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The critical problem of Kirchhoff type elliptic equations
in dimension four

Daisuke Naimen

Department of Mathematics, Graduate School of Science, Osaka City University,
3-3-138 Sugimoto Sumiyoshi-ku, Osaka 558-8585, JAPAN

Abstract
We study the following Kirchhoff type elliptic problem,

{— (a+0b [, Vul?dz) Au= I + pu®, uw>0in Q, P)

u =0 on 09,

where Q C R* is a bounded domain with smooth boundary 9. Moreover we
assume a, A, >0, b >0 and 1 < g < 3. In this paper, we prove the existence
of solutions of (P). Our tools are the variational method and the concentration
compactness argument for PS sequences.

Keywords: Kirchhoff, nonlocal, elliptic, critical, variational method

1. Introduction

We investigate a Kirchhoff type elliptic problem,

—(a+b [, [Vu?dz) Au = Au? + pu? in €,
w>0in Q, (P)
u = 0 on 01,

where Q C R* is a bounded domain with smooth boundary 9Q. We assume
a,\,p. > 0,b>0and 1 < g < 3. In this paper, we prove the existence of
solutions of (P).

Our problem (P) describes the stationary state of the Kirchhoff type quasi-
linear hyperbolic equation such as

2
ROV ( /Q |Vu2dz) Au= flatu), (Po)
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where M : RT — R* is some function. (Pg) appears in the theory of the
nonlinear vibrations on physics [15]. The solvability of (Py) is also discussed on
mathematics [6][7][9][14][24] etc. We can refer to the survey [1].

In recent years, the analysis of the stationary problems of (Py) has been
extensively carrying out by many authors, see [2][3][4][10][11][16][17][18][20][21]
[22]]26][28][29] and so on. By them, several existence results are successfully
obtained via the variational and topological methods even for the critical case.
But most of them treat only three or less dimensional case except for [3], [10]
and [18]. Here we emphasize that we would treat the 4-dimensional critical
problem (P). In our case, a typical difficulty occurs in proving the existence
of solutions because of the lack of the compactness of the Sobolev embedding
HY(Q) — L4). Furthermore, in view of the corresponding energy, the in-
teraction between the Kirchhoff type perturbation ||uH‘}LI& () and the critical
nonlinearity [, u*dz is crucial. In the followings, we can see the effect of such
an interaction on the existence. To our best knowledge, this paper is the first
one which essentially attacks the Brezis-Nirenberg problem for four dimensional
Kirchhoff type equations.

1.1. Statement of results

Firstly we consider the cases ¢ = 1. Let S, A\; > 0 be the usual Sobolev

constant defined by
Jo [Vul?da

1 T /9>
weH (OO} ([ uida) 1/2
and the principal eigenvalue of —A on 2 respectively. Our result is the following.

Theorem 1.1. Let q=1,a>0b>0,0 < X <aX and x> 0. Then (P) has
a solution if and only if bS? < p.

Remark 1.2. Recall the result by Brezis-Nirenberg [8]. In [8], the case a = 1,
b=0 and p =1 is considered. Theorem 1.1 gives an extension of their result
to the Kirchhoff type problem for 4-dimensional case.

As we shall see in Section 2, the proof of Theorem 1.1 is successfully straight-
forward. The problems lie in the case 1 < ¢ < 3. Certainly, we can confirm
the existence if a, A, x > 0 and b = 0 by [8]. Thus here we only deal with the
case b > 0. In this case, the boundedness of the PS sequences is hard to prove.
Hence inspired by [17], we consider the problem

—(a+b [, |[Vu]?dz) Au = v(dud + pu?) in Q,
u > 01in Q, (P,)
u =0 on 09,

where v € (4,1] for some 1/2 < § < 1. By the aid of the result by Jeanjean [13],
we prove the next theorems.



Theorem 1.3. We suppose 1 < q < 3. Let b, u > 0 satisfy bS? < u < 2bS? and
take 1/2 < § < 1 so that bS?/§ < p. Furthermore, assume one of the following
(C1), (C2) and (C3) holds,

(C1) a > 0 and 0 < A < Ao where 0 < g = Ag(a,b,q, ) < 00 is chosen
sufficiently small if necessary.

(C2) X >0 and a > ag where ag = ag(b,q, \, i) > 0 is taken sufficiently large
if necessary.

(C3) a >0, \>0 and by < b < 11/S? where 11/(25%) < by = bo(a,q, \,p) <
w/S? is selected sufficiently large if necessary.

Then (P, ) poses a solution for almost every v € (9,1]. Furthermore we can find
an increasing sequence (v,) C (6,1] such that v, — 1 as n — oo and (P,) with
v = v, has a solution u, and further, which shows one of the followings,

(i) up — 00 in HF () as n — oo,
(ii) uy, is bounded in HZ(QY) and consequently, (P) has a solution.

Remark 1.4. In Theorem 1.8, we give the condition bS? < u < 2bS? on
b, > 0. Comparing to that in Theorem 1.1, we can see an additional part such
as < 2b82. This condition is used to get the appropriate local compactness of
our PS sequences. See the proof of Lemma 3.2. Note that it is also considered
in the proof of Theorem 1.6 below.

Remark 1.5. Let 1 < q < 3 and b, u satisfy the hypothesis in Theorem 1.3 and
put
ap A b1, M2bSE —p) 4
g(t) == 2 - att p B0 P
R A P A P

where

Vu|*d
Sgt1:=  inf Jo |V xQ _
u€Hg (Q)\{0} (fﬂ \u|q+1da:) a1

Firstly, fir a > 0. Then it is enough if we choose 0 < Ag = Ag(a,b,q, 1) < 0o
so small that if 0 < A < Ao, g(t) > 0 for allt > 0. Next fir A > 0. Then
it is sufficient if we choose ag = ap(b,q, A\, ) > 0 so large that if a > aop,
g(t) > 0 for all t > 0. Finally fir a >0 and X\ > 0. Then it is enough if we set
p/(252) < by = bo(a,q, A\, p) < p/S? so large that if by < b < u/S?, g(t) >0
for allt > 0. We recall these constants ag, \g and by in Lemma 3.2, Section 3.

We can avoid the possibility of the assertion (i) in Theorem 1.3 if € is strictly
star-shaped.

Theorem 1.6. Assume a,b, \, u > 0 satisfies the same hypotheses with that in
Theorem 1.3. Furthermore we suppose 2 C R3 is strictly star-shaped. Then (P)
has a solution.

Recently the Brezis-Nirenberg problem (cf.[8]) for the Kirchhoff type equa-
tions are observed in [2], [10], [20], [21] and [29]. By their works, a certain exten-
sion from the original Brezis-Nirenberg problem to the Kirchhoff type one is ac-
complished for 3-dimensional case. For larger dimensional case, only Figueiredo



[10] considers the case N > 3 and Q@ C RY. By his argument, we can prove
that (P) with 1 < ¢ < 3,a > 0,b > 0 and g > 0 has a solution if A > 0 is
sufficiently large. But the result in [8] says that if 1 < ¢ < 3, a > 0, b =0 and
> 0, (P) has a solution for all A > 0. Hence we can naturally ask whether
or not the existence result holds if b > 0 and A > 0 is small or arbitrary. A
positive answer to this question is obtained by Theorem 1.3 and 1.6. Lastly
we note some questions on Theorem 1.3 and 1.6 which still remain unsolved.
They are the followings, (1) whether or not we can choose \g = oo, ag = 0
and by = 11/(25?), (2) whether or not the additional condition u < 2bS?, which
unexpectedly can be read as b should not be too small, is essential and further,
(3) the clear answer for the general smooth bounded domain case. These are
the left problems for our future.

1.2. Setting

We put a notion of the weak solutions of (P). We call u € HE () is a weak
solution of (P), if and only if u satisfies

(a+b||u||§lé(m)/QVu-Vhdx—)\/Quihdx—u/ﬂuihdx:0

for all h € HZ(Q2) where | - ) = (Jg |Vu|?dz)'/? and uy = max{u,0}.
Applying the usual elliptic regularity theories and strong maximum principle,
we can conclude that every weak solution of (P) belongs to C?(£2) and positive.
Moreover we define the associated functional I on HE () so that

a b A 1 n
I0) = Gl + Il — 5 [ e = [ utde (e (@),
Then we can easily check that I is well-defined and belongs to C1(H}(2),R).
Furthermore, every critical point of I is a weak solution of (P). Thus in the
following sections we shall prove the existence of a nontrivial critical point of I.
Similarly we can define the weak solutions of (P,) and the associated functional
I,.

1.3. A description of PS sequences

In the present papers [10][20][21] etc., they investigate the compactness
conditions of their PS sequences through Lions’ second concentration com-
pactness lemma [19]. In this paper, to understand the features of PS se-
quences for Kirchhoff type critical problems more clearly, we rather introduce
a complete description of the PS sequences, following the argument in [25].
Here we define the Sobolev space D2(R*) as usual and write its norm as

1/2
|| . HDl,z(R4) = (f]R4 |V . ‘2dl‘) / .
Proposition 1.7. Let ¢ € R and (u,) C H3(Q) C DV2(R*) be a bounded
(PS). sequence for I, that is, I(u,) — ¢, I'(u,) — 0 in H=1(Q) and [unll 2 )
is bounded. Then (u,) has a subsequence which strongly converges in H}(Q),



or otherwise, there exist a nonnegative function ug € HE(Q) which is a weak
convergence of un, a number k € N and further, for every i € {1,2,--- /k},
a sequence of values (R),en C RY, points (z)nen C Q and a nonnegative
function v; € DV2(R?*) satisfying

k
—qa+b | luollzs o) + D lojlbragsy | p Auo =g + pug in Q, (1)
j=1
k
—qa+b | fuollfs o) + D Il brasy | p Avi = pof in R, (2)
j=1

such that up to subsequences, there hold R: dist(x!, 9€) — oo,

= O(l)a
DL2(R4)

k
Up — Ug — Z Ryvi(Ry (- — z,))

=1

k

ot 3y = gy + D il + (1)
i=1

and

i=1

where o(1) — 0 as n — oo and we define

k

= a b A
Fuo) : = 45 + 7 | Hooligian + 30 Ieslbuaqeey | ¢ luolryiey =5 [ e
j=1
1
fz/ﬂugdx,
(3)
a b k I
[Noo i) = a - 2 ’212 7;212 _7/ 4d
(v:) 51 ||U0||H5(Q) +; 10511 D12 (ray [vill D12 (may 1 Jp v ax

(4)

Remark 1.8. We note that (1), the equation for the weak convergence ug of
Uy, depends on the nonlocal information of all bubbles,

k
b lvill Dy
j=1

This implies that, if b > 0 and (uy) poses no subsequence which strongly con-
verges in HY(Q), the weak convergence ug of u, is never a critical point of I



because of the presence of bubbles, differently from the case b = 0. We also
emphasize that in view of (3), the “energy” of the weak convergence ug has the

cross term such as k
b
1 (Z ”UiH%)l»?(JR‘*)) ||U0H12H[}(Q)-

i=1
Observe also that similar phenomena are confirmed in the limiting problem (2)
for bubbles and the energies (4) of those. These are the features of the PS
sequences of the Kirchhoff type critical problem. In the proof of Theorem 1.3,
the careful analysis of such phenomena plays important role. In particular, see
the proof of Lemma 3.2 in Section 3.

In Section 4, we argue with the details of this compactness result for a general
dimensional problem.

1.4. Organization of this paper

This paper is organized as follows. In Section 2, we consider the case ¢ =1
and give the proof of Theorem 1.1. In Section 3, we treat the case 1 < ¢ < 3 and
show the proof of Theorem 1.3 and 1.6. In addition, in Section 4, we give the
global compactness result for the Kirchhoff type critical problem in the general
dimension.

2. The case g =1

In this section, we deal with the case ¢ = 1 and prove Theorem 1.1. The
conclusion for the case b = 0 is obtained by [8]. Hence we only consider the case
b> 0. Let a,b, \, u > 0 with A < aA;. As we say in Section 1, we shall prove
the existence of a nontrivial critical point of the functional

a b A I 4
1) = Sl @ + el =5 [ =4 [ wta

Here we mainly treat the existence part of Theorem 1.1. For this, once we
assume bS? < p, the proof is completely straightforward. To the first, we
ensure the following local compactness result.

Lemma 2.1. Let a,b,\,u > 0 satisfy X\ < a\; and bS? < p. Then if (u,) C
HY(Q) is a (PS). sequence for I with
(a5)?
“S du-bs?y’
then (uy) strongly converges in H}(Q) up to subsequences.
Proof. Let (u,) C H}(2) be a (PS). sequence for I with

(aS)*
A(p —bS?)

c <



We first claim that (u,) is bounded in H}(€2). In fact, by the definition and the
Poincare inequality, we have

e+ 12 I(un) = ("), )+ (') )

_1
4
a A

> (1 “on ) ety oy = Lz o

for large n € N. Since A < a);, this proves our claim. Now we suppose
on the contrary that we can extract no subsequence from (u,,) which strongly
converges in H}(€). Then from Proposition 1.7, there exist a nonnegative
weak convergence ug € Hi(Q) of u,, a number k& € N and further, for every
i €{1,2,---,k}, a sequence of values (R’ ),en C RT, points (2¢),eny C Q and
a nonnegative function v; € DV2(R*) satisfying (1) and (2) such that up to
subsequences, there holds

k
I(un) = I(ug) + Y Ioo(vi) + 0(1), (5)

i=1

where o(1) — 0 as n — co and we put I(ug) and I, (v;) as in Proposition 1.7.
Then we claim

I(ug) = 0 (6)
and 52
Flw) > o s @

for all ¢ € {1,2,---,k}. First we prove (6). Noting (1), (3) and using the
Poincare inequality, we have

f(uo):f(uo)—i{(a—l—bA)/Q|Vu0|2dx—/\/9ugx—u/ﬂuédx}

a A 9
= (1 - a/\1> luoll 73 )

2
HI(Q
conclude (6). Next “we prove (7). From (2) and the Sobolev inequality, we get

where A := [Jug| )+ Zle ||vi||%1,2(]R4) for simplicity. Since A < a);, we
0= (a + bA) ||UiH2D1,2(RN) - /.t/ U?dl‘
R4
> allvill iz + 0llvill pragsy — 1S3 0ill pre e
> al|vil|Brzgyy = ST (1 = bS®) |03l pro gy
Thus noting bS? < p, we obtain

aS?
[0ill D12y > bS5 (8)



Moreover (2) and (4) imply

~ 1
Io(vy) = In(vs) — = {(a + bA)/ |V;|2dx — u/ vfdx}
4 R4 R4
a
> ZHUz‘||2DL2‘(R4)~

Using (8), we ensure (7). Finally, it follows from (5), (6) and (7),

a contradiction. This finishes the proof. O

Here with no loss of generality we can assume 0 € Q. Owing to [8], we
introduce the Talenti function [27] cut off appropriately,

ue(z) = 6267;(22 € Hy(Q)

where ¢ > 0 and 7 € C§°(Q) is an appropriate cut off function such that
0 <7 <1and 7(x) = 1 on some neighborhood of 0 € Q. Then we put

Ve = ue/ ([, utdz) /4 and obtain

Jo|VvePdz = 5+ O(e?),
Jovide =1, (9)
Jov2de = are?|loge| + O(e?),

where a7 > 0 is some constant.

The next lemma will confirm a mountain pass level of I is below the desired
energy level.

Lemma 2.2. Let a,b,\, ;n > 0 satisfy p > bS?. Then there exists a constant
g1 > 0 such that

(aS)?
< I -
supI(tve) < 40— 55y

for all e € (0,e1).
Proof. We consider v. defined as above. Noting p > bS? and (9) we estimate,

a (S = Aaie?|loge| + O(e?)) 2 (b —bS? +0(?)) .
2 4
(aS)? — 2Xa%Saye?|loge| + O(£?)
4(p—bS? + 0(e?2))
(aS)? B Aa?Saq
T A(p—0b8%) 2(p—05?)

I(tve) <

e?|loge| + O(e?)



for all t > 0. Thus there exists a constant €; > 0 such that

(a5)?
sup I (tve) < ————=5<
b (tve) < 40, —1s?)
for all € € (0,e1). This concludes the proof. O

Remark 2.3. Recall the argument by Brezis-Nirenberg [8]. In [8], they choose
the Talenti function which attains the Sobolev constant
Jga [Vul?dzx

S = 1 1
uweDL2(R4)\{0} (fQ u4dx) 2

and successfully show a mountain pass level below the desired energy level. Here,
observe that (by trivial rescaling), the function can be regarded as the positive
solution of the problem in whole space,

~AU =U? inR*, U(z) = 0 as |z| — oo,

which is given by
1
8z2¢
U, = ——"——
N g2 + | . *LI}()|2

for some e > 0 and zg € R*. As a matter of the fact, when u = 1 (for simplicity)
and 1 > bS?, the Talenti function multiplied by an appropriate constant,

N
WE L (1—b52> UE?

18 nothing but a solution of the Kirchhoff type equation in whole space,
- (a + b||W||2D1,2(R4)) AW =W?3 in R, W(z) = 0 as |z| — oo.

Moreover we can easily check that the energy of We satisfies

4 (GS)
SIW ey + FIWe by = 7 [ Whde = s,

Thus similarly to [8], it is reasonable to choose the Talenti function to estimate
the mountain pass level for our problem. Actually, we get the desired conclusion
as in the previous lemma.

We now prove Theorem 1.1.

Proof of Theorem 1.1. Take a,b, A\, u > 0 with A < aX;. First we assume pu >
bS?. In this case, we apply the mountain pass lemma [5]. As usual, we shall
ensure the mountain pass geometry of I, that is, I(0) = 0 and
(1) there exist constants v, p > 0 such that I(u) > « for all u € Hg(2) with
HUHHg(m =P



(2) there exists a function eg € HE(Q) such that leoll zr () > p and I(eg) < 0.

Firstly, let us cofirm (1). To do this, take p > 0. Then for all u € H}(Q) with
[ull 7 () = p» We have by the Poincare inequality and the Sobolev inequality,

a )\ 2 1 2 4
I(u) > 3 (1 - a)\l) ||u||H01(Q) T 152 (1 — bS%) ”uHHé(Q)
a

A 1
1 2\ 2 5 (1 —bS?) ot
2( a)\1>p 15z (=0

Noting A < a1, we get (1). Next suppose € € (0,e1) and ¢t > 0 where £ > 0
is taken from Lemma 2.2. Using (9) and the assumption p > bS?, and further,
taking e; > 0 smaller if necessary, we obtain

allvellzzy o) 2 (“ _ b”%”?fé(ﬂ)) A

I(tv.) < 5 1
a(S10E) (b5 +OE)
B 2 4
Q2
< aSt? — wt‘l’

for all € € (0,e1). We fix such a . Then it follows from the above inequality,
I(tv.) — —o0 as t — oco. Thus choosing ¢, > 0 sufficiently large and putting
ep 1= tov. we have a function ey € H}(Q) satisfying (2). Now we define

= {y € C([0,1], Hy(Q)) | 7(0) = 0, (1) = eo},

c¢:=inf max I(u)>0.
veT ue~([0,1])

Then Lemma 2.2 implies
(a5)?
c< ———+.
4(p —bS5?)
Thus from Lemma 2.1, I satisfies the (PS). condition. Consequently the moun-

tain pass theorem concludes the proof. Next, we suppose 1 < bS? and u > 0 in
2 is a solution of (P). Then the Poincare inequality and the Sobolev inequality

imply

0 = allulfy e + Ul = [ wido =g [ utds

A (b8 — )
> (1= 25 ) g + gl

Since 0 < A < a); and p < bS?, we have u = 0, a contradiction. This completes
the proof. O

10



3. Thecase 1 < g <3

In this section, we consider the case 1 < ¢ < 3 and prove Theorem 1.3
and 1.6. To do this, we assume a,b, A\, > 0 satisfy bS? < p < 2bS? and fix
1/2 < § < 1 so that bS?/§ < p. Then for v € (§,1], we consider the problem
(P,). The associated functional is defined by

a b VA a0
Iy (u) = 5”“”?{(}(9) + ZHUH?{(}@ - m/ﬂ“fldfﬁ - Z/Quidx-

We prove the existence of a nontrivial critical point of I,,. In this case, the
boundedness of the PS sequences for I, is hard to get. To avoid this difficulty,
we introduce the result by Jeanjean [13].

Theorem 3.1 (Jeanjean[13]). Let X be a Banach space equipped with the norm
| - || and let J C R be an interval. We consider a family (I,),cs of C*-
functionals on X of the form

I,(u) = A(u) —vB(u) (v € J)

where B(u) > 0 for all w € X and such that A(u) — +oo or B(u) — +00 as
lu|]| = co. We assume there are two points (e1,e2) in X such that setting

r= {’Y € C([07 1]7X)7’Y(0) = 617’7/(1) = 62}
there holds, for allv € J

= inf I, (~(t I(e1), I, .
e 1= Inf max, (v(t)) > max{I,(e1), I, (e2)}

Then, almost every v € J, there is a sequence (u,) C X such that
(1) (un) is bounded, (i4)1,(un) — c,, (iii) I, (un) — 0 in the dual X' of X.

With the help of Theorem 3.1, we can get the bounded PS sequences for I,
for almost all v € (4,1]. Here we prove the local compactness of those.

Lemma 3.2. Let b > 0, u > 0 satisfy bS? < pu < 2bS? and take 1/2 < 6 < 1
so that bS?/6 < u. Furthermore choose constants 0 < \g = Ao(a, b, q, 1) < 00,
ag = ag(b,q, \, 1) > 0 and pu/(25%) < by = bo(a,q,\, 1) < pu/S? as in Remark
1.5 and assume one of the following (C1), (C2) and (C3) holds,

(C1) a>0and 0 < X< A,

(C2) X >0 and a > ag.

(C3) a,\ >0 and by < b < pu/S>

Then if (uy,) is a bounded (PS). sequence for I, with v € (6,1] and

(a5)?

€< 4(vp — bS?)’

then (uy,) strongly converges in HZ () up to subsequences.

11



Remark 3.3. Here we use our condition u < 2bS? which is the different point
from the case g = 1.

Proof. We assume on the contrary that we can extract no subsequence from
(uy,) which converges in H} (). Then similarly to Proposition 1.7, there exist a
nonnegative weak convergence ug € H}(Q) of u,, a number k € N and further,
for every i € {1,2, -, k}, asequence of values (R’,)nen C R, points (z¢)nen C
Q and a nonnegative function v; € DV?(R*) satisfying

k
—<a-+b ||u0||§{&(9) + Z ij||%1,z(R4) Av; = vpwd in RY (10)
j=1
such that up to subsequences,
~ k ~
I, (un) = L, (uo) + leo(vi) +o(1) (11)
i=1
where o(1) — 0 as n — oo and we put
a b k
7 — 2 2 2
Iy (uo) == 571 [uoll 7 o) +; 05l D12 gy [uoll 7 o)
A
S /u8+1dx— va ugda,
q+1Jg 4 Ja
~ a b r
I (vi) : = 511 HUOH%T&(Q) + Z 011 B1 .2 Ra) [0i| D1 .2 (Ra)
j=1 (12)

Vi 4
- — pdx.
4/R4le

Here we note that, since 1 < ¢ < 3, it is not obvious whether or not I, (ug) > 0,
differently from the case ¢ = 1 (see the proof of Lemma 2.1). To overcome
this difficulty, we shall estimate the energy of our PS sequence more precisely,
including the “cross terms” which we indicate in Subsection 1.3. Now we claim

= (aS)? abS?
) >
I 2 30 =557 * Ton —b57)

ol 72 ) (13)
foralli € {1,2,---,k}. In fact, similarly to the proof of (7), using (10) and the

Sobolev inequality, we have

k
a+b ||Uo||§15(9) + Z ||Uj||%)1‘2(R4) ||Ui||2D1>2(]R4) —vp /R4 U?dl‘
j=1

o
I

v

loilBe.2qaey { (@ + blluoll3ys oy ) = 572 (vie = b52) l0ilBraqan }

12



for all i € {1,2,--- ,k}. In this case, we estimate

2 (“er”“‘)”ié(m) 5’
||UiHD112(R4) > Vi — bS2

Consequently, (10), (12) and (14) imply

fffo(vi)

%

a
ZHWHQDLZ(RQ

(aS)? abS? 9
4(V/14 — bS2) + 4(”/14 — bSQ) ||u0||Hé(Q)a

for all i € {1,2,--- ,k}. This is (13). Next using (14) and the Sobolev inequali-
ties, we get for some i € {1,2,--- , k},

b
1, (uo) = Slluoll3ys @y + 7 (luoll3zy @y + Noillbrzqes) ) ol oy
VA 1 g
_q—l-l/QUng dx—I/Quédx
o (1 bS? ) VA (15)
>3 * T ) lline ~ ooy gl
v (2b52 )

m” OHH1
Then it follows from (11), (13) and (15) that
c= nlLII;O I, (up)
> I (uo) + I;°(vi)

(08) b ol - ———rmalol
A(vp —bS?) T 2(u — bS?) Hg(2) (q+ 1)515?:;1)/2 H} (Q
1 (2052 — 1)

Jrm”%”m Q)

here for the last inequality, we use the fact v < 1. Observe that, the coefficient
of ||u0||‘}11(m in the right hand side of the last inequality is positive thanks to
0

our assumption bS? < p < 2bS?. Finally (C1), (C2) or (C3) shows

(as5)®
~ 4(vp—bS2)’

a contradiction. Thus (u,) strongly converges in Hg(£2) up to subsequences.
This completes the proof. O

As Section 2, we prove a mountain pass level of [, is below the desired energy
level.

13



Lemma 3.4. Let a,b,\, ju > 0 satisfy bS? < p and take 1/2 < 6 < 1 so that
bS?/5 < . We suppose v € (§,1]. Then there exists a constant eo > 0 such
that

] (aS)?
sup L (ve) < 10— 157

for all € € (0,e2), where v is defined as previous section.

Proof. First observe that we have the estimate
/ VI dr = ape®
Q

where ag > 0 is some constant. Here, using (9), we can easily check that there

exists a constant €5 > 0 such that we can find constants 0 < 79 < Tg such as
(aS)®

8 (v — bS?)

forall 0 < ¢t < 719 and all t > T} if £ € (0,e2). Noting this, we consider only

t € (10, Tp). As bS? < v, we have

Q2
L(tv.) < ?t“' - w

aS)? _
< it OO

I, (tve) <

th — Cape® 7+ O(?)

for some constant C' > 0 which is independent of ¢ € (0,e2). Then since
1 < g < 3, taking €5 > 0 smaller if necessary, we conclude

(aS)?
sup 1, (tve) < ————+,
Sp o 00e) < 0 — 552)
for all € € (0,e2). This finishes the proof. O

We prove Theorem 1.3.

The proof of Theorem 1.3. Let b, > 0 satisfy bS? < p < 2bS?. Choose 1/2 <
§ < 1 so that bS?/§ < u and suppose v € (4,1]. Furthermore assume one of
(C1)-(C3) in Lemma 3.2 holds. To apply Theorem 3.1, we confirm the mountain
pass geometry of I, which is determined independently of v € (§,1]. To do this,
first assume p > 0 and take u € H} () with |ullza (@) = p- Then as v < 1, the
Sobolev embeddings imply

A or1 p—bS?

a
I > 2 ot = = 4
(u) = 2”“”}1&(9) (g + 1)5{51_;1)/2 ||U||H5(Q) 452 ||UHH3(Q)
R S E R -
EENCEICRE 452

Since 1 < ¢ < 3 and the right hand side of the last inequality is independent of
v € (4,1], we conclude that

14



(a) there exist constants «, p > 0 such that I, (u) > « for all u € H () with
[ull ) = p and all v € (6,1].

Next noting § < v <1 and (9), we get for all ¢ > 0,

allvell 7y 0 2 bllve 723 g O
2 4 4
a(S+0(e?) 2 (6p — bS? + O(£?)) t4

2 4

I, (tve) <

Now take €5 > 0 which is determined in Lemma 3.4. Then since éu > bS?,
taking €5 > 0 smaller if necessary, we have
Su — bS?
I (tv.) < aSt* — %t‘l.
for all ¢ € (0,e2). Then we fix such a € and get I,(tv.) - —oo as t — o0
uniformly for v € (d,1]. Therefore there exists a constant ¢, > 0 such that if
we put ep = toUs, [[€oll () > p and I,(eo) < 0 for all v € (4, 1]. Now we can
define
I = {y € C([0,1], Hy(Q)) | 7(0) =0, (1) = eo},

¢, = inf max I,(u).

v€T uer([0,1])
Observe that ¢, > 0 for all v € (4, 1] from (a). Consequently, utilizing Theorem
3.1, we have a bounded PS sequence of I, for almost every v € (4,1]. Further-
more by Lemma 3.2, 3.4 and the definition of ¢,, our bounded (PS),, sequence
strongly converges to some nontrivial function in H{ (€2) up to subsequences and
thus, I,, has a nontrivial critical point for almost every v € (4, 1]. Then we can
take an increasing sequence (v,) C (4, 1] such that v, — 1 as n — oo and for
every n € N, there exists a nontrivial critical point w,, of I,,, with critical value
¢y, - Note that by the continuity, ¢,, — ¢1 as n — 0o (see Lemma 2.3 in [13]).
Then

A 1 H
Ii(ug) =1, (un) + (1 — vy) (qul /Q(u”)i+ dz + 1 /Q(u,ﬂidm)
=1 +o(1)
where o(1) — 0 as n — co. Similarly,
Ii(un) =1, (un) + o(1) = o(1)

where o(1) — 0 in H=(Q) as n — oo. Here we assume l[wn |l 3 () is bounded.
Then (u,) is a bounded (PS),, sequence for I;. Then Lemma 3.2, 3.4 and the
definition of ¢; conclude the proof. O

We can get the boundedness of the sequence of solutions (u,) above, if  is
strictly star-shaped.

15



The proof of Theorem 1.6. Assume 2 C R* is strictly star-shaped and take a
sequence of values (v,) C (4,1] and corresponding solutions (u,) C H(Q) as
in the proof of Theorem 1.3. Our aim is to prove (u,) is bounded in H} ().
We argue by the contradiction. Suppose [[un||f1 () — o0 as n — co. We put
Wy, = Up/||lunllg1@)- Then wy, > 0, [wn| 1) = 1 and consequently, there
exists a nonnegative function wy € H}(2) such that w,, — wq weakly in H}(2)
up to subsequences. Since w,, satisfies

»
4 /an.vmzx: %/w%hdw+ynp/ w3 hdz (16)
HUWHHS(Q) Q ”u"”Hé(éQ) Q Q

for all h € H}(Q), taking n — oo, we get

b/Vwo-Vhdx:,u/wSh.
Q Q

As Q is strictly star-shaped, we have wg = 0 from the result by Pohozaev [23].
Furthermore, it follows from (16) and the argument in [25] that there exists a
number [ € N and for every i € {1,2,--- 1}, a sequence of values (R ),eny C RT,
points (2¢),en C Q with RE dist(z?,00Q) — co as n — 0o, and a nonnegative
function v; € DY2(R*) satisfying

—bAv; = pv} in RY,

such that up to subsequences,

!
1= ||wn||§{3(ﬂ) = Z HWHZDLZ’(M) +o(1), (17)
i=1
where o(1) — 0 as n — oco. Since ¥; := (u/b)'/?v € DV2(R*) is a nonnegative
solution of
—A? =9 in R*, w(z) — 0 as |z| — oo, (18)

the uniqueness result from [12] implies that there exist a constant ¢; > 0 and a
point x; € R* such that

N 8%¢;
Ul(x) o 8? + |.T — Ii|2.
Therefore we have
b bS?
il Hregey = =19l Dre ey = —,
Dl 2(R4) M Dl 2(R4) /j,

for all i € {1,2,---,1}. Then from (17), we get
_1bS?

)

I

for I € N which is impossible since bS? < p < 2bS?. This is a contradiction.
Thus (u,) is bounded in Hg (). Then Theorem 1.3 completes the proof. O

1
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4. A global compactness result

In this last section, we give the description of PS sequences for the Kirchhoff
type critical problem and show the global compactness result. To this aim, we
consider the problem

P
u = 0 on 09, (Pw)

{— (a+b [, |Vu?) Au= Au+ |[u> “2uin Q,
where Q@ C RN with N > 3 is a bounded domain with smooth boundary 99
and further, we assume a > 0, b > 0, A € R and 2* = 2N/(N —2) is the critical
exponent of the Sobolev embedding Hg(2) — LP(2). The energy functional
associated to (Py) is given by

1 b A 1 .
) = 5l e + Sl = 5 [ oo =5 [ da,

where || - || 1) = (fo [Vul?dz)'/2. Following the argument in [25], we firstly
give the complete description of PS sequences for I. Here similarly to the
previous sections, we introduce the Sobolev space D12(R”") as usual and put
its norm as || - || pregyy == (fon |V - [Pda) vz,

Theorem 4.1. Let (u,) C H () € DV2(RY) be a bounded PS sequence for I.
Then (uy) has a subsequence which converges strongly in H}(Q) or otherwise,
there exist a function ug € HE(Q) which is a weak convergence of u,, a number
k € N and further, for everyi € {1,2,--- ,k}, a sequence of values (R%)nen C
R*, points (z¢)nen C Q and a function v; € DV2(RN) which satisfy

k
= atb | luollfy ) + D Ivillbraen) | ¢ Auo = Ao + Juo* ~*u in Q,
j=1
k
—qa+b HUOH?LI(%(Q) + Z [0l Dre@ny | p Avi = [oi|* 20 in RY,  (19)
j=1

such that up to subsequences, R: dist(z?,0Q) — 0o asn — oo,

k
. N—2 . .
un =g =y (R)) T (R, (- — ) = o(1),
=1 D1.2(RN)
k
||“n||?qé(9) = HUOH%I(}(Q) + Z ”Ui”%)lv?(RN) +o(1),
i=1

and

k
I(un) = I(uo) + ) Ioo(vi) + o(1),

=1

17



where o(1) = 0 as n — oo and we put

k
~ a b
I(ug) := §||U0H12H[}(Q) t1 ol 0y + D lvilbre@n 1ol

j=1
A 1
—§/Qu(2)dx—2—*/ﬂ\uo
k

~ a b
Ioo(vi) == 5””1‘“%1,2(@) + 1 ||U0||§{3(Q) + Z ||vj||2D112(]RN) ”UiH%)LZ(RN)
j=1

.
Y de,

1 -
“5 | |v;|* da.
(20)
Remark 4.2. In Theorem 4.1 if we additionally assume that u, > 0, then ug
and v; are nonnegative. Furthermore if we consider the functional

a b A 1 "
o) = Sl + gl =5 [ dde=5 [ a.

instead of I, we also have ug and v; are nonnegative.

Remark 4.3. If v; € DY2(RY) is nonnegative, then we have ||Ui||%)1,2(RN) =
||vj||%1,2(RN) foralli,j € {1,2,---  k} withi # j. In fact, since v; satisfies (19),
. _(N— k

Zf we put w; 1= (a+ bA) (N 2)/4’Ui where A := ||u0||?—[é(ﬂ) =+ Zi:l HUj”zDLQ(RN),
w; € DY2(RY) is a nonnegative solution of

—Aw=w~"2 in RN, w(z) — 0 as || — oo.

The uniqueness assertion of the above problem (see [12]) implies that there exist
a constant €; > 0 and a point x; € RN such that

(N —2)en) T
L@ )T
Thus we have Ns n
”UiHQDlv?(]RN) =(a+bA)" 2 52. (21)

Since the right hand side of the above equality is independent of i € {1,2,--- |k},
we confirm the claim.

Let us see the global compactness results for the cases N = 3,4. We note
that the local compactness result for (Py) with N = 3 is found in [10], [20],
[21], [29] etc., and that for the case N = 4 is treated in previous sections. Here,
we assume u, > 0 in Theorem 4.1. It follows from Remark 4.2, 4.3 and (21),

N—-2
2

loilBn aqany = (a+ blluoly ) + Kblleilnan)) ~ S

oz

18



Consequently we deduce an equation for [|v;[| p1.2 @),

s N
loil 3 2y = DS il sy — (a+ BluollZy o) S¥2 =0 (22)

Firstly let N = 3. Then we have

1 - -
H"Ui||2D1,2(R3) = 5 (kb53 + \/(ka3)2 +4 (a + b”uOHiIé(Q)> S‘S> .

Using (19), (20) and the above equality, we get

1
0] = Tol09) = § (sl + 040 — [ ot )

bluoll 7 1
a Hy () : 3 3 3
0 5 s+ \/(ka )2 44 (a+b||uo||H1 Q)) S
kb i
+ 12{ <kb53 \/(ka3)2 +4<a+b|\u0H§{é(Q)) 53>}

= (a,b, k, ||U0||:;{5(Q)) :

Observe that the energy of a bubble depends on a,b and further, the num-
ber of all bubbles and the nonlocal information of the weak convergence uyg.
Consequently we conclude that if (u,) C Hg(Q) is a (PS),. sequence for I with

¢ & {T(uo) + ke (a.buk Juoly ey ) }

keN’

then we can extract a subsequence from (u,,) which strongly converges in H}(Q).
This is a global compactness result for the Kirchhoff type problem in dimension
three. In particular, note that

¢ (a b, k, ||u0||H1(Q)) (a b, k, IIuoH%{é(m) \

_ 1

3
b
12

k=1, [luol? =0

HE©Q)

% bS® + bS3)2+4aS3)}
2
+ { (bS3+ (bS3)2+4aS3)}.

Note also that if A < a)q, f(uo) > 0. Hence in this case, all (PS). sequences of
I with

1 3 3 3
2<bS +/(b53)2 +4aS)}

1 2
{2 b53+ bS3)2+4aS3)} :

19



strongly converges in H} () up to subsequences. This is a local compactness
assertion for the case N = 3, which is observed in [20], [21] and [29]. Next
suppose N = 4. We use (22) again to get a necessary condition on k € N,

1—kbS%>0

and

2 2
oilBnzqany = (4 + Holye) 8
HIDh2(RY) 1 — kbS2

Then noting (19), (20) and the above equality, we obtain

~ 1
Ioo('U'L) = Ioo('U'L) — Z <a||vi||2D1,2(R4) + bAH'Ui”QDl’?(]R‘*) - /R4 U?dl‘)

a (a+ bluoly o) ) 5°
4(1 — kbS2)

= ¢ (a,b.k lluols ) -

Thus if (u,) C H () is a PS sequence for I with

e {T(wo) + ke (a0, JuollFy o)) §

kenN’

then (u,, ) has a subsequence which strongly converges in H} (). This is a global
compactness result for the case N = 4. In particular, we can also check that if
A < ali, I(ug) > 0 and

o (a,b, k, ||uo||§101(9)) > (a7b»k7 ||U0H12Hg(9)) ‘

E=1, luoll% ) =0
~ (aS)?
~4(1 - bS?)’
Thus in this cases, if (u,) is a (PS). sequence for I with
2
N C) iy
4(1 - bS?)

then (u,,) strongly converges in H}(£2) up to subsequences. This is a local com-
pactness of the PS sequences in dimension four, which is observed in previous
sections.

Remark 4.4. In the larger dimensional case, that is, when N > 5, the behaviors
of PS sequences are drastically different from the cases N = 3,4. For example,
the energies of bubbles may be negative. Thus it seems to be difficult to get the
clear compactness condition. This suggests that a certain difficulty will occur in
dealing with the larger dimensional critical problems. But at this point, in view

of our main aim of this paper, we rather stop here and proceed to the proof of
Theorem 4.1.
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To prove Theorem 4.1, we introduce the following lemma.

Lemma 4.5. Let A > 0 be a constant and (w2) C HE(Q) be a sequence such
that
w? — 0 weakly in Hy(Q)

and
J (wl) — 0 in HH(Q),
I(w®) — B eR,
where J, T € CY(H}(Q),R) are defined by

a+bA A 1 «
T = Sl — 5 [ wide— g [ s

~ a bA A 1 .
) = Gl + by = 5 [ o= g [ o

Then if we can choose no subsequence from (w®) which strongly converges to 0

in H3(S)), there exist a sequence of values (Ry)nen C RT, points (z,)nen C Q,
a function vg € DY2(RYN) which satisfy

—(a+bA)Avy = |vo)* 2wy in RY

and further, a sequence of functions (wy) C H}(Q) such that R, dist(z,, ) —
00 as n — 00,
wy, — 0 weakly in Hy(Q),

Wy = 1" — (Rn) T vo(Ran(- — z)) + 0(1) in DV(RN),
||wn||§15(9) = ||w2||§13(9) - ||’U0||2D172(]RN) +o(1)

and
J (wy) = o(1) in H1(),

I(w,) = B — Is(vo) + o(1)
up to subsequences.
Proof. Similar to that in [25]. O

Proof of Theorem 4.1. Let (u,) C H}(2) be a bounded (PS). sequence for I.
Then there exists a constant A > 0 and a function uy € H}(Q) such that
”u””%’é(ﬂ) — A and u, — ug weakly in HZ(2) up to subsequences. We put
w? = u, — up and then have, w? — 0 weakly in HJ(£2). If we can extract a
subsequence so that w® — 0 strongly in H}(Q), the proof is finished. If not,
using the Vitali’s convergence theorem, we get

J' (W) = I'(un) — J'(ug) + o(1) = o(1) in H~(RQ)

n
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2
HE(Q
point of J. Furthermore, noting the weak convergence, similarly we have

here we use the facts that A = ||u,|| )+ o(1) as n — oo and wy is a critical

T(w®) = I(un) — I(ug) 4+ o(1) = ¢ — I(ug) + o(1)

where o(1) — 0 as n — oo. Thus from Lemma 4.5, there exist a sequence of
values (R})nen, points (z))nen C ©Q, a function v; € DV2(RY) which satisfy

—(a+bA)Av; = |v1]* "0y in RY

and further, a sequence of functions (w}) C HZ (), such that R.dist(xL,9Q) —
w’

wl — 0 weakly in Hj(Q),

1
n
N-—2

wy, = wy — (By) "7 v1(By (- = a,)) + 1) in DV(RY),

||w711||§-16(9) = ||w2||§13(9) —[[o1lDr2 gy +o(1)
and
J'(wy,) = o(1) in H™H(Q),
I(wy) = I(wy) = Leo(v1) + 0(1)
up to subsequences. If we can select a subsequence from (w,) which strongly
converges to 0 in H}(Q), the proof is finished. If not, we repeat the same
argument with the above one. Finally we reach a number k£ € N such that for

every i € {1,2,---,k}, there exist a sequence of values (R! )nen C RV, points
(28))nen C Q, a function v; € DV2(RY) which satisfy

—(a+ bA)Av; = |v;)* ~2v; in RN

and further, a sequence of functions (w?) C H{(£2), such that R? dist(x%, Q) —
oo and

k

wh =y —uo = Y_(B,) T vi(Ry (- — @})) + o(1) in DY (RY),
1=1
k
w3y = Nl @) = lwollf @) = 2 lvillbragny + (1),
=1

k
T(wh) = I(uy) - Fuo) = 3 T (v3) + 0(1),
i=1

and further,
wk — 0in H (),

up to subsequences. If not, we can choose a number k' € N with




such that

k/
eanlZry oy = 108 13 ey + N0z oy + D il Bragesy +0(1), (24)

i=1

instead of k € N above. Here from (19) and the Sobolev inequality, we have for
every i € {1,2,--- k'},

0 2 a||7}i||2D1,2(RN) —/ |vi|2*dx
RN

_2r *
> allvilpre@ny = S [0ill Dz ey
This inequality implies
leillbran) > a 5%, (25)

Using (24), (25) and (23), we conclude that

-1 2

A=l flunlli o)

>ka T S%

> A,
a contradiction. This proves our claim. The proof is done. O
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