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Cohomological non-rigidity of eight-dimensional complex projective
towers

Shintar6 KUROKI and DongYoup SUH

ABSTRACT. A complex projective tower or simply a CP-tower is an iterated complex projective
fibrations starting from a point. In this paper, we classify certain class of 8-dimensional CP-
towers up to diffeomorphism. As a consequence, we show that cohomological rigidity is not
satisfied by the collection of 8-dimensional CP-towers, i.e., there is a two distinct 8-dimensional
CP-towers which have the same cohomology rings.
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1. Introduction

Let M be a collection of diffeomorphism classes of smooth manifolds and H* M be the iso-
morphism classes of cohomology rings of manifolds in M. Let H* : M — H*M be the map
defined by M € M +— H*(M;Z). In general, H* is not bijective. However, if we restrict the class
of manifolds then this map sometimes becomes a bijection; e.g., if M is a collection of oriented
2-dimensional manifolds then it is well-known that the map H™* is bijective. We say such collection
M is cohomologically rigid or M satisfies cohomological rigidity. The problem asking whether the
map H* : M — H* M is bijective or not is called a cohomological rigidity problem. In this paper,
we study the cohomological rigidity problem for complex projective towers (or simply a CP-tower)
introduced in [KuSul].

A CP-tower of height m is a sequence of complex projective fibrations

Tom Tm—1 T2 ™1

(1.1) Cm, Cm—1 4 Co = {a point}

where C; = P(&;—1) is the projectivization of a complex vector bundle &1 over C;_;. We call each
C; the ith stage of the tower. If we forget the tower structure, then we call C; an (i-stage) CP-
manifolds. In [KuSu], we show that the diffeomorphism types of 6-dimensional CP-manifolds are
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author was supported in part by Basic Science Research Program through the National Research Foundation of
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determined by their cohomology rings, i.e., the collection of 6-dimensional CP-manifolds CPM®
is cohomologically rigid. This is the generalization of the fact that the collection GBM® of 6-
dimensional generalized Bott manifolds is cohomologically rigid in [CMS11]. On the other hand,
it is known that the collection QBM%” of 2n-dimensional 2-stage generalized Bott manifolds is
also cohomologically rigid. The purpose of this paper is to show that the collection CPM; of
8-dimensional 2-stage CP-manifolds is not cohomologically rigid.

To state our main theorem, let us recall the theorem proved by Atiyah and Rees in [AtRe, (2.8)
Theorem]. Let VECT2(CP3) be the collection of vector bundle isomorphism classes of complex
2-dimensional vector bundles over CP3.

THEOREM 1.1 (Atiyah-Rees). There exists a bijective map ¢ : VECT2(CP3) — Zy O LS 7
such that ¢(&) = (a(§),c1(€),c2(8)), where c1(§) and c2(§) are the first and the second Chern
classes of &, and «(§) is a mod 2 element which is 0 when ¢1(§) is odd.

By Theorem 1.1, any element in VECT 2(CP?) can be denoted by na,c, c,), Where (o, ¢1,¢2) €
Zo®Z®Z such that @« = 0 (mod 2) when ¢; = 1 (mod 2). On the other hand, it can be seen easily
that P(1)(a,e,,c,)) is diffeomorphic to P(1,1,c,—(c2-1)/4)) if 1 =1 mod 2, and is diffeomorphic to
P(1)(a,0,e5—c2/4)) if c1 =0 mod 2, see Lemma 3.2.

Let N(u) := P(n(,1,4)), and let N := {N(u) | u € Z}. Similarly, let My (u) := P(1(a,0,u));
and let M := {M,(u) | o € {0,1},u € Z}. We now state the main result of the paper (see
Theorem 4.2 for (1) and see Theorem 5.2 for more precise statement of (2)).

THEOREM 1.2. For the classes M and N, we have the following.

(1) The class N is cohomologically rigid. In fact, the following are equivalent:
(a) N(u) is diffeomorphic to N(u');
(b) u="1u';
(¢) H*(N(u);Z) = H*(N(v');Z) as graded rings.

(2) The class M is not cohomologically rigid. In fact, H*(Mo(u); Z) = H*(M;i(u);Z) as
graded rings for all u, but if % € Z then My(u) is not diffeomorphic, actually not
homotopic, to M (u).

The second part of the theorem is proved in Proposition 5.4 by showing that mg(My(u)) %
76(My (u)) when 30 € 7,

The organization of this paper is as follows. In Section 2, as examples of CP-towers, we
explain when flag manifolds admit the structure of CP-tower. In Section 3, we recall some basic
facts from [KuSu]. In Section 4, we show that A satisfies the cohomological rigidity. In Section
5, we compute the 6-dimensional homotopy group of the elements in some class of M and show
that M does not satisfies the cohomological rigidity.

2. Flag manifolds of type A and C

The CP-towers contain many interesting classes of manifolds. In the previous paper [KuSu],
we introduce that generalized Bott manifolds or the Milnor surface admits the structure of CP-
towers. We first introduce the other two examples of CP-towers. Let CPM?2" be the collection of
2n-dimensional m-stage CP-manifolds up to diffeomorphism.

EXAMPLE 2.1. The flag manifold FI(C"*1) = {{0} C V; C --- C V,, C C""1} called type A,

is well-known to be diffeomorphic to the homogeneous space U(n + 1)/T"t1 (=2 SU(n + 1)/T").

We will show that the flag manifold U(n +1)/T" ! is a CP-tower with height n. Recall that if M

is a smooth manifold with free K action and H is a subgroup of K, then we have a diffeomorphism

M/H = M x g (K/H). Also recall that CP" 2 U(n +1)/(T* x U(n)). By using these facts, it is
2



easy to check that there is the following CP-tower structure of height n in U(n + 1)/T™*:
Un+1) X(r1xvm) (U0) X@1xvm-1) U —1) Xq1xum-2) - (UB) X(r1xv(2)) CPY)--+)
1

1
U(TL + ].) X(T1xU(n)) (U(n) X(T1xU(n—1)) (C.Pn72)
1
U(n +1) X(T1xU(n)) cprt
i

cPn,

where the U(k) action on CP*~! in each stage is induced from the usual U(k) action on CF.
Hence, the flag manifold U(n + 1)/T"*! of type A is an element of C”PMZer”.

EXAMPLE 2.2. The flag manifold of type C is defined by the homogeneous space Sp(n)/T™. We
claim that Sp(n)/T™ is a CP-tower with height n. It is well known that Sp(n)/(T! x Sp(n—1)) =
Gin=1/pl = Cp?"~1 because Sp(n)/Sp(n — 1) = §4"~1 By using this fact and the method
similar to that demonstrated in Example 2.1, it is easy to check that there is the following CP-
tower structure of height n in Sp(n)/T™:

Sp(n) X (11 x spn—1)) (SP(N = 1) X(11 5 sp(n—2)) - - (SP(2) X (11 5p(1)) CP)--)

i
Sp(n) X(T1x Sp(n—1)) (Sp(?’b - 1) X(T1x Sp(n—2)) CP2n75)

Sp(n) X (11 x sp(n—1y) CP* 3
i

(CPQn—l

where the Sp(k)-action on CP?*~1 in each stage is induced from the Sp(k)-action on C2*(= H¥)
induced by the following representation to U(2k):

. A -B
A+Bj — < 5 1 ) .
Here A, B € M (k;C) satisfy AA+ BB = I, and BA — AB = O. Hence, the flag manifold
Sp(n)/T™ of type C' is an element of CPMZ"Z.

REMARK 2.3. As is well-known, both of the flag manifolds U(n + 1)/7™! and Sp(n)/T"
with n > 2 do not admit the structure of a toric manifold (see e.g. [BuPa]). On the other hand,
U(2)/T? = Sp(1)/T* = CP! is a toric manifold.

Moreover, by computing the generators of flag manifolds of other types (B, (n > 3), D,
(n > 4), Ga, Fy, Eg, E7, Es), they do not admit the structure of CP-towers, see [Bo] (or [FIM]
for classical types). Namely, we have the following proposition:

PROPOSITION 2.4. Let M be a flag manifold denoted by G/T', where G is a compact simple
Lie group and T is its maximal torus. If M admits the structure of a CP-tower, then G must be
a compact Lie group of type A or C.

The following problem also naturally arises (also see Remark 5.5).

PROBLEM 2.5. Let H* : CPM — H'CPM be the map defined by taking the cohomology
rings. Classify diffeomorphism types of all manifolds in the class (H*)"Y(H*(U(n + 1)/T"*1))
and (H*)~'(H*(Sp(n)/T™)).



3. Some preliminaries

In this section, we recall some basic facts.

3.1. Preliminaries from [KuSu]. We first recall some basic facts from [KuSu, Section 2].
Let £ be an n-dimensional complex vector bundle over a topological space X, and let P(¢)
denote its projectivization. Then, the following formula holds (see [KuSu]):

(3.1) H*(P(€);Z) = H*(X;Z)[z]/(z" T + ) (=1)'ei(x*&)a™ 1)
1=1

where 7*¢ is the pull-back of £ along 7 : P(§) — X and ¢;(7*¢) is the ith Chern class of 7*¢. Here
2 can be viewed as the first Chern class of the canonical line bundle over P(§), i.e., the complex
I-dimensional sub-bundle 7¢ in 7% — P(&) such that the restriction y¢|r-1(4) is the canonical line
bundle over 7~ !(a) =2 CP"~! for all @ € X. Therefore degz = 2. Since it is well-known that the
induced homomorphism 7n* : H*(X;Z) — H*(P(§);Z) is injective, we often abuse the notation
ci(m*€) by ¢;(§). The formula (3.1) is called the Borel-Hirzebruch formula.

In order to prove the main theorem, we often use the following two lemmas.

LEMMA 3.1. Let~y be any line bundle over M, and let P(§) be the projectivization of a complex
vector bundle & over M. Then, P(§) is diffeomorphic to P(§ ® 7).

LEMMA 3.2. Let v be a complex line bundle, and let & be a 2-dimensional complex vector
bundle over a manifold M. Then the Chern classes of the tensor product £ @ v are as follows.

c(§®7) = c1(§) + 2e1(7);
(€ ®7) = c1(7)? +er(y)er () + e2(8)-

3.2. Atiyah-Rees’s theorem. By Theorem 1.1, all of the complex 2-plane bundles over CP3
can be denoted by 74, ¢, c,) for some (o, ¢y, c2) € Zo x Z x Z. Using Lemma 3.1, its projectivization
P(N(a,e1,e0)) is diffeomorphic to P(1(a,c,,c,) ® ) for any line bundle v over CP3. Moreover, by
Lemma 3.2 and the proof of Theorem 1.1 in [AtRe], we also have

77((1,61,52) & 7= n(a,cl+261(’y),cl(7)2+cl(’y)c1+02)~

Therefore, we may assume c¢; € {0,1}. Consequently, in order to classify all P(N(a,e1,e5)) Up to
diffeomorphisms, it is enough to classify the following:

Mo (u) = P(1(0,0,u));
My (u) = P(n(1,0,u));
N(u) = P(no,1.u)),

where u € Z. We denote the class of My(u), Mi(u) up to diffecomorphism by M and that of
N(u) by N. Then, both classes M and A are the subclasses of CP M3 consisting of 8-dimensional
2-stage CP-manifolds.

3.3. Intersection of two classes M and N are empty. Finally, in this section, we prove
MNN =0 by comparing their cohomology rings. Namely, we prove the following lemma:

LEMMA 3.3. Two cohomology rings H*(My(u)) and H*(N(u')) are not isomorphic for any
u, u € Z.
PROOF. By the Borel-Hirzebruch formula (3.1), we have ring isomorphisms
H*(My(u)) 2 Z[X,Y]/(X*, uX?+Y?), and
H*(N(u)) = Z[z,y]/(z?, u'2® + zy + 3°).
Assume that there is an isomorphism map f : H*(M,(u)) — H*(N(v')). Then we may put
f(X)=ax+by, and

f(Y) = cx +dy,
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for some a, b, ¢, d € Z such that ad — bc = ¢ = +1. By taking the inverse of f, we also have
Y(z) = deX — beY, and
Yy) = —ceX + aeY.

[ (@)
I
From the ring structures of H*(M,(u)) and H*(N(u')), we have f(uX? + Y?) = 0 and

“L(y? + zy + v'2?) = 0. Therefore we have the following equations:
Iy Yy g eq
(3.2) u(a® —u'b?) + (¢ — u'd?) = 0;
(3.3) u(2ab — b?) + (2cd — d?) = 0;

3.4 2 — a’u—cd + abu + v'd?® — b*uu = 0;
(
(3.5) —2ac+ ¢b+ ad — 2bdu’ = 0.

Because f~1(z%) = (dX — bY)* = 0, we also have
bd(d* — ub*) = 0.

Therefore bd = 0, or otherwise d? = ub?. We first assume bd = 0. Then, there are two cases: b = 0
and d = 0. If b = 0, then |a| = |d| = 1. However, by using (3.3), we have 2¢d = 1. This gives a
contradiction. If d = 0, then |b| = |¢| = 1. By using (3.5), we have ¢(—2a +b) =0, i.e., b = 2a by
|c| = 1. However, this contradicts to |b] = 1. Hence, bd # 0 and d? = ub?, i.e., |d| = \/|u||b]. In
this case, because ad — bc = € = +1, we have |b| =1 and d®> = u. Let b= ¢ = 41 and d = \J/ue",
where €/ = +1. Then, it follows from ad — bc = € that ¢ = —e€’ + a/ue’¢’. Therefore, by using
(3.2), we have the following equation:

u(a® —u'b?) + (c* — u'd?)
= wu(a® =)+ (—e + avue'é)? —u'u
= 2ua® — 2uu’ + 1 — 2av/ue’ = 0.
However, this gives the equation 1 = 2(—ua? + uu’ + a+/uee”), which is a contradiction. Hence,
H*(My(u)) 22 H*(N(v)) for all u, v € Z. O
Hence, we have the following corollary:

COROLLARY 3.4. There are no intersections between two classes M and N.

4. Cohomological rigidity of N

In this section, we shall prove the cohomological rigidity of the class N. To show that, it is
enough to prove the following lemma.

LEMMA 4.1. The following two statements are equivalent.
(1) H*(N(u)) = H*(N(u'))
2 u=u €Z
PROOF. Because (2) = (1) is trivial, it is enough to show (1) = (2). Assume there is an
isomorphism f : H*(N(u)) & H*(N(u')) where
H*(N(u)) 2 Z[X, Y] /(X" uX?+ 2y + Y?);
H*(N(u')) = Z[z,y]/ (2, u'z® + 2y +y?).
Again, we use the same representation for f as in the proof of Lemma 3.3. Because f(Y? +
XY +uX?) =0and f~!(y? + 2y + v/2?) = 0, we have that

(4.1) & — d*u' = —ud® + Vuu' — ac + bdu/;
(4.2) 2cd — d* = —2abu + b*u — ad — be + bd;
(4.3) & —a*u = —u'd* 4+ Vuu' + cd — bau;
(4.4) —2ac — a* = 2bdu’ + b*u’' — ad — be — ab.

Because f(X%) =0 and f~!(z%) = 0, there are the following two cases:
(1) b=0;



(2) b+ 0and 4a®—6a%b+4ab?(1—u')+b%(2u' —1) = —4d®—6d?b—4db* (1—u)+b*(2u—1) = 0.
If b = 0, then |a| = |d| = 1. Therefore, by (4.2), 2c =d —a,ie,c=0ifd=aor c = —a if
d = —a. Because ¢ — v/ = —u — ac by (4.1), we have that u = u'.
Assume b # 0. By the equation 4a® — 6a2b + 4ab®(1 — ) + b3(2u’ — 1) = 0, we have b is even.
Substituting a = A + % for some A € Z to this equation (i.e., Tschirnhaus’s transformation), we
have the following equation:

4(A+ 2)3 —6(A+ g)2b+ 4(A+ g)bQ(l — ')+ b3 (2u' — 1)
3 Qb b2 b3 2 b2 2 b3 / 3 /
= 4(A°+3A §+3AZ+§)_6(A +Ab+z)b—|—4(Ab +5)(1—u)+b (2u' —1)

3 3
= 443 +6A4% + 3A4b% + % — 6A4% — 6AV? — % + 4Ab% 4+ 203 — 44b%u — 2034’ + 2630 — b3

= 44 + Ab* — 1AV
= A4AZ+b* —b*) =0

Therefore, there are the two cases: A =0 or A # 0. We first assume A # 0. Then, by using the
equation 4A? + b? — b?u’ = 0, we have u’ > 1. Now, there is the following commutative diagram:

HX(N(u) = ZX & ZY —> ZX? & ZXY = H4(N(u))
fl lf
HA(N (W) = Za & Zy —L 722 @ Zay = HA (N (W)

Because X and f are isomorphisms, so is ax + by in the diagram. Using the indicated generators
as bases, the determinant of the map fo X : H?(N(u)) — H*(N(u')) is equal to the determinant
of the map (az + by) o f : H*(N(u)) — H*(N(u')), which is equal to

(4.5) a? —ab+b*u = ¢ = £1.
Because a € Z, the discriminant of this equation satisfies

b — 4% —e1) = b*(1 — ') +4e; > 0

Because u’ > 1, we have that

461
0<b?<
T 4u —1
This gives a contradiction to b € Z. Therefore, we have A = 0, i.e., a = %. Because ad — be =
e(= £1), we also have that a = ¢ = +1, b = 2¢/ and d — 2¢ = e¢/. Hence, by (4.5), we have

< 1.

—1+4u' =€, i.e., v/ =0 and ¢ = —1. By applying a similar method to the one used to derive
(4.5) for f=1(z), we have
(4.6) d? 4+ db+ b*u = e; = +1.

Substituting (4.5) and (4.6) to (4.3) and (4.4), we have

A =uep —u'd?+ed = —u+ cd;

—2ac = €1 + 2bdu’ — ad — bc = —1 — (d + 2c¢)€’.

By using the second equation above, we also have d = —¢’; therefore, by d — 2¢c = €€/, we have
c= # =0or —¢. If ¢ = 0, then v = 0 by the first equation above; if ¢ = —¢’ then we also
have u = 0 by d = —¢' and the first equation above. This implies that u = v’ = 0 for the case
b # 0.

This establishes the statement. O

Therefore, by Theorem 1.1 and Lemma 4.1, we have the following theorem.

THEOREM 4.2. The following three statements are equivalent.
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(1) Two spaces N(u) and N(u') are diffeomorphic.
(2) Two cohomology rings H*(N(u)) and H*(N(u')) are isomorphic.
(3) u=u €Z.

In particular, the class N is cohomologically rigid.

This establishes Theorem 1.2 (1).

5. Cohomological non-rigidity of CP M}

In this section, we prove that M is not cohomologically rigid. We first show the following fact
about the cohomology rings of elements in M.

LEMMA 5.1. The following two statements are equivalent.
(1) H*(My(u)) & H*(My (v)) where o, o € {0,1}.
2)u=u€eZ
PROOF. Because (2) = (1) is trivial, it is enough to show (1) = (2). Assume there is an
isomorphism f : H*(M,(u)) = H* (M, (u')) where
H (Mo () 2 Z[X, YV]/(XY, uX? +Y?);
H* (Mo (u')) = Zlz,y)/(z*, u'z® +y?).
We may use the same representation for f as in the proof of Lemma 3.3. Note that f(uX?+Y?2) =0
and f~!(u'z? + y?) = 0. By using the representation of f, we have the following equations:

(5.1) wa® — uu'b? + 2 —u'd* = 0;
(5.2) uab + cd = 0;

(5.3) u'd? — uu'b? + ¢ — a*u = 0;
(5.4) u'bd + ac = 0.

By (5.1) and (5.3), we have

(5.5) & = vu;

(5.6) ua® = u'd?.

Because X* = 0, we also have that

ab(a® — b*u') = 0.
We first assume ab # 0. Then

o = b2
by this equation. Together with (5.5) and (5.6), we have that

Av? = brud' = b?a®u = b d*u’ = a*d>.
This implies that
(ad — bc)(ad + be) = e(ad + be) = 0.

Hence, ad = —bc. However this gives a contradiction because ad — bc = 2ad = ¢ = +1. Con-
sequently, we have ab = 0. Since ad — bc = ¢, if a = 0 then |b| = |¢| = 1; therefore, we have
u = u = %1 by (5.5); if b = 0 then |a| = |d| = 1; therefore, we have u = u' by (5.6). This
establishes the statement. O

Lemma 5.1 says that cohomology rings of M are not affected by o € Zs. On the other hand,
the goal of this section is to prove the following theorem, i.e., some topological types of M are
affected by a € Zs.

THEOREM 5.2. Assume u(u+1)/12 € Z. The following three statements are equivalent.
(1) Two spaces My (u) and Mg(u') are diffeomorphic.

(2) (ayu) = (B,u') € Zy x Z.
(3) Two spaces M, (u) and Mg(uw') are homotopy equivalent.
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In order to prove Theorem 5.2, we first compute the 6-dimensional homotopy group of M, (u)
in Proposition 5.4. Now M, (u) can be defined by the following pull-back diagram:

Ma(u) —_— EU(Q) XU(2) (CPI

| |

cpt ——""—>BU(2)

Let p: S — CP3 be the canonical S!-fibration and P(€,..,) be the pull-back of M, (u) along
p. Namely, we have the following diagram:

(57) P(fa,u) Ma(u) EU(Q) XU(2) CP!
7 —L > cps — - BU(2)

Then, we have the following lemma.
LEMMA 5.3. For x> 3, m.(P(§au)) = e (Mq(u)).

PROOF. Because P({,,,,) is the pull-back of M, (u), the homotopy exact sequences of P(&q.4,)
and M, (u) satisfy the following commutative diagram:

M1 (8T) —— 1 (CP') —— mu(P(§au)) —> m(ST) —— m_1(CPY)

i | | | l

ey 1(CP3) —— 7, (CP') —— (M4 (u)) —— 71, (CP3) —— 7.1 (CP?)

From the homotopy exact sequence of the fibration S — S7 — CP3, we have 7,(S7) = 7, (CP?)
for x > 3. Therefore, by using the 5 lemma, we have the statement. O

Now we may prove the following proposition.
PROPOSITION 5.4. Assume u(u + 1)/12 € Z. The following two isomorphisms hold.
(1) m6(P(ban)) = me(Ma(u)) = Z1g if o = u(u+1)/12 (mod 2)
(2) m6(P(Ep,u) = m6(Mp(u)) = Zg if B # u(u+1)/12 (mod 2)
PROOF. We first claim the 1st statement. If u(u +1)/12 € Z and o = u(u + 1)/12 (mod 2),

then it follows from [AtRe] that &, ., is induced from the rank 2 complex vector bundle over CP*.
Namely, there is the following commutative diagram:

(58) fa,u —_— n(a,O,u) lja,u EU<2) XU(2) (C2
57 —L>p3 cp BU(2)

On the other hand, we have that 77(CP*) 2 77(S%) = {0}, by using the homotopy exact sequence
for the fibration S' — S — CP?*. This implies that &, , is the trivial C2-bundle over S7.
Therefore,

P(¢u) =S™ x CP!
when u(u+1)/12 € Z and a = u(u + 1)/12 (mod 2). Hence, we also have that
W@(Ma(u)) = 7T6(S7 X (CPI) = 7T6((CP1) = Zlg.

Next we claim the 2nd statement. Let fio,, : CP? — BU(2) be a continuous map which
induces the above 1(q,0,4), and 3 be the element in Z; which is not equal to a. Let z € cp3
and s = fio 4(z) € BU(2) be base points. Take a disk neighborhood around z € CP? and pinch

8



its boundary to a point, i.e., the boundary of D% ¢ CP? pinches to a point, then we obtain the
surjective map

p:CP> - CP3Vv 5SS,
where CP3 Vv 5% may be regarded as the wedge sum with respect to the base points x € CP? and
y € S°. Due to theorem of Atiyah-Rees [AtRe], we have 1(8,0,u) Z M(a,0,u)- Lhis implies that the
vector bundle 73,0, is induced from the following continuous map:

(5.9) pp i CP3—L > cp3y g6 22> BU(2)

where v, = fia.u V K for the generator k € m6(BU(2),s) = Zy." Hence, we have the following
commutative diagram.

(510) P(f&u) HMB(U) 4>EU(2) XU(2) (CPl
S7 P cp3 e BU(2)
o)
CP3v .St

From the CP!-fibrations CP* — P(£3,) — ST and CP! — EU(2) xy2) CP! = BT? — BU(2)
in the above diagram (5.10), there is the following commutative diagram.

7T7(S7) =7 W@(CPI)4>7T6(P(fg7u))4>71'6(57) :{0}

| 5 | |

77(BU(2)) & Zyy —> 16(CPY) — m6(BT?) = {0} — 76(BU(2)) = Z,

This diagram shows that the following exact sequence:
(5.11) Z =2 m7(S7) = mr(BU(2)) (22 Z12) — m6(P(€p.)) — {0}
In this diagram, the left homomorphism is induced from ji := pg , op: S7 — BU(2), say iy : Z —
Zyz. We claim fix(1) = [6]12 € Z12. Because the diagram (5.10) is commutative, we may regard
that [ := pg,op: ST — BU(2) can be defined by passing through the map v, : CP3VvS® — BU(2),
ie., i =y 0 pop. Because vy = fig, V K, We also have

= (pauVK)opop=(pauopop)V(kopop).
By the argument when we proved the 1st statement, we see that pq,. © p o p induces the trivial
bundle over 57, i.e., la,u © p o p is homotopic to the trivial map. This also implies that there is
the following decomposition up to homotopy:

ST cp? L cpiv st L 85 5 BU(2),
where 7 is the collapsing map of CP3 to a point. Therefore, we have the following decomposition
for the induced map

~ v K

fig = m7(ST) =5 w7(S%) = Zy =5 w7 (BU(2)) & Zya,
where the 1st map is induced from the surjective map ¥ = 7 o p o p. Because ¥ is non trivial
map, W4 (1) = [1]z (the generator of m7(S%) 2 Zy). Moreover, because k € mg(BU(2)) & Zs is the
generator, i.e., non-trivial map, we have kx([1]2) = [6]12 € Zi12. This shows that [y (1) = [6]12;
therefore, iy (m7(S7)) = {[0]12, [6]12} C Z12.

Consequently, by the exact sequence (5.11), we have that
76(P(€p,u)) = m7(BU(2))/fig(m7(ST)) = Z12/{[0)12, [6]12} = Zs.

By Lemma 5.3, we have the statement. O

IThis construction induces the free s (BU(2)) = m5(U(2)) = Zz action on I/(?S';)((CP3) > 7o ®Z (see [AtRe]).
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REMARK 5.5. For example, the relation u(u + 1)/12 € Z is true for the case when u = 0 and
u = 3. In these cases, by using Proposition 5.4, we have

o |z fora=0
m6(Ma(0)) = { Zl62 fora=1
and
| Zs fora=0
mo(Ma(3)) = { 2162 fora=1

On the other hand, the case when u = 1 does not satisfy the relation u(u + 1)/12 € Z. Tt
follows from the cohomology ring of the flag manifold of type C (see e.g. [Bo] or [FIM]) that the
flag manifold Sp(2)/T? is one of this case, i.e., My(1) or M;(1). However, by using the homotopy
exact sequence for the fibration 7% — Sp(2) — Sp(2)/T? and the computation in [MiTo], we
have that

m6(Sp(2)/T?) = m6(Sp(2)) = 0.
Therefore, Proposition 5.4 is not true for the case when u(u + 1)/12 ¢ Z.

Let us prove Theorem 5.2

PROOF OF THEOREM 5.2. By using Theorem 1.1, (2) = (1) is trivial. The statement (1) =
(3) is also trivial. We claim (3) = (2). Assume M, (u) and Mg(u') are homotopy equivalent. Then,
H*(My(u)) =2 H*(Mg(u')). Therefore, it follows from Lemma 5.1 that u = u/. Moreover, in this
case, m6(Mq(u)) = m6(Mp(u)). If  Z 8 mod 2, then this gives a contradiction to Proposition 5.2.
Hence, « = 8 mod 2. We have (3) = (2). This establishes Theorem 5.2. O

In summary, by Lemma 5.1 and Theorem 5.2, we have the following corollary:

COROLLARY 5.6. The set of 8-dimensional CP-manifolds does not satisfy the cohomological
rigidity.

This establishes Theorem 1.2 (2).

Note that if we restrict the class of 8-dimensional CP-manifolds to the 8-dimensional gen-
eralized Bott manifolds with height 2, then cohomological rigidity holds by [CMS10]. On the
other hand, the following question seems to be natural to ask for the class of CP-manifolds CPM
instead of the cohomological rigidity problem.

PROBLEM 5.7. Is the class of CP-manifolds CPM (up to diffeomorphism) determined by
their homotopy types? More precisely, are M1, Ms € CPM diffeomorphic if they have the same
homotopy types?
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