplex of C, for each i =1,...,n.
Let X be a toric manifold over vc(I™). We denote by v; the primitive edge
vector in the fan of X corresponding to the vertex i of C,. Then {vi,va,...,v,}

forms a basis of the lattice of the fan so that we obtain an integer square matrix
Ax satisfying

(Vig1s Vg2, -« - Vo) = —(V1,va, ..., vy Ax.

It is not difficult to see that det Ax = 1 if and only if X is the blow-up of a
Bott manifold at a fixed point, where the Bott manifold is associated with the fan
obtained from the fan of X by removing the vertex 2n + 1. The following is our
first main theorem, which follows from Propositions 5.5, 5.6, 6.1, and 7.1.

Theorem 1.1. The determinant of Ax above takes any integer when X runs over
all toric manifolds over ve(I™) (n > 3) and is invariant under isomorphisms of the
cohomology rings of the toric manifolds. Moreover, unless the determinant is one,
the following three statements are equivalent for toric manifolds X and X' over
ve(I™):

(1) X and X' are diffeomorphic,

(2) H*(X;Z) and H*(X';Z) are isomorphic as graded rings,

(3) det AX = det AX’-

In particular, there is only one diffeomorphism class for toric manifolds over ve(I™)
with determinant q for each q # 1.

Remark. By the theorem above, the cohomological rigidity holds for toric manifolds
over vc(I™) with determinant g # 1. One can see that the cohomological rigidity
holds for toric manifolds over ve(I™) with determinant one if and only if it holds
for Bott manifolds of complex dimension n.
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The classification of our toric manifolds as varieties is the following, which follows
from Theorem 3.3, Propositions 8.1 and 8.3.

Theorem 1.2. Let VAR"(q) denote the set of variety isomorphism classes of toric
manifolds over ve(I™) (n > 3) with determinant q. Then we have the following.

(1) VAR"(q) consists of a single element for each ¢ #0,1,2.

(2) VAR™(0) is parametrized by sequences (by, ..., by) of integers with Y | b; =
1 up to cyclic permutation.

3) If X = X" in VAR"(1), then the Bott manifolds corresponding to X and
X' are isomorphic as varieties.

(4) VAR"™(2) is parametrized by sequences of 1 and —1 of length n with an odd
number of 1’s up to cyclic permutation.

Moreover, all elements in VAR"(q) are projective when q # 2, and one element in
VAR™(2) is projective while the others in VAR™(2) are non-projective.

Remark. Oda’s 3-fold lies in VAR?(2). By (4) above, the cardinality of VAR™(2)
is equal to the number of binary necklaces of length n with an odd number of zeros,
which has been studied in combinatorics. See [20, A000016]. Indeed, this number

is known as )

il n/d
5 2 P(d)2
d|n
d:odd

where ¢ denotes Euler’s totient function. It approaches infinity as n approaches
infinity.

Combining the two theorems above, we obtain two interesting corollaries.

(1) The toric manifold over vc(I™) with determinant 2 as a smooth manifold
admits a projective variety structure and a non-projective variety structure.

(2) We say that a toric manifold X is cohomologically super-rigid if any toric
manifold Y such that H*(Y;Z) = H*(X;Z) as graded rings is isomorphic to X as
a variety. In general, it is not true that if X is over P and H*(Y;Z) = H*(X;Z)
as graded rings, then Y is also over P, but this is true when P is ve(I™), see [7,
Section 6].! Therefore, it follows from the two theorems above that a toric manifold
over ve(I™) with determinant not equal to 0,1, 2 is cohomologically super-rigid.

This paper is organized as follows. We recall some basic facts about toric va-
rieties in Section 2. In Section 3, we investigate the complete nonsingular fans
associated with toric manifolds over ve(I™). We divide the family of the fans into
four types and classify the fans up to isomorphism, which proves Theorem 1.2 ex-
cept for the projectivity. We study general properties of the cohomology rings of our
toric manifolds in Section 4, and then study isomorphism classes of the cohomology
rings in each type in Sections 5. These observations lead to the invariance of our
determinant under cohomology ring isomorphisms mentioned in Theorem 1.1. In
Sections 6 and 7, we discuss smooth classification of our toric manifolds with deter-
minant 0 and 2 respectively. We use the quotient construction of toric manifolds in
the former case while we use moment-angle manifolds developed in toric topology
in the latter case. Section 8 is devoted to the determination of (non-)projectivity
of our toric manifolds. In Appendix, we give a proof to a key proposition used in
Section 7 about moment-angle manifolds and finish with some remarks.

n [7], they assumed that the orbit space of Y is a simple polytope, but their proof is applicable
when the orbit space of Y is the dual of a simplicial sphere.
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Throughout this paper, all cohomology groups will be taken with integer coeffi-
cients unless otherwise stated.

2. PRELIMINARIES

In this section, we prepare some notations and recall some basic facts about toric
geometry. For more details we refer the reader to [2], [8], [10], [15].

Toric varieties and Fans. A toric variety is a normal variety X that contains an
algebraic torus (C*)™ as a dense open subset, together with an action (C*)" x X —
X of (C*)™ on X that extends the natural action of (C*)™ on itself. A complete
nonsingular toric variety is called a toric manifold in this paper.

A fundamental result of toric geometry is that there is a bijection between toric
varieties of complex dimension n and rational fans of real dimension n, and toric
manifolds correspond to complete nonsingular fans. More strongly, the category of
toric varieties is equivalent to the category of fans.

Throughout this paper, toric varieties we consider are toric manifolds, so we
focus on simplicial fans.

Let K be a simplicial complex with m vertices. We identify the vertex set of IC
with the index set [m] := {1,...,m}. Consider a map

V:m] = 7Z".
Henceforth we will denote V(i) by v;. The pair A = (K, V) is called a (simplicial)
fan of dimension n if it satisfies the following:

(1) vy’s for i € I are linearly independent (over R) whenever I € K
(2) cone(l) N cone(J) = cone(I NJ) for I,J € K, where cone(I) is the cone
spanned by v;’s for i € I, that is,

cone(l) = {Z ;v;

iel

aizOforalliEI}.

The simplicial complex K is called the underlying simplicial complex of the fan A,
and we also say that A is over K. The fan A is complete if |J;ci cone(I) = R"
and nonsingular if the v;’s for ¢ € I form a part of a basis of Z™ whenever I € K.
Two fans A and A’ are isomorphic if there is an isomorphism x : K — K’ and
R € GLy(Z) such that v| ;) = Rv; for every i € [m]. When the fan A is complete
and nonsingular, we denote by X (A) the toric manifold associated with A. We
say that X (A) is over P when the orbit space of X (A) by the compact subtorus of
(C*)™ is homeomorphic to P as a manifold with corners.

Quotient construction of toric manifolds. Suppose that the fan A = (K, V)
is complete and nonsingular. We set

Z:=|J{(z1,...,2m) €C™ | z; =0 for all j € J}, and U(K) :=C™\ Z.
JéK

The natural action of (C*)™ on C™ leaves the subset U(K) of C™ invariant. For
v =[v1,...,0,|T € Z", we define A\y: C* — (C*)" by

Av(h) == (", ... h")
and Ay : (C*)™ — (C*)™ by
M(hi,oooshm) = Ay, (R1) -+ Ay, (Bum)
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where v; = V(i) € Z™. The nonsingularity of the fan A implies that Ay, is surjective,
so (C*)™/ker Ay can be identified with (C*)™ via Ay. Then

X(A) == U(K)/ ker \y

has an induced effective action of (C*)™/ker Ay = (C*)"™ having an open dense
orbit and finitely many orbits. Indeed, X (A) with this action of (C*)™ is the toric
manifold associated with the fan A.

The cohomology ring of a toric manifold X (A). For each ¢ = 1,...,m, the
subset D; C X(A) defined by z; = 0 is an invariant divisor fixed pointwise by
the C*-subgroup Ay, (C*). The Poincaré dual of D; gives a cohomology class p; of
degree 2 in the cohomology ring H*(X (A)).

Theorem 2.1 (Danilov-Jurkiewicz). The cohomology ring H*(X (A)) is isomor-
phic to Zlp, ..., um]/T as a graded ring, where T is the ideal generated by the
following two types of elements:

(1) Tlicrmi I €K), and
(2) X0 (a,vi)p; for any u € Z",
where ( , ) denotes the standard scalar product on Z™.

For a simplicial complex K on [m], a subset I C [m] is a minimal non-face of K
if I € K but all proper subsets I’ of I are simplices of K. It is known that every
simplicial complex is uniquely determined by its minimal non-faces. Relation (1)
in Theorem 2.1 is determined by the data of minimal non-faces of KC.

In this paper, we focus on toric manifolds over an n-cube with one vertex cut.
Since they are closely related to toric manifolds over an n-cube, we shall briefly
review them.

Bott manifolds and their cohomology rings (see [11], [12] for details). A
toric manifold over an n-cube I" is known as a Bott manifold or a Bott tower. It
can be obtained as the total space of an iterated P'-bundle starting with a point,
where each P!-bundle is the projectivization of the Whitney sum of two complex
line bundles. Let B,, be the simplicial complex on [2n] whose minimal non-faces
are {i,n+1i} for i = 1,...,n. Note that B, is isomorphic to the boundary complex
of the simplicial polytope dual to I". The fan associated with a Bott manifold is
of the form A = (B,,,V) such that the integer square matrix A defined by

(Vit1y -y Von) = =(V1, ..., V) A (vi =V(3))

is unipotent lower triangular. Since the fan A is determined by the matrix A,
we may denote the Bott manifold X(A) by X(A). Then, setting x; := p4; for

i=1,...,n in Theorem 2.1, one can see that
i—1

(2.1) H*(X(A)) 2 Z[xy,... ,xn]/(xl(xz + Zaijazj) [1<i< n)
j=1

where a;; denotes the (4, j)-entry of A.
We note that if p is an automorphism of B, then (B,,V o p) defines the same
fan as (B,,V) and the matrix A will change into the matrix A, defined by

(Vp(n+1), N 7Vp(2n)) = _(Vp(1)> N 7VP(R))AP'
The group Aut(B,,) of automorphisms of B,, is generated by two types of elements.
One is a permutation o on [n]. Indeed, since the minimal non-faces of B, are
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{i,n+i} for i = 1,...,n, o induces an automorphism of B,, by sending n + i to
n+ o(i). The other is a permutation on [2n] which sends ¢ to either i or n + 4 for
eachi=1,...,n.

3. CLASSIFICATION OF FANS

Let C, be a simplicial complex on [2n + 1] (n > 2) whose minimal non-faces are
{i,n+i}, {i,2n+1} (i =1,...,n),and {n+1,...,2n}. Note that C, is isomorphic
to the boundary complex of the simplicial polytope dual to vc(I™) an n-cube with
one vertex cut, see Figure 1. Therefore, the fan associated with a toric manifold
over vc(I™) is over C,. Conversely, it turns out that the toric manifold associated
with a fan over C, is over vc(I™), see Remark 2 in Appendix.

6

3

FIGURE 1. vc(I?) and C3 = 9(ve(I3))*

Remark 1. When n > 3, the vertex of degree n in C, is only {2n + 1}, and
{1,2,...,n} is the unique maximal simplex of C, which does not intersect with the
link of the vertex {2n + 1}. Therefore, any automorphism of C, fixes {2n + 1} and
preserves {1,...,n}. Since the minimal non-faces of C,, are {i,n+i} fori =1,...,n,
any automorphism of C, is induced from a permutation on [n] by sending n + i to
n+ o(i) when n > 3.

Let (Cy,V) be a complete nonsingular fan. Since {1,...,n} is a simplex of Cy,
{V1,...,vp} is a basis of Z". We express the remaining vectors v, 1, ..., Va,, and
Von+1 as linear combinations of the basis {v1,...,v,} as
(3.1) (Vog1s v oy Van) = —(v1,...,Vy)A, and vo,11 = —(v1,...,v,)b,

where A is an integer square matrix of size n and b is an integer column vector
of size n. The matrix A and the vector b depend on a permutation o on [n] as
follows. Since {Vy(1),..., Vo) } is a basis of Z", an integer square matrix A, and

an integer column vector b, are defined by

(Vn+0(1)7 s 7vn+a'(n)) = _(Va(l)7 oo 7Va'(n))A07 and
(3.2)
Vant+1 = _(vo'(l)a ce 7va(n))b0'a

respectively. Therefore, if P, denotes the permutation matrix defined by

(Va(l)a ce ,Vg(n)) == (Vl, ce ,Vn)]D(r7
then

(Vn-i-a(l)v cee ,Vn+a(n)) = (Vn+1’ cee aVQH)PU
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and plugging these into (3.2) and comparing the resulting equation with (3.1), we
see that

(3.3) A, = P, 1AP,,

in other words, the (4, j)-entry of A, is equal to the (o(%),o(j))-entry of A. Com-
bining (3.3) with Remark 1 shows that when n > 3, the fan A determines the
matrix A up to conjugation by permutation matrices, in particular, the value of
det A is an invariant of the fan A when n > 3. One also notes that

the ith entry of b, is equal to the o(i)th entry of b.
Motivated by this observation, we make the following definition.

Definition 3.1. A pair (A’,b’) is conjugate to (A, b) if there is a permutation o
on [n] such that (A’,b") = (4,,b,).

For a subset I of [n], we define

i ifiel
=4S
i ifigl.

If I # [n], then I :={1(I),...,n(I)} is a simplex of C,, so {Viays - V() } forms
a basis of Z™. Therefore, the matrix A; defined by

(Vl(l)a cee avn(l)) = 7(V17 cee 7vn)AI

is unimodular when I is a proper subset of [n]. If ICJ C [n] and J\I consists
of only one element, then cone(f) and cone(j) are adjacent, i.e., their intersection
cone(f nJ ) is a codimension one face of each. This implies that det A; and det A;
have different signs. We note Ay = —F,, where E,, denotes the identity matrix of
size n, and if I consists of a single element {i}, then Ay;; is —FE,, with the ith column
replaced by the ith column of A. Since det Ay = (—1)™ and det Ag;y = (—1)" *as;,
where a;; is the (i,7)-entry of A, and they have different signs, we have a;; = 1. In
general, det A; is the principal minor of A associated with I multiplied by (—1)"~1 I
Then an inductive argument on || shows that all proper principal minors of A are
1. This observation reminds us of the following lemma.

Lemma 3.1. [12, Lemma 3.3] Let R be a commutative ring with unit 1 and A be
a square matriz of size n with entries in R. Suppose that every proper principal
minor of A is equal to 1. If det A = 1, then A is conjugate by a permutation matriz
to a unipotent lower triangular matriz, and otherwise to a matriz of the form

1 0 ... 0 um
a9 1 ... 0 0
(3.4) AR
o 0 ... 1 O
0O 0 ... a, 1

where det A =14 (—1)""'[[\_, a; and all a;’s are nonzero since det A # 1.

Applying Lemma 3.1 with R = Z to our matrix A, we may assume that A is
of the form in Lemma 3.1. Based on this understanding, we can characterize the
pairs (A, b) obtained from complete nonsingular fans over C,,.
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Proposition 3.2. Let C,, be as above and (A,b) be a pair which defines a fan over

Cn by (3.1). Then fans over Cy, are classified into four types according to the values
of det A. In the following, a; denotes the ith column vector of A fori=1,...,n.

Type 0 (det A =0)

1 0 ... 0 -1 by
-1 1 ... 0 0 b .

: ot b= with Y b=
0 0o ... 1 0 : i=1

0 0 —1 1 b,

Type 1 (det A =1)

1 0 0 0
a1 1 0 0 .
) b= Zal-.
ap—-1,1 0apn-12 --- 1 0 i=1
an,1 Qp,2 ee Qpn—1 1

Type 2 (det A = 2)

1 0 ... 0 a
a9 1 0 0 1 n
Do ci, k=g Zai’
0 0 1 0 i=1
0 0 a, 1
where a; = 1 for i =1,...,n and the number of a;’s equal to 1 is odd.

Type 3 (det A #0,1,2)

1 0 ... 0 a 1

11 ... 0 0 Lo 0
: +1 b= = .
: a#0,+1, detAZaz

0 0 ... 1 0 i=1 :

0 0 ... -1 1 0

Remark. A fan of Type 1 is a blow-up of a fan of a Bott manifold explained in the
last section. The matrix A with a = —1, 0, and 1 in Type 3 is of Type 0, 1, and 2,
respectively.

Proof of Proposition 3.2. Since each n-dimensional cone containing b is nonsingu-
lar, the determinant of the matrix obtained from A by replacing a; with b is 1 up
to sign but we can see that it is actually 1 by taking orientations into account, that
is,

(3.5) detlag,...,a;—1,b,a;41,...,a,] =1, fori=1,2,...,n.
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Note that the equality above is equivalent to 22:1 brAr; = 1, where Ayg; is the
(k,i) minor of A multiplied by (—1)**?. Hence, if we denote by A the square
matrix whose (i, k)-entry is Ay;, then we get

(3.6) Ab =1,

where 1 = [1,...,1]7. Note that AA = (det A)E,,, where E, is the identity matrix
of size n.

Suppose that det A = 0. Then A is of (3.4) and AA is the zero matrix of size n,
so if we denote by r; the ith row vector of A, then we have

ri—i—airi_l:O fOI'lS’L'Sn,

where ro = r,,. Hence by adding a; times the (i — 1)th row to the ith row in [4, 1]
from i =n to i = 2, we get

1 % ... x 1
0 0 ... 0 1+as
00 ... 0 14+a,

where *’s are some integers. On the other hand, since b is a solution of Ax = 1,
we have rank[A, 1] = rank A. Therefore ay = --- = a,, = —1. Since det A = 1 +
(—=1)" I, a; = 0, we also have a; = —1. Hence, det[ay,...,a,_1,b] = > 1 b;
and Y. b; =1 by (3.5).

We now turn to the case det A # 0. Since AA = (det A)E,, we obtain b =
ot Yoiq @; from (3.6) regardless of the types. When det A = 1, this together
with Lemma 3.1 establishes Type 1 case.

In Type 2, since det A = 1+ (—1)"~1 [T, @i = 2 and a;’s are integers, we can
see that a; = +1 for ¢ = 1,...,n and the number of a;’s equal to 1 is odd.

In Type 3, we prove the following by using induction on n;

(*) The number of a;’s equal to —1 is n — 1 if det A # 0,1, 2.
When n = 2, we have

[Vi,Va2, V3, V5, V4] = [—e —eaba]:_1 0 1 b
1, V2, V3, V5, V4 1 2,41, D, 42 0 -1 as b2 11
and

det[al,b] = b2 — agbl =1 and det[b,ag] = b1 — CleQ =1

from (3.5). This means that vi,va, V3, Vs, vy are arranged in counterclockwise,
and any consecutive two vectors in them form a basis of Z2. Therefore there exist
integers cq, ..., c5 satisfying the equations

Vi + V3 = C2Va, V2 + V5 = C3V3,

V3 + V4 = C4Vs, V5 + V1 = C5Vy, V4 + V2 =C1V,
and an elementary computation shows that those integers are as follows:
(37) 1 = —ai, Cp = —az, C3 = bl, Cq = 1-— ai1a2, C5 = b2.

The vectors vy, va, v, Vs, vy are primitive, arranged in counterclockwise, and form
a 2-dimensional complete nonsingular fan, so the integers ci,...,c; must satisfy
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the equation?

5
Zci:3><5—12.
i=1

This together with (3.7) shows that ajaz(a; + 1)(az + 1) = 0. Combining this
equality with the condition det A = 1—ajas # 0,1, 2, we see that exactly one of ay
and ag is equal to —1, and the other is different from 0,+1. Hence, statement (*)
holds for n = 2.

Assume that statement (*) holds for n —1 for n > 3. Let A; be the fan obtained
from A by projecting onto Z"/{a;). Then A; is determined by the (n—1) x (n—1)
matrix

1 0o ... 0 —a1a2
as 1 ... 0 0
A=
0o 0 ... 1 0
0 0 ... a, 1
Since det A; = det A # 0,1,2, it follows from the induction hypothesis that the
number of (—1)’s in {—ajaz,as, ..., a,} is equal to n —2. Repeating this procedure
for as,...,a,, one sees that the number of (—1)’s in
{a/17 ey Qi—1, _aiaiJrl, ai+27 L] >an}
is equal ton — 2 for i =1,...,n, where a,+1 = a;. This implies statement (x).

We note that any cyclic permutation on [n] preserves the form of the matrix A
in (3.4) and permutes a;’s cyclically, so we may assume that the entry a (# 0,41)
in our matrix A is placed in the (1,n)-entry through a cyclic permutation. This
establishes Type 3 case. (|

Suppose that n > 3. Then a pair (A, b) is associated with a complete nonsingular
fan over C, through (3.1) but it is defined up to conjugation (see Definition 3.1) as
observed before. By Proposition 3.2, we may assume that the pair (A, b) is one of
the form in the proposition. On the other hand, it is not difficult to see that the
pair (A4, b) in Proposition 3.2 defines a complete nonsingular fan over C,, through
(3.1) up to isomorphism. However, it happens that two different pairs (A, b) and
(A’,b’) define isomorphic fans over C,. For instance, as remarked at the end of the
proof of Proposition 3.2, any cyclic permutation on [n] preserves the form of the
matrix A in (3.4) and permutes a;’s cyclically.

The following theorem classifies complete nonsingular fans over C, up to isomor-
phism, in other words, toric manifolds over ve(I™) up to variety isomorphism, in
terms of the pairs (4, b).

Theorem 3.3. Suppose n > 3. Then pairs (A,b) and (A’,b’) in Proposition 3.2
define isomorphic fans over Cy, if and only if they are of the same type in Proposi-
tion 3.2 and
(1) there is an integer k € [n] such that b, = b4y, for every i € [n] in Type 0;
(2) there is a permutation matriz P such that A" = P~*AP in Type 1;

21f primitive integer vectors w1, wa,...,Wq = wq in Z? (d > 3) are arranged in counterclock-
wise and form a 2-dimensional complete nonsingular fan, then we must have w;_1 +w; 1 = c;w;
with some integers ¢; for 1 <4 < d and Z?zl ¢; = 3d — 12. See [10, pages 42-44].
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(3) there is an integer k € [n] such that a}, = a1 for every i € [n] in Type 2;
and
(4) (A,b) = (A,b’) in Type 3,

where the indices in (1) and (8) above are taken modulo n.

Proof. As remarked before, {2n + 1} is the unique vertex of C, of degree n since
n > 3, and hence {1,...,n} is the unique maximal simplex of C, which does not
intersect with the link of the vertex {2n+1}. Therefore, the pair (A, b) is associated
with a fan A over C, up to conjugation by (3.1), and if two fans A and A’ over C,
are isomorphic, then the induced isomorphism on C,, must preserve the simplices
{1,...,n}, {n+1,...,2n}, and the vertex {2n+1}. This implies that A and A’ are
isomorphic if and only if the associated pairs (A4, b) and (A’,b’) are conjugate. In
particular, the value of det A is invariant under isomorphisms of fans, which implies
the first statement in the theorem.

If two pairs (A, b) and (A’,b’) of Type 0 in Proposition 3.2 are conjugate, then
there is a permutation o on [n] such that A’ = A, and b’ = b, (see Definition 3.1).
Here the (4, j)-entry of A, is the (o (i), o(j))-entry of A. Since both A’ = A, and A
are the matrix of Type 0, o must be a cyclic permutation. Therefore (1) for Type 0
follows because the ith entry of b, = b’ is the o(i)th entry of b.

In the other types, the vector b is determined by A. Since A, is conjugate to A by
the permutation matrix associated with the permutation o, (2) for Type 1 follows.
As for Types 2 and 3, the permutation ¢ must be a cyclic permutation similarly to
Type 0. This proves (3) for Type 2. As for Type 3, the cyclic permutation o must
be the identity, which proves (4) for Type 3. O

Remark. By (3) in Theorem 3.3, the number of isomorphism classes of fans of
dimension n in Type 2 is the number of ordered n sets of 1 and —1 with an odd
number of 1’s up to cyclic permutation. The number is known in combinatorics (as
mentioned in Introduction) as

where ¢ denotes Euler’s totient function. Since (1) = 1, the number is greater
than or equal to 2"~!/n, and the equality holds if and only if n is a power of 2.

4. GENERAL PROPERTIES OF COHOMOLOGY RINGS

As observed in the previous section, a fan A = (C,, V) is determined by a pair
(A,Db), so we shall denote the toric manifold X (A) by X (A, b). In this section, we
study general properties of the cohomology ring H*(X (4, b)).

We set z; := ppys for ¢ = 1,...,n and = = pop4+1 in Theorem 2.1, ie.,
Z1,...,Ty,x correspond to ay,...,a,, b respectively. Then one can see that

H*(X(Aa b)) = Z[xlv <o Ty x]/I(Aa b)a
where Z(A,b) is the ideal generated by [],_, @i,

(4.1) xz(z a;;x; + b;x), and x(z ai;x; +bx) (i=1,...,n),
j=1 j=1



12 S. HASUI, H. KUWATA, M. MASUDA, AND S. PARK

where a;; denotes the (i, j)-entry of A. Note that since a;; = 1, the former relation in
(4.1) shows that 2 can be expressed as a linear combination of z;z; (1 < j # i < n)
and xx; fori=1,...,n.
Lemma 4.1. The elements 1, ...,x,, v of H*(X(A,b)) satisfy the following.

(1) zzy =229 = -+ = 2Ty, and

(2) 2% = —(det A)zw;.

Proof. In this proof, the indices of z;’s are taken modulo n as usual. We take four
cases according to the types of A.
In Type 0 (det A = 0),

1 ifi=j, N
aij=4-1 ifj=i—1 (modn), and » b =1
0  otherwise, i=1
Hence, we have
(4.2) x(x; —xi—1 +bix)=0fori=1,...,n.
Summing up the equations in (4.2) over i = 1,...,n, we obtain (3> -, b;)z? = 0,

and hence z? = 0 since Y, b; = 1. This proves (2). Plugging 2? = 0 into (4.2),
we obtain (1).

In Type 1 (det A = 1), the matrix A is a unipotent lower triangular matrix and
the vector b is the sum of all the column vectors of A, so b; = 1 + E;;ll a;; for
i=1,...,n. Hence, it follows from (4.1) that we have

i—1 i—1
x xi—i-Zaijxj—l—(l—l—Zaij)x =0 fori:l,...,n.
j=1 =1

Rewriting these equations, we have
i—1
(zz; + 2?) —i—Zaij(acmj +2%) =0 fori=1,...,n.
j=1
Taking i = 1 above, we obtain 22 4+ xz; = 0. Then, taking i = 2 above and using
2?2 + zx; = 0, we obtain 22 + zxo = 0. Repeating this argument, we see that
22 + x2; = 0 for any 4, which proves both (1) and (2) for Type 1.
In Type 2 (det A = 2), we have
1 ifi=j,
(4.3) ai;j=4a; ifj=i—1 (modn), and b = (14 a;)/2,
0  otherwise,
where a; = £1 for i =1,...,n. We set I = {i | a; = 1}. The cardinality |I| of I is
odd from Proposition 3.2. It follows from (4.1) and (4.3) that

(4.4) x(ri—1 +x;+x)=0forie I, and
(4.5) (=i +x;) =0fori ¢ I.

Assume that I = [n]. Then (4.4) holds for any ¢. Subtracting z(x;—1+x;+x) =0
from z(x;+z;y1+x) = 0, we get xx;_1 = xx; 41 for any s = 1,...,n. This proves (1)

since n = |I| is odd. Then (4.4) implies #? = —2x;z, which is (2).
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Now assume that I = {i1,...,im} # [n], where iy < iy < -+ < i,,. We divide
the index set [n] into I, ..., I, such that each I, = {ix,ix+1,...,ix41 —1} satisfies
aikil, aik+1:"':aik+1_1:71 fOI‘k:L...,m.

From (4.5), we have zx;_1 = zx; for each ¢ € I, \ {ix}. Hence

(4.6) Ty, = X411 = =X, 1 fork=1,...,m.

On the other hand, since iy, ix+1 € I, it follows from (4.4) that

(4.7) z? = —TX4 1 — T4y, z? = —TTjy 1~ Ty, -

Since x4, _, = x4, 1 and xx;, = xx;,, 1 from (4.6), it follows from (4.7) that
TTy,_, =TT, fork=1,...,m.

Since m is odd, this shows that zx;, is independent of k and hence 22 = —2xz;,

by (4.6) and (4.7). This implies both (1) and (2).
In Type 3 (det A # 0,1, 2), we have

1 if i = j, 1

(i) = (1 0

D C T L A |
-1 ifj=i—-1,

0 otherwise, 0

Hence, it follows from (4.1) that
x(ry +ax, +2)=0 and x(—x,01+x;)=0 fori=2,...,n.

The latter equations above mean (1). Then the former equation above implies that

2?2 = —(1 + a)zx; for any i, proving (2) since det A = 1 + a. O

Corollary 4.2. In the same situation as above, the following statements hold:
(1) 2™ is (det A)"~! times a generator of H*"(X(A,b)).
(2) ziz; (1 <i<j<n)andzzy form an additive basis of H*(X(A,b)).

Proof. Tt follows from Lemma 4.1 that 2" = (—det A)" 'x H;L;ll x;. Here, since
{2n + 1,1,2,...,n — 1} is an (n — 1)-simplex of K and our fan is nonsingular,
x H?;ll x; is a generator of H?"(X(A,b)). This proves (1).

It follows from (4.1) and Lemma 4.1 that z;x; (1 <i < j <n) and zz; generate
H*(X(A,b)). On the other hand, the rank of H*(X(A,b)) is () + 1. This can be
seen by computing the h-vector of the simplicial complex C,. Another way to see
this fact is that the connected sum of (CP*)"™ and CP™ with reversed orientation is
a toric manifold over ve(I™) and it has the same Betti numbers as X (A, b). Since
(g) + 1 is the number of the generators z;z; (1 < i < j < n) and zz;, they must
be an additive basis of H*(X (A, b)). O

For an element z of H2(X (A, b)), we define
Ann(z) = {w € H*(X(A,b)) | zw =0 in H*(X(4,b))}.

Since {i,2n + 1} for i = 1,...,n is a non-face of C,, we have za; = 0 and hence
Ann(cz) is of rank n for a nonzero constant ¢. The following lemma shows that the
converse is also true.
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Lemma 4.3. For n > 3, if Ann(z) is of rank n, then z is a nonzero constant
multiple of x

Proof. Set z = Z?:l c;x; + cx. We will show that ¢; = 0 for ¢ = 1,...,n when
Ann(z) is of rank n. If an element Y-, d;z; + dx belongs to Ann(z), then we have

(4.8) (i T + cx) (i: d;x; + dx) =0.
i=1

i=1

In the following we will use the fact that x;z; (1 <4 < j < n) and zx; form an
additive basis of H*(X (A, b)), see Corollary 4.2 (2).

In Type 1, the matrix A is a unipotent lower triangular matrix and we have
the relations z? = — Z;;ll ajjrjr; —bizix (1 < i <n)from (4.1). Plugging this
into (4.8), we can see that the coefficient of z;z; (¢ > j) is ¢;d; + ¢;jd; — a;5¢;d; and
the coefficients of xox1, x32x2 and x3x; satisfy

Co C1 — C2a21 0 dl 0
0 C3 Cy — C3032 dg =10
C3 0 C1 — C3a31 d3 0

Since Ann(z) is of rank n, the leftmost matrix above is of rank at most one. Hence,
we get ¢; = co = ¢3 = 0. The coefficients of x;x1 and z;x2 for 3 < i < n satisfy

¢ 0 ¢ —cay dl 0
! 5% g, | = for 3 <4 <n.
0 C; Co — Cii2 0
d;
Therefore ¢; = 0 for 3 < i < n by the same reason as above, proving the lemma for
Type 1.
In the other types, the matrix A is of the form (3.4), and we have relations

:cf = —q;x;xi_1 — bz for 1 <i<n,

from (4.1). Plugging these into (4.8), we can see that the coefficient of z;x;_; is
ci_1d; — a;cid; + c;d;—q for 1 <7 < n and hence we get

Cp — C1Q7 0 ‘e 0 C1 dl 0
C2 C1 — Caap ... 0 0 d2 0
0 0 cee Cp—2 —Cp—1Qp—1 0 dn—l 0
0 0 ... Cn Cn_1 — CnQp dp 0

Since Ann(z) is of rank n, the rank of the leftmost matrix above is at most one.
Hence, we get ¢; =0 for 1 <i <n. [l

5. ISOMORPHISM CLASSES OF COHOMOLOGY RINGS IN EACH TYPE

In this section we study isomorphism classes of the cohomology rings H*(X (A, b))
in each type. It turns out that the value of det A is preserved under isomorphisms
of the cohomology rings and there is only one isomorphism class for each value of
det A unless det A =1 (Proposition 5.6).
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5.1. Type 0. The cohomology ring of X(A,b) in Type 0 is
H*(X(A,b)) 2 Zlxy,...,Tn,x]/IZ(A,b),

where Z(A,b) is the ideal generated by homogeneous polynomials
(1) TT, ; and
(2) zi(—mi—1 +x; + bix) and x(—xz;—1 + x; + biz) for 1 < i <,
where xg = z,,.

Lemma 5.1. Cohomology rings of toric manifolds of Type 0 are isomorphic to each
other.

Proof. Given b = [by,...,b,]T, let £ be the integer satisfying Z?;ll(n — )b, = ¢
(mod n) and 0 < ¢ <n— 1. Let b’ = [b,...,b,]T such that

bl,_,=1 and b;,=0 fori#n—~.

Then Z?;ll(n — )b, = £. Note that (A,b’) is conjugate to (A, bl) for any cyclic
permutation o on [n] since A, = A in Type 0 (see Definition 3.1 for the conjugation).
Hence, it suffices to show that H*(X (A, b)) is isomorphic to H*(X (A4, b")).

Since Z?:_ll(n —i)b, =4L= Z?:_ll(n — )b, (mod n), there exists an integer «
such that

n—1 n—1

Z(n —i)b; — Z(n — )b + na = 0.

i=1 i=1
Then the integers ¢;’s defined by

ci:Z(bj—b;-)—i—a for1<i<n—1 and ¢,=a«
j=1

satisfy that
(5.1) ZCi:O and ¢ —c; 1 =b; —b;, for1<i<mn,

where ¢y = ¢, (note that Y., b; =" b =1).

i=1"t
We now consider the automorphism ¢ of Z[zy, ..., 2, z| defined by

olzi))=z;+czx forl1<i<n and ¢(z)=u=z.

We shall check that ¢ induces an isomorphism from H*(X (A, b’)) to H*(X (A, b)).
First we have

o(zi(—zi_1 + 2 + bi2)) = (7 + ciz) (—wi1 + 2 + (—ciz1 + ¢ + U))x)
= (2; + cx)(—xim1 + z; + bix) (by (5.1))
— 0 in H'(X(Ab)).
Similarly we have

o(x(—mi—1 +2; +bjz)) = 2(—2i1 + 2 + bix) =0 in H*(X(A,b)).
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Finally we have

<p(H x;) = H(I’ +c;x)
i=1 i=1
= Z(clexj) (. Hxi =0 and 2° = 0 by Lemma 4.1)
=1 i i=1
n
= (Z ci)rat (. xxy = zx; for any i by Lemma 4.1)

=1

=0 (....ZCi =0 by (5.1))

in H*(X(A,b)). This proves that ¢ induces a graded ring homomorphism ¢ from
H*(X(A,b")) to H*(X(A,b)). Similarly, the inverse of ¢ induces a graded ring
homomorphism in the opposite direction and gives the inverse of ¢, proving the
lemma. ]

5.2. Type 1. Recall that a toric manifold X (A, b) of Type 1 is a blow up of a Bott
manifold X (A) at a torus fixed point. We have

H*(X(A)) 2 Zlxy,...,z,]/Z(A)
where Z(A) is the ideal generated by

i—1
xi(x; + Zaijzj) (1<i<n)
j=1

by (2.1). On the other hand, as observed in Section 4 we have
H*(X(A,b)) 2 Zlxy,...,Tn,x]/Z(A,b),
where Z(A, b) is the ideal generated by homogeneous polynomials
(1) ITiz; ; and
(2) xi(x; + Z;;ll a;jz; + bx), x(x; + Z;;ll a;jx; + bx) for 1 <i <mn,
where b; =1 + Z;;ll a;j.

Lemma 5.2. Suppose n > 3. Then H*(X (A,
isomorphic as graded rings if and only if H*(
as graded rings.

Proof. Since X(A,b) is a blow up of X(A) at a point, X(A,b) is diffeomorphic
to the connected sum of X(A) and CP"™ with reversed orientation. Therefore, the
“if” part is obvious.

Let ¢: H*(X(A,b)) — H*(X(A’,b’)) be a graded ring isomorphism. Since
{x1,..., 2,2} is an additive basis of H?(X(4,b)), ¢ induces an automorphism ¢
of Zlxy, ..., zn,x] such that p(Z(A,b)) = Z(A’,b’). By Lemma 4.3, ¢(x) = x up to
sign, so ¢ induces an automorphism @ of Z[x1, ..., x,]| such that G(Z(A)) = Z(A’).
This proves the “only if” part of the lemma. (I

b)) and H*(X(A',b")) in Type 1 are
(A)) and H*(X (A")) are isomorphic

It is conjectured that if two Bott manifolds X (A) and X (A’) have isomorphic
cohomology rings, then they are diffeomorphic, and this conjecture is affirmatively
solved when



TORIC MANIFOLDS OVER AN n-CUBE WITH ONE VERTEX CUT 17

(1) the complex dimension of X (A) is at most four, or

(2) H*(X(A);F) is isomorphic to H*((P')";F) for F = Q or Z/27Z,
see [3], [4], [], [6]. Combining these results with Lemma 5.2, we get the following.
Corollary 5.3. Two toric manifolds X(A,b) and X(A',b’) in Type 1 are diffeo-

morphic if their cohomology rings are isomorphic as graded rings and the corre-
sponding Bott manifolds X (A) and X (A’) satisfy one of the conditions above.

5.3. Type 2. The cohomology ring of X(A,b) in Type 2 is
H*(X(A,b)) 2 Zlxy,...,Tn,x]/Z(A,b),
where Z(A, b) is the ideal generated by homogeneous polynomials
(1) xi(x; + ajmi—1 + bix), x(z; + a;z;-1 + bjz) for 1 < i < n, and
(2) Iz =i
where b; = (1 + a;)/2.

Lemma 5.4. Cohomology rings of toric manifolds of Type 2 are isomorphic to each
other.

Proof. The matrix A in Type 2 is determined by its entries {ay,...,a,}. Assume
that the number of a;’s equal to —1, denoted by m 4, is greater than one. Since n —
my is odd, it suffices to show that H*(X (A, b)) and H*(X (A4’,b’)) are isomorphic
as graded rings whenever my4 — ma = 2.
In the following, the indices of a;’s are taken modulo n as usual. Since the
number of a;’s equal to 1 is odd, there exist ¢ < j such that
a;=—1, ajy1 =---=aj_1 =1, a;j =—1, and j—iiseven.
Then we have
Tp — Tp_ for k=1 or j,
T+ apmpt b= . /
Tp+ a1+ fori <k <j.
We set
) {1 fori <k<j
ak -

a, otherwise.

Consider the automorphism ¢ of Z[x1, ..., z,, x] defined by

(5.2) o(xr) = {

—(zp+z) fori<k<j-—1,

and T) =1
Tk otherwise, #()

We will show that ¢ induces a graded ring isomorphism from H*(X(A’,b’)) to

H*(X(A,b)). One can easily check that
—(k + agxrr—1 + brx 1<k<j-—1),
p(rp + a1+ bjz) = (@ + @z +bir) (s =~/ )

Ty + apTip—1 + bpx otherwise.

This together with (5.2) shows that both p(xp(xr + ajzr—1 + bx)) and p(x(xy +
aprr—1 +bjx)) are in Z(A,b) for k=1,...,n.

Let us check that o([[,_; zx) = [1j—; 2% in H*(X (A, b)). Since j —i is even, it
follows from (5.2) that

(5.3) e(JT o) =TT +2) T o
k=1 k=i

otherwise
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Recall that 2?2 = —2zx;, and zx; = xxp for any k& by Lemma 4.1. Then in
H*(X(A,b)) we have

j—1

H(xk + )

k=i

- Ha:k + (<J 12) + (j ; i>(_2) I (j : :)(_2)ji1> 2l =

= H Tk (. j —1is even).

This together with (5.3) shows that o([T;_, zx) = [Tr—; zx in H*(X(A,b)).
Thus, ¢ induces a graded ring homomorphism ¢: H*(X(A’,b’)) = H*(X(A4,b)).

Similarly, the inverse of ¢ induces a graded ring homomorphism in the opposite di-

rection and gives the inverse of ¢, proving the lemma. ([

5.4. Type 3. The cohomology ring of X(A,b) in Type 3 is
H*(X(A,b)) 2 Zlz1,...,Tn,x]/Z(A,b),
where Z(A, b) is the ideal generated by homogeneous polynomials
(1) IIj=; =5, 21(21 + azy + 2), 2(21 + azy, + ) and
(2) xi(xim1 —24), x(wimg — ;) for 2 <4 <n.
Proposition 5.5. When n > 3, H*(X(A,b)) and H*(X(A',b")) in Type 3 are
isomorphic as graded rings if and only if (A,b) = (A',b’). In other words, when

n > 3, two toric manifolds of Type 3 are isomorphic as varieties if and only if their
cohomology rings are isomorphic as graded rings.

Proof. The matrix A of Type 3 is determined by a, the (1,n)-entry, in Propo-
sition 3.2. Let A and A’ be the matrices of Type 3 determined by a and o,
respectively.

Suppose that a # o’ and there is a graded ring isomorphism ¢ : H*(X (A4, b)) —
H*(X(A',b")). We shall deduce a contradiction. Since ¢ is an isomorphism, it
follows from Corollary 4.2 that

|det A| =1+ a| =|1+ad'| = |det A'|.

Hence, we have a 4+ o’ = —2. We express ¢(x1) and ¢(x,) as

1) = anl (mod x) and o(z,) = qu (mod z)

where ¢g; and r; are integers satisfying

(5.4) ged(qu, .., qn) = ged(r, ..., ry) = 1.
Since ¢(z) = £z by Lemma 4.3, we have

n

(5.5) 0 =p(z1 (21 + az, + 1)) = (Z r,xz) (Zn: (agj + 1, 1:]> (mod z).

=1
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Here
2 2
1

ri=—drpr1 (mod x), x}=wzz;—1 (modz) (2<i<n)

in H*(X(A’,b’)). Plugging these into (5.5) and looking at the coefficients of z;x;
(n>1i>7>1), we see that

rn(aqr + 1) +ri(agn +rn) — r1i(agy +11)a’ =0,
ri(agi—1 +ri—1) +rici(ag; + 1) +rilag; +r;)) =0 (2 <0< n),

ri(ag; +1;) +rj(agi +7;) =0 ((i,7) # (n,1), i—j > 2).
Let p be a divisor of the integer a. Since a + a’ = —2, the equations above reduce
to
(5.6) 2r1(rp +71) =0 (mod p),

(5.7) ri(2ri—1+7) =0 (modp) (2<i<n),
(5.8 2rr; =0 (mod p) ((i,4) # (n,1), i~ j = 2).

Suppose that a is even. Then r; is even for 2 < i < n by (5.7) and hence r; is
odd by (5.4). Therefore 2r1(r, +71) # 0 (mod 4). This together with (5.6) shows

that a is not divisible by four and hence a = 2 (mod 4). Since a +a’ = —2, o’ is
also even and the same argument as for a shows that o’ = 2 (mod 4). However,
these contradict the assumption a + a’ = —2.

Therefore, both @ and o’ must be odd. Suppose |a| > 3 and let p be an odd prime
integer which divides a. Then there exists r; such that r; Z 0 (mod p) from (5.4)
and then r;_; # 0 (mod p) from (5.6) and (5.7), where o = r,,. Therefore r; # 0
(mod p) for any i. However, this contradicts (5.8) when n > 4. When n = 3, (5.6)
and (5.7) have a nontrivial common solution only when p = 5. Since a is odd, it
follows that a = +5% for some u > 1. Therefore |a’| > 3 since a + ' = —2. Then
the same argument as for a shows that a’ = £5Y for some v > 1. However, these

contradict the assumption a + o’ = —2. Thus, |a| = |a’| = 1. However, this again
contradicts a + a’ = —2 because a # a'.
This completes the proof of the proposition. O

5.5. Isomorphism classes and determinant. We have studied isomorphism
classes of cohomology rings in each type and end up with the following proposition.

Proposition 5.6. If H*(X(A,b)) and H*(X(A',b’)) are isomorphic as graded
rings, then det A = det A’, and the converse holds unless the value of the determi-
nant is one.

Proof. We note that the proof of Proposition 5.5 holds for all values of a, i.e. even
for a = 0, +1, and the matrix A in Type 3 is of Type 0, 1 and 2 whena = —1,0 and 1.
We also know that there is only one isomorphism class in the cohomology rings in
Type 0 and 2 by Lemmas 5.1 and 5.4, and if H*(X(A4,b)) and H*(X(A’,b’)) are
isomorphic as graded rings, then | det A| = | det A’| by Corollary 4.2. Therefore, it
suffices to prove that H*(X (A, b)) for A with a = —2 in Type 3 is not isomorphic
to any cohomology ring in Type 1.

If H*(X(A,b)) above is isomorphic to a cohomology ring H*(X(A’,b’)) in
Type 1, then the quotient ring H*(X (A4, b))/(z) is isomorphic to H*(X (A", b"))/(x)
because any isomorphism sends x to  up to sign by Lemma 4.3. The element x; in
H*(X(A’,b"))/(zx) is nonzero but its square vanishes. Therefore, it suffices to show
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that if v is a nonzero degree two element in H*(X (A, b))/(x), then o does not van-
ish in H*(X(4,b))/(x). Write @ = Y_" | ¢;x; with integers ¢;. Since 23 = 2z,24
and 2? = x;z;_1 for 2 <i <nin H*(X(4,b))/(z), we have

n n
2 2,2
(E cix;)” = E cia; +2 g CiCiTiT;
i=1 i=1

1<j<i<n

=2(? + cper) Ty + Z(C? + 2¢i¢i1)xixi—1 + 2 Z CiCiT; T,
i=2 (1,4)#(n,1)
i—j>2
Therefore, if (3", ¢;z;)? = 0 in H*(X(A,b))/(z), then we have
Cl(cl+c7z) = 07 Ci(ci+26i—1) =0 (2 S ( S n)7 CiCj = 0 ((Zvj) 7é (na 1)7 Z_.] Z 2)

since z;z; (1 < j < i < n) are an additive basis of H*(X (A4, b))/(z). An elementary
check shows that the equations above have only the trivial solution, proving the
proposition. ([l

6. SMOOTH CLASSIFICATION IN TYPE 0

We have seen that the cohomology rings of the toric manifolds of Type 0 are
isomorphic to each other (Lemma 5.1). The purpose of this section is to prove the
following proposition using the quotient construction of toric manifolds.

Proposition 6.1. All the toric manifolds of Type 0 are diffeomorphic to each other.

Remember that the matrix [A | b] in Type 0 is of the form

1 0 ... 0 -1 I
-1 1 ... 0 0 b .

: : with Zbi =1
0 0 1 0 by i=1

0 0 -1 1 b,

We add the first row to the second row in [—FE, | A | b], and then add the second
row to the third row in the new matrix. We repeat the process and end up with
the matrix

-1 1 -1 C1

-1 -1 1 -1 ¢ &
(6.1) : : SR Zbi'

-1 -1 ... -1 1 -1 e i=1

-1 -1 ... -1 -1 1

Since the fan of Type 0 is isomorphic to the fan determined by the matrix in (6.1), we
henceforth consider the toric manifold associated with the matrix in (6.1), denoted
by X., where ¢ = [c1,...,c,_1]T. Note that

n—1

z_: cr = Z(n —1)b;.
k=1

i=1
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On the other hand, for a cyclic permutation (i) =i + £ on [n], we have

n—1 n—1 n n
Z(n — Z')ba(i) — Z(TL — Z)bl = — Zibo’(i) — ( — Zlbl)
i=1 i=1 i=1 i=1

i=1 i=1 1 i=1

j=
= Eij =/{ (mod n).
j=1

Hence, we may restrict our attention to the toric manifolds determined by a vector ¢
satisfying 22;11 ¢, =0 (mod n).

Let us construct the toric manifold X, associated with ¢ by using the quotient
construction explained in Section 2. Remember that C, is the simplicial complex
whose minimal non-faces are {i,n+i},{i,2n+1} for 1 <i <nand {n+1,...,2n}.
Letting (21, ..., 2n, W1, . .., Wy, w) be the coordinates of C>"*1 we define

7Z = U{zi:wi:O}U{wl:~--:wn:0}UU{zi=w:O}.
i=1 i=1
Let A : (C*)?"*+1 — (C*)™ be the homomorphism determined by (6.1), that is,

)‘C(gla cee 7gn7h17~ . '7h'7l7h)
=(g1 'hahy, "he, (9192) " hahy 'R, (g1 gno) T R 1y ThE Y (g gn) T R).
Then the kernel of A is given by
{(91:- s gns g1hnh ™ g1g2hnh ™, o (g1 -+ gn—1)hnh ™" hyy h) [ ho= g1+ - gn}
Hence, we get

Xe = (C*"1\ Z)/ ker Ae.
We set
Xo =Xen{w#0}, XJ=Xcn[){z#0}
i=1

We have X, = X_ UXJ.

Proof of Proposition 6.1. It is sufficient to prove that
X. is diffeomorphic to Xg, where 0 := [0,...,0]T € Z"~1,

since it means that X (A, b) is diffeomorphic to X (A,b’), where b = [by,...,b,]T
with 3, b; =1 and b’ =[0,...,0,1].
We consider the diffeomorphism ¢. : X — Xy given by

@C([zh cees RBny, W .- awn7w]C) = [217 s 7Zn7w01w17 s ;wcnilwnflawn7w]0

where [ ] and [ Jo are points in X. and Xg, respectively, and try to extend it to
a diffeomorphism from X, to Xo. We note that X} is diffeomorphic to P"~! x C
via the map

7/%:([217 sy Zny, Wiy e vwnvw]c)

= ([zfl(zl oo zn)wy, ., (210 zn,l)*l(zl co zp) T W g, Wy, (21 zn)*lw).
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Similarly, X4 is diffeomorphic to P*~! x C via the map

1/)0(['21,"' ,Zn,'lU]_,-..,wn,U}]o)

= ([Zflwh oo (7 "znfl)_lwnfbwn]z (21~ "Zn)_1

Therefore, g 0 @ 0 17! is a self-diffeomorphism of P"~! x C* given by

Yo 0 e 0t ([wr, ..., wy] W)
=thg 0 pc([1,..., L, wy, ..., wy,wlc)
=o([1,...,1,w%wy,...,w" twy_1, Wy, w]o)
=([w w1, ..., W tw,_1,wy], w),
that is,
(6.2) ([wy, ... wy], w) — ([WPwe, ..., W wy_1, wy],w).

If this self-diffeomorphism of P"~! x C* extends to a self-diffeomorphism of P! xC,
then we are done. But this is impossible. To avoid this difficulty, we restrict the
map (6.2) to P"~1 x (C\Int D?), where D? is the unit disk of C, and find its
extension to a self-diffeomorphism of P*~! x C.

We regard the map (6.2) as the homomorphism

p:C" = PUMN), w— diag(w™,..., w1 1)

where PU(n) denotes the quotient of the unitary group U(n) by its center and
diag( ) means a diagonal matrix. It suffices to show that p restricted to (C\Int D?),
denoted by p, extends to a continuous map from C to PU(n).? For every integer m,

diag(w®, ..., w1, 1) = diag(w™ ™, ... w117 w™) in PU(n).

Since Zz;ll ¢k =0 (mod n), this implies that the homomorphism p above factors
through the special unitary group SU(n). Since SU(n) is simply connected, the
restriction of p to the boundary S* of D? is null homotopic. Therefore, p extends
to a map C — PU(n) continuously. O

7. SMOOTH CLASSIFICATION IN TYPE 2

We have seen that the cohomology rings of the toric manifolds of Type 2 are
isomorphic to each other (Lemma 5.4). The purpose of this section is to prove
the following proposition using moment-angle manifolds associated with an n-cube
with one vertex cut, which is a deformation retract of C2"*1\ Z used in the previous
section.

Proposition 7.1. All the toric manifolds of Type 2 are diffeomorphic to each other.

First, let us review the definition of the moment-angle manifold Zp obtained
from a simple polytope P. Consider an n-dimensional simple polytope

P={x=(x1,...,2p) €ER" | (n,x) +7;, >0 fori=1,...,m},

3Let M and N be smooth manifolds and f: M — N be a continuous map. If f is smooth on
a closed subset A in M, then the map f restricted to A extends to a smooth map. We refer the
reader to [14, Theorem 2.23] for the proof. We apply this theorem for M = C, N = PU(n) and
A =C\Int D2
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where n; € R, v; € R and (, ) denotes the standard scalar product on R™. We
assume that m agrees with the number of facets of P. Define the map

tp R = R™, 1p(x) = (01, %) + 915+, (M, X) + Y )-
It embeds P into Rg’o. Then the moment-angle manifold Zp associated with P is
defined to be the fiber product of the commutative diagram

Zp — C™

l I

Lp m
P ' Ry,

where 7(21,...,2m) = (|z1/%,...,|2m|?). We note that Zp is invariant under the
standard action of (S*)™ on C™. The moment-angle manifold associated with an
n~-cube is the product of n copies of 3-spheres.

Let us consider the polytope P presented as follows:

" 1
0<z; <1, i<n—=o.
<z < Zm n 2}

i=1

(7.1) P:{(xl,...,xn)GR”

Then P is an n-cube with one vertex cut ve(I™) as a manifold with corners, so
the boundary complex of the simplicial polytope dual to P is isomorphic to our
simplicial complex C,. One can see that the moment-angle manifold Zp associated
with P can be described as

(7.2)

2n+1
{(zl,...,zn,wl,...,wn,w) eC

n 1
2 2 2 2
7 7 —1, E i = + = 7.
‘Z| —|—|’U)| \w| |’U)‘ 2}

i=1
As is well-known, Zp is a deformation retract of C2"*1\Z, where

n

Z:U{zi:wi:0}u{w1:---:wnzo}UU{zi:sz}

i=1 i=1
as before.
Suppose that (A, b) is of Type 2. We define a homomorphism \4: (C*)?n+1 —
(C*)" by
)\A(gh <y 9n, hlu ey hn7 h) = (g;lhlhyallhbl79271h(]?2h2.gb27 e »gglh?{llhnhb")-
Then

(7.3) ker A = {h1h® A% 2 hoh2 .. RO Ry R Ry, .. By, h)}

9 —1
and the quotient construction of toric manifolds tells us that
X(A,b) = (C*T1\Z)/ ker \4.

The following proposition is a real analog of this quotient construction. It is well-
known for experts, but we shall give a proof in Appendix for the convenience of the
reader.

Proposition 7.2. The toric manifold X(A,b) of Type 2 is (S)"-equivariantly
diffeomorphic to Zp/ker X5, where N5 is the restriction of Aa to (S*)?"+1.



24 S. HASUI, H. KUWATA, M. MASUDA, AND S. PARK

We prepare some notations and a lemma we need later. Define the matrix R by
1
(7.4) R=A"1'+ 57

where J is the n X n matrix all of whose entries are 1. One can easily check that
every component of A~! is either 1/2 or —1/2, so the matrix R is an integer matrix.
Let r; be the ith row of R and u; be the ith row of A. We write r; = [ri1, 72, -, Tin]
and u; = [ui1,. .., uy). Set e} =1[0,...,0,1,0,...,0], the vector with a 1 in the ith
coordinate and 0’s elsewhere, and 1 :=[1,...,1].

Lemma 7.3. Under the notations above, we obtain the following:
(1) X rijuy =5 20wy + el
(2) Yoy righj = 5(1+ 227, bj); and
(3) Xj_iuiyjr; —bil=ej,
where b; is the ith entry of b, that is, b; = (1 + a;) for 1 <i < n.
Proof. From (7.4), we have
1
(7.5) RA = §JA+E,,.
Then we obtain (1) by comparing the rows on both sides of (7.5).
Multiplying both sides of (7.4) by b from the right, we have
b1 by L& 1
A R ]
(7.6) R|:|=4a1]: +§ij
bn, bn, J=1

Then, noting A17 = 2b, we obtain (2) by comparing the rows on both sides of (7.6).
From (7.4), we have

1

(7.7) AR~ AT =E,.
Since 37, ui; = 1+ a; = 2b;, we obtain (3) by comparing the rows on both sides
of (7.7). O
We look at two parts of Zp/ker \5:

(Zp/ker A5) N{|w| <1/v2}  and  (Zp/ker A3) N {w # 0}.

Note that if |w| < 1/+/2, then z; # 0 for every i = 1,...,n by (7.2). Write
2¢ = ﬁ zjc-j and h¢ = ﬁ h;j7
j=1

j=1

for ¢ = [c1,. .., cy]. Tt follows from (7.3) that

(7.8)  ker X = {(K"hbr, ... R"AP kg, ko h) € (ST by hoe SU)
We define

i=1 \@

where the action of S* on L is given by

- n 1 1 -
L:{(vl,...,vn,u)écn+1 Z|v¢\:|u|2+§, u|<} and L = L/S*,

(79) g- (Ula s ,’Un,u) = (9111, s 7gvn,972u) for g€ Sl'



TORIC MANIFOLDS OVER AN n-CUBE WITH ONE VERTEX CUT 25

Lemma 7.4. The map p4: (C*)" x C"*1 — L defined by
(7.10)

ry -1 r -1 1
z zn z
@A(zl,...,zn,wl,...,wn,w): <<|zr1|) U)1,...,<|zrn|) wn,|z1w>

induces a diffeomorphism $ 4 : (Zp/ker \5) N {|w| < 1/v2} — L.
Proof. We first show that ¢4 induces a smooth map
¢a:(Zp/ker \3) N {|w| < 1/V2} — L.

By (7.8) it is sufficient to show that for each (hy, ..., h,, h) € (S1)"T1 there exists
t € S* such that

oa(h™ b1z, R APz, hywy, ..., hyw,, hw)

(711) 2z —1 2Tn —1 5 zl
() () M)
() ot () o e
Since we have |h;| = |h| = 1 for every i = 1,...,n, the ith coordinate of the left
hand side of (7.11) is equal to

r;

-1
n -1
H(huj bz /|z;])T hw; = (hZ_?'l rigWy 3T g z> hiw;
j=1

EZ

ZTi|

) —1
I g o1 A
hz Xi=1Wip, pz (1200 05) ) hiw;
1 n 1 n -1 zZhi -1
2 Zj:l u; h§(1+2j:1 bj)) IR w;,
|27 ]

where the second equality follows from (1) and (2) in Lemma 7.3. The (n + 1)th
coordinate of the left hand side of (7.11) is equal to

n 1

[T ntszy e | b= (B3 i) 2

—Ww.
jo 21|

1 n n -1
Hence, (7.11) holds for t = (b =i= w302 )) e g1,

Let us show the injectivity of ¢ 4. Suppose that
QDA(ZD sy RBny, Wiy .. 7wn,w) = LPA(Ziv s 727/7,71”/1, cee aw;m’wl) in La

that is, there is an element ¢ € S' such that
zlrl , z/rn , z/l ,
:<t(z>w1 t<z>w t(z)w>
[z ) e ) EM

’ _1 » .
We set g; = (Ii’\> (‘; ) and g° = [[;_, g;’ for ¢ =e1, ..., cn). Then

(7.12)

w) = tgFw; and w' =t ?g  w
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from (7.12). Setting h; = tg* and h = t=2g~1, we obtain

n
Buipbi — (thuj>hb _ (tzyzlui,-gzyzluijrj) (t2Pig=bit) = g,
j=1
where the last equality above follows from Z;;l u;; = 1+ a; = 2b; and (3) in
Lemma 7.3. Therefore, (g1,...,0gn,h1,---,hn, h) € ker A3, which implies that (%4
is injective.

For (v1,...,0p,u) € L, (21,...,2n,01,...,0p,u) with z; = /1 — |v;]2 is an el-
ement of Zp and @A (21,...,2n,01,...,0n,u) = (V1,...,0n,u), which proves that
p 4 is surjective.

Thus, ¢ is smooth and bijective. The inverse of ¢ is induced from the map

sending (v1,...,vn,u) € L to (215 oy Zny U1y ooy U, 1) € Zp with z; = /1 — |v;)2,
so it is also smooth. Therefore, ¢ is a diffeomorphism. (I

Suppose that the matrix A has at least two (—1)’s in {aq,...,a,}. We consider
the indices of a;’s modulo n as usual. Since the number of 1’s in {ai,...,a,} is
odd, there exist indices ¢ < j such that

(7.13) a;=-1, ajy1 =---=aj_1 =1, a; =—1, and j—i1is even.
Set

1 fori<k<y
(7.14) aj, = {

ar otherwise

and denote by A’ the matrix of Type 2 associated with {a},...,a,}. We will use
the prime symbol to represent notations corresponding to A’.

Lemma 7.5. The map f : C?® x C* — C?" x C* defined by

flz1, .oz, w1, Wy, W)
w w \ 2 w \ 2 w
<Zl"“’2f—“m|5“<m|) ff“""’(w) T T
zj+1,...,zn,wl,...,wi_l,i}i,...,wj_l,wj,...,wn,w)

induces a diffeomorphism f : (Zp/ker AS) N {w # 0} — (Zp/ker A\3,) N {w # 0}.

Proof. As is easily checked, f preserves Zp (see (7.2)) and is a diffeomorphism, so
it suffices to show that f is weakly equivariant with respect to the actions of ker A5
and ker \5,.

Remember the description of ker A3 in (7.8). Since the complex conjugate of an
element in S! is equal to its inverse and |h| = 1 for h € S*, we have

FR™RY 2y R hbrz, hyw, ... hypw,, hw)

h
= (K" A%z, R™thbict g (ﬁ”) h™“ip bz,
w
hw '\ * hw\?
(7.15) <|;‘;> Rtz <Iuﬁ> h™-th sz

hw . ) )
<|w| R Rz RN R sy R R

—1 - —-1 -
hlwh...,hi,lwi,hhi wh...,hj_le,l,hjwj,...,hnwmhw).
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Here, since u;, = [0,...,0,ax,1,0...,0], it follows from (7.13) that we have
h™" = h;%h ' =h;_1h;
™M = bt =t (4 1<k <j—1),
h% = bl h; = hilh;,
and note that A" does not contain h;, hiy1, .. .,hj—1 unless ¢ < k < j. On the
other hand, it follows from the definition of a}’s in (7.14) that we have
uy, =y, b, =by for k+#1i,j,
r=b,=1 fori+1<k<j—1,
b;="0b;=1, b;=0b;=0.
Hence, the right hand side of (7.15) is written as

iy ¢ i’ w —110, =
(hul k! Zlyeeny hul’lhb’—lzi_l, () hi—lhi 1hb7'Zi,

[wl
2 2
W) prtpol pbieaz il B R Sy LI
(7.16) [ N D e
w ’ ’ ’ ’ /
<w|) ht hhYizg, R Rtz Rz,
hl’LUl, ey hi,lwi,h h;lﬂ}i7 ey h;_ll’lf)j,h hj’LUj, ey hn’u)»,“ hw)
We set b’ = (ha,...,hi—1,hy .. hity by, by h). Then

hY — (h’)“% (unless 1 < k < j),
Bt = (W), bl = (RS G+ 1<k <j—1), hilhy = (W)Y

This together with (7.15) and (7.16) shows that f is f-equivariant with respect to
the actions of ker A and ker A\, where 6 is the automorphism of (S1)?"*! which
maps h to k', proving the lemma. ([

Now we are ready to prove Proposition 7.1.

Proof of Proposition 7.1. Let ¢4 and f be the diffeomorphisms in Lemmas 7.4
and 7.5, respectively. We consider the composition

Garofody i Ln{u#0} — Ln{u+0}

Setting s; = v/1 — |v;]?, we can see that

(7.17)
(@A’ ofo@f)([vl,...,vn,u])
= (@ar 0 F)([51,-- -+ 8y V1, -+, Un,u])
N U u 2 u \2 u
:@A'([Sla-~~75i—1a5im>5i+1<m> ,...,sj_l(m) ,sjm,strl,...,sn,
'U17---7'Ui—1777ia-~-75j—1;11j;~--,Unau]>
= [f1v1, .- fic1vien, fiViy oo o5 fi1051, fi05, -« o5 fun, foul,

where each f; is a Laurent monomial of u/|u[ with coefficient 1 by (7.10). Since the
coordinates in (7.17) are homogeneous with respect to the S'-action on L defined
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in (7.9) and fo € S, we may assume fo = 1. Moreover, the weights of u and v;
with respect to the S'-action are —2 and 1 respectively from (7.9), the last term
in (7.17) must be equal to

u _ U
[1}17-~-avi—1a (m)viw"? (7)Uj—l7vj7"' ,vn,u],

|ul
where /|u| = (u/|u|)~L.
Note that L N {|u| = r} for 0 < r < 1/4/2 is diffeomorphic to RP?"~1. In fact,
if we write v; = 2; + v/—1v;, then a diffeomorphism is given by

L{|ul =r} - RP*!
[U17-~-avn7r] = [xla"'axnayla"wyn]'

Then ¢y o fo G4t restricted to |u| = r is a self-diffeomorphism v of RP?"~1
which maps [z1,...,Zn, Y1, .., Yn] tO

[J;la'"axruyla"'ayi—h_yia"'a_yj—layjﬂ"'ayn] € RP2"_1-

Note that 1 is independent of the choice of r. Since j —i is even, v is isotopic to the
identity map on RP2"~!. Therefore ¢y o f o ga " restricted to LN {|u| > 1/2v/2}
extends to a self-diffeomorphism of L as the identity map on a neighborhood of
LN{u = 0}. This means that f restricted to (Zp/ker A5)N{|w| > 1/2v/2} extends
to a diffeomorphism Zp/ker A — Zp/ker A3, . O

8. PROJECTIVITY

It is known that every toric manifold of complex dimension less than 3 is pro-
jective. However, in general, there are many non-projective toric manifolds. Oda’s
3-fold, which is of Type 2 in our terminology, is known as the simplest non-projective
toric manifold. In this section, we will check the projectivity of a toric manifold as-
sociated with a fan over C,,. It turns out that our toric manifold is projective unless
it is of Type 2 and only one toric manifold is projective in Type 2 in each dimension
> 3 while the others in Type 2 are non-projective (Propositions 8.1 and 8.3).

First we discuss the toric manifolds of Type 2. Recall that the matrix A of
Type 2 is of the form:

1 0 0 al
as 1 0 O
0 O 1 0
0o 0 ... ap 1

where a; = £1 and the number of a;’s equal to 1 is odd.

Proposition 8.1. Toric manifolds of Type 2 are non-projective if there are at least
three 17s in {ay,...,an}.

Proof. Since the matrix A is determined by the ordered set (a1, ..., a,), we express
A as (ai,...,ay,). By projecting the fan A associated with A = (aq,...,a,) onto
7" /(ag), we obtain the fan A} associated with A = (a1,..., —arari1,...,a,).t

Note that the toric manifold X (Ayg) is an invariant subvariety of the toric manifold
X (A). Furthermore, if ar, = —1, then the ordered set Ay has one less (—1)’s than

4This is similar to the argument in the proof of Proposition 3.2.
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the ordered set A. We repeat this process until we get the ordered set A, all of
whose elements are equal to 1. Since A has at least three 1’s from the hypothesis,
the size of A, is at least three. If A, has exactly three 1’s, then the toric manifold
associated with A, is Oda’s 3-fold. Since every invariant subvariety of a projective
toric variety is also projective, X (A) is non-projective. If A, has at least five 1’s,
then the new ordered set A’ obtained from the projection as above has two less 1’s
compared with A,. Hence, by repeating projections suitably, we get the ordered
set consisting of three 1’s. Hence, if the ordered set A has at least three 1’s, then
the corresponding toric manifold is non-projective. (Il

The following proposition provides a criterion of whether a toric manifold is
projective or not.

Proposition 8.2. [10, page 70] A toric manifold X of complex dimension n is
projective if and only if there is a continuous piecewise linear function i on the
support |[Ax| = R™ of the fan Ax associated with X that satisfies the following two
conditions:

(C1) The restriction of ¥ to each n-dimensional cone o, denoted by v, is linear.
(C2) o satisfies Yo (vy) > (v;) for v, & o,

where v;’s are the primitive edge vectors in the fan Ax.

We think of v;’s as column vectors as before. Since Ax is nonsingular, @ =
[Vi]v,eo 18 @ unimodular matrix and we denote by u; the row vector of Q! corre-
sponding to vy, i.e., u;v; = d;;. Then 9, is of the form

(8~1) Yo = Z 1/J(Vi)ui~

v;,€E0o

Proposition 8.3. Each toric manifold X (A,b) is projective except when the toric
manifold is of Type 2 such that the number of a;’s equal to 1 is more than one.

Proof. 1t is well-known that every Bott manifold is a projective toric manifold.
Since a toric manifold of Type 1 is a blow-up of a Bott manifold, it is also projective.
For the other types, we will find a continuous piecewise linear function ¢ on R"
satisfying (C1) and (C2) in Proposition 8.2.

Remember that the minimal non-faces of C, are

{i,n+1}, {i,2n+ 1} for 1 <i<mnand {n+1,...,2n}.

We may take vi = —ey,...,v,, = —e,, so that v, = aj,...,ve, = a, and
Vont1 = b.
We first deal with the toric manifolds of Type 0.

Type 0. Recall that

1 0 0 -1 b
11 0 0 ba .

a1, an] = : , b= with b = 1.
0 0 1 0 i=1

o
o
[
—
—_
=
3
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Let b := max{|b1|,...,|bn|}, and let ¢ be the piecewise linear function defined by

-1
(8.2)  w(—e;) =w(a;) =—1for 1 <i<n, and ¢(b) = f%b.
We shall show that our ¢ satisfies (C2). We divide the proof into two cases accord-

ing to whether the n-dimensional cone ¢ contains b or not.

Case 1: b € 0. In this case, ¢ contains some —e; as an edge vector. Through a
cyclic permutation on [n], we may assume that o contains —e,,. Then the matrix
Q = [Vi]v,eo s equal to —F,, or it is of the form

(83) Q:[a17"'7ar17_e’l“1+17"'a_e’l“1+s17"'7

Am41s -5 Qmtrgy “C€mtrg+1ly .- _em+rq+sq]7
where m = Y1~ 1(7”14-81) m+r,+s;=n,r >0,7;,>1fori>2 and s; > 1 for
1> 1.

If Q= —FE,, then Q7! = —F, and v, = [1,...,1] by (8.1) and (8.2). Hence,
Yo(a;) =0>(a;) for 1 <i <nand ¢,(b) =1> ¢(b) by (8.2).

If Q # —E,, then Q7! is as follows:

Dy, s,
(8.4) Q' =
D?"(I,Sq
where _ _
1
: r
1 1
Drs= |3 1 -1
S
_1 ]

r _27 7_]-70a]-» a]-v
(8.5) 1=2)
—(rg—1),—(rg —2),...,—-1,0,1,...,1],
where 0’s correspond to &, &y, 15,41y - -+, Amyr, i this order. Then the vectors

—e; and a; not contained in o satisfy
0 < y(—e;) <r; —1 for some j,
Yo (a;) =0 or r; for some j.

This together with (8.2) shows that (C2) is satisfied for those —e; and a; not
contained in o. It also follows from (8.2) and (8.5) that

wa(b)z—<zr’“ Tk~ +Zs >b>—”2_1)b=¢(b).

k=1
Hence, our ¢ satisfies (C1) and (C2).

(8.6)
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Case 2: b € 0. In this case none of —e;’s are contained in ¢ and some a; is not
contained in ¢. Similarly to Case 1, we may assume that a,, is not contained in o.
Then

1 by
-1 1 by
Q=la1,...,a,-1,b] = :
-1 1 b,
-1 b,
and hence
> heo bi —b o —b —b
Sheabe Yop_gbi ... —bi —by —b1 — by
Q= : : " :
b, b, b, Zk 1 b
1 1 1
The ith component of ¥, = [-1,...,—1, —%b]@’l is equal to
i—1 £ n n n(n _ 1)
(87) D2 Q)= > Q) - =5 b
=1 k=1 f=i+1 k=¢
The edge vectors not contained in ¢ are —eq, ..., —e, and a,, and it follows from

(8.2) and (8.7) that they satisfy

1—1 ¢
>0 )+ Z Zbk )b>—1_¢(—ei),

(=1 k=1 = z+1k 7
Zbk +Z Zbk (n—1 Zbk—n—1>—1—w(an).
=2 (=1 k=1 =

Hence, our 1 satlsﬁes (C1) and (C2).

Type 2 having only one a; equal to 1 and Type 3. Recall that, in Type 3,

1 0 ... 0 a 1

-1 1 ... 0 O 1 n 0
(8.8) [a,an] = 0r o b:MZa’:

0 0 ... 1 0 =t :

0o o0 ... -1 1 0

If a = 1in (8.8), then [aj, ..., a,, b] is of Type 2 such that the number of a;’s equal
to 1 is exactly one. Hence, it remains to prove that the toric manifold associated
with [a1,...,a,,b] in (8.8) is projective when a # 0, —1.
Let v be the piecewise linear function defined by
Y(—e;) =—1 for 1 <i<n, Yla;))=—-1 for1 <i<n-—1
Y(an) = —nlal,  ¥(b)=—(n—1).

To show that 1 satisfies (C2), we divide the proof into four cases according to
whether ¢ contains the edge vectors a,, and b.
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Case 1: b ¢ o and a,, € 0. In this case, —e,, € ¢ and the matrix @ is either —F,
or of the form in (8.3). If Q = —E,,, then Q~! = —E, and ¢, = [1,...,1], and
hence

Yo(ai) =0>4(a;) (1<i<n),

Yo(ay) =a+1>vY(a,), and

Ye(b)=1>—(n—1).
Hence, (C2) is satisfied. If Q # —FE,,, then v, is the same as (8.5). Thus (C2) is
satisfied for the edge vectors not contained in o except for a,, and b, see (8.6). As
for a,, and b, since ¥, (a,) =1 —a(r; — 1) and 1 <n — 1, we get

Vo(an) > —(n —2)|a|= —nla| = ¥(an),
and
Yo(b) = =(r1 —1) =2 =(n = 2) > =(n— 1) = ¢(b).

Hence, our 1 satisfies (C1) and (C2).

Case 2: b € 0 and a,, € 0. In this case, the matrix @ is obtained from the matrix
in (8.3) by replacing —e,, with a,, that is,

Q = [alv"'7aT‘17_e7‘1+1a"'7_eT1+817"'a
AmA1ly -+ Amtryy “CmAtrg+1s -y “Cmtr,+s,—15 an]'

We consider two subcases depending on whether —e,_1 € ¢ or not.

Subcase 2-1: —e,_1€0. In this case, m +ry <n — 1 and we have

D""lvsl
1 a
Q - qu—hsq—l ’
qu,sq—l
|1
where D, ; is the matrix (8.4) and a = [—a,...,—a,a,0,...,0]T. Then
N ——
Ve =[—1,...,—1,-n|al]Q "
== (r—1),—(r1 —2),...,~1,0,1...,1,
~(rge1— 1), —(rqe1—2),. .., —1,0,1...,1,
—(rg—1),—(rg —2),...,-1,0,1,...,1,(r1 — 1)a — n|a|].

Note that v, is the same as (8.5) except the last coordinate. Hence, (8.6) shows
that 1, satisfies (C2) for —e; & o except for —e,. The function ¢, also satisfies
(C2) for a; ¢ o except for a,,_1. On the other hand, since r1 < n — 2, we can see
that

Yo(—en) =nlal — (r1 — 1)a > =1 = ¢(—ey,),
Yo(an—1) =14+nla] — (r1 —1)a > -1 =(a,-1), and
Yo(b) = —(r1 =1) > —=(n—1) = ¢(b).
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This proves that v, satisfies (C2).

Subcase 2-2: —e,,_; ¢ o In this case, m +ry =n — 1 and we have

D,, s, A

Q71:
D )

Tq—1,8¢—1

D

where A is the (r1 4+ 1) x (ry + 1) matrix and D is the square matrix of size (r,+ 1)
such that

—a —a 1

_ 1 1

A= and D = | .
—-a ... —a :
a a 1 1 1

Then
wa' - [7 1, ,71,—n|a|]Q !
:[—(7"1—1),—(7‘1—2)7 7_17031 717

—(rg—1—1),—(rg—1—2),...,-1,0,1...,1,
(r1—1la—ry—nlal,...,(r1 —1)a —nlal].

Since 1, is the same as (8.5) except for the coordinates from m+1 to n, it is enough
to check (C2) for —e; € o0 (m+1 <14 < n), an, and b. Note that n =m +r, + 1.
Since 71 < n — 2, we can see that

Yo(—e;) =nla|+(n—i) — (r —a>-1=19(-e;) (m+1<i<n),
Yo(am) =1+nla|+ry— (11 —1)a > -1 =v¢(an),

Ye(b)=—=(r1 —1) > —(n—1) = ¢(b).

Hence, our 1 satisfies (C1) and (C2).

Case 3: b€ o and a, ¢ 0. Since Q = [ay,...,a,_1, b], we have
0 -1 —1

Q' =

0 0o -1
1 1 1

Hence

Yo=[-1,...,—1,—(n-1]Q ' =[-(n—1),—(n—2),...,—1,0].

The vectors —e; for 1 <7 < n and a,, are not contained in ¢, and we can see that
Vo(—€;)) =n—i>—1=1(—e;),
Yo(an) = —(n —1)a > —nla| = ¢(an),

since a # 0. Thus, 1), satisfies (C2).
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Case 4: b € o and a,, € . Since the matrix Q = [a;,...,a,_1,b,a541,...,a,] for
some 1 < k <n — 1, we obtain
0 -1 ... -1 i
0 -1
Q=11 1 1 -—a —al,
1
i 1 o 1]
where the number of 0’s on the main diagonal is £ — 1. Hence
Yy =[-1,...,—1,—(n—1),—1,...,—1,—n|al]Q"
=[-(n—-1),....—(n—1)+k—=-2,—(n—1)+ k-1,
(n—1)a—(n—k—1)—nlal,...,(n—1)a — n|al].
The edge vectors not contained in ¢ are a; and —e; for i = 1...,n, and we can see
that
Vo(—ei) = n—i>—-1=1y(—e;) (1<i<k),
T =(n=1Da+ (n—19) +nla| > -1 =v¢(—e;) (k+1<i<n),

Vo(ag) = —(n—1Da—1+nla| > -1 =¢(ay),

since a # 0. Therefore, 1), satisfies (C2).
This completes the proof of the proposition. O

APPENDIX

In this section, we provide the proof of Proposition 7.2 and give some remarks.
Note that, in this section, the term fan does not necessarily mean a rational fan.

First, we regard a moment-angle manifold as a submanifold of C™ in the following
way. Suppose that a simple n-polytope P with m facets is realized in R™ by

P={xeR"|(n;,x)+v >0 (1<i<m)}

where n; € R™, 7,€ R and (, ) denotes the standard scalar product on R™. Then
we identify Zp with the image of

{(x,z)EPx(Cm||zi|2:(ni,x>+’yi (1<i<m)}, z=(21,--,2m),

under the projection to the second component. Note that this set does not depend
on whether x runs over P or R™. Since we can choose n vectors out of ny,...,n,,
so that they are linearly independent, we can delete x from the above m equations
to obtain f;: C™ — R (i = 1,...,m — n) such that Zp=7"," f;(0).

Let K be the simplicial complex on [m] whose geometric realization is 9P*, and
put

UK)=C™\ | J{zeC™ |z =0(ieD}
1¢K

If we denote by A®: (Rsg)™ — (Rs)" the homomorphism sending (y1, . .., ¥m) to
Yyt -yl where y = (y*, ...,y ) € (Rsg)" fory € Rugandu = (ug,...,u,) €
R™, then we have the following.
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Proposition A.1 (cf. [16, Theorem 3.3]). The group ker \* acts on U(K) freely
and properly. Moreover, the inclusion Zp — C™ induces an (S')™-equivariant
diffeomorphism Zp — U(K)/ ker AX.

More generally, for any simplicial fan (K, {n;}™,), ker A® acts on U(K) freely
and properly. The following lemma is due to Hiroaki Ishida.

Lemma A.2. Letn;(t) (i = 1,...,m) be a smooth function [0,1] — R™ and suppose
that (K, {n;(t)}™,) is a simplicial fan for each t in [0,1]. Then U(K)/ker A¥(0) is
(SY)™-equivariantly diffeomorphic to U(K)/ker A¥(1).

Proof. Let Y be the quotient space U(K) x [0, 1]/~ where the equivalence relation ~
is defined so that (z,t) ~ (2/,t') if and only if ¢ = ¢’ and 2, 2z’ are in the same orbit
of ker A®(¢). Then we can easily verify that the projection to the second component
descends to an (S!)™-equivariant smooth fiber bundle Y — [0,1]. Since [0,1] is
contractible, we obtain the lemma. [l

Let A = (K, V) be a complete nonsingular fan (see Section 2). Then the homo-
morphism Ay : (C*)™ — (C*)" was defined in the same way as A® above. We note
that (C*)™ = (Rs0)™ x (S*)™ and denote by A\ and Aj} the restrictions of Ay to
(Rx0)™ and (S*)™ respectively. Then since

X(A) =U(K)/ker Ay = (U(K)/ ker \})/ ker Ay},
we have the following corollary from Propostion A.1 and Lemma A.2.

Corollary A.3. If there is a smooth deformation of simplicial fan between a com-
plete nonsingular fan A = (K, V) and the normal fan of a simple polytope P which
is not necessarily a rational fan, then the toric manifold X (A) associated with A
is (SY)"-equivariantly diffeomorphic to Zp/ker Aj}.

Proof of Proposition 7.2. Consider the deformation given by

1 0 ... 0 aqt

Alt) = (ar1(t),..,an () = | = = . 1], b(t):izm(t).
0O 0 ... 1 0 i=1
0 0 ... apt 1

We can easily verify that this is a smooth family of simplicial fans. Since the
column vectors of (—FE,, A(0), b(0)) are the normal vectors of P in (7.1), where
E,, denotes the identity matrix, the proposition follows from Corollary A.3. g

We finish this paper with three remarks.

Remark 2. Every toric manifold of Type 2 is over ve(I™) from Proposition 7.2.
Hence, together with Proposition 8.3, we can conclude that the toric manifold
associated with a fan over C, is over ve(I™).

Remark 3. Delaunay [9] proves that if there exists a projective toric manifold over a
simple 3-dimensional polytope P, then P has at least one triangular or quadrangular
face (see also [1]). On the other hand, Suyama [19] shows that any triangulation
of 2-sphere with at most 18 vertices can be the underlying simplicial complex of a
complete nonsingular fan of dimension 3. Combining these two results, we can see
that there exist many non-projective toric manifolds of complex dimension 3.
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Remark 4. Hirzebruch surface F,, where a is a nonnegative integer, is the total
space of the projective bundle P(C & O(a)) over P!, where C denotes the trivial
line bundle over P! and O(a) denotes the complex line bundle over P! whose first
Chern class is a times a generator of H2(P!). Therefore, F, is a Bott manifold. As
is well-known, F,’s are not isomorphic to each other as varieties but F;, and F} are
diffeomorphic if and only if @ = b (mod 2). The latter fact can be proved in an
elementary way but it can also be proved using deformations of complex structures
as is well-known. So, looking at Propositions 6.1 and 7.1, it would be interesting to
ask whether there exist deformations of complex structures on our toric manifolds
of Type 0 or 2. See [17] for related work.
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